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PREFACE TO THE THIRD EDITION. 



Some time after the publication of an Gotayo Edition of Euclid's 
Elements with Geometrical Exercises, &o., designed for the use of 
Academical Students ; at the request of some schoolmasters of emi- 
nence, a duodecimo Edition of the Six Books was put forth on the 
same plan for the use of Schools. Soon after its appearance, Pro« 
fessor Christie, the Secretary of the Royal Society, in the Preface to 
his Treatise on Descriptive Geometry for the use of the Royal Military 
Academy, was pleased to notice these works in the following terms :— - 
^ When the greater Portion of this Part of the Course was printed, 
and had for some time been in use in the Academy, a new Edition of 
Euclid's Elements, by Mr. Robert Potts, M.A*, of Trinity College, 
Cambridge, which is likely to supersede most others, to the extent, at 
least, of the Six Books, was published. From the manner of arrang- 
ing the Demonstrations, this edition has the advantages of the 
symbolical form, and it is at the same time free from the manifold 
objections to which that form is open. The duodecimo edition of this 
Work, comprising only the first Six Books of Euclid, with Deductions 
from them, having been introduced at this Institution as a text-book, 
now renders any other Treatise on Plane Geometry unnecessary in 
our course of Mathematics." 

For the very favourable reception which both Editions have met 
with, the Editor's grateful acknowledgements are due. It has been his 
desire in putting forth a revised Edition of the School Euclid, to render 
the work in some degree more worthy of the favour which the former 
editions have received. In the present Edition several errors and 
oversights have been corrected and some additions made to the notes : 
the questions on each book have been considerably augmented and a 
better arrangement of the Geometrical Exercises has been attempted : 
«nd lastly, some hints and remarks on them have been given to assist 
the learner. The additions made to the present Edition amount to 
more than fifty pages, and, it is hoped, that they will render the work 
more useful to the learner. 

And here an occasion may be taken to quote the opinions of some 
able men respecting the use and importance of the Mathematical 
Sciences. 

On the subject of Education in its most extensive sense, an ancient 
writer *' directs the aspirant after excellence to commence with the 
Science of Moral Culture; to proceed next to Logic ; next to Mathe- 
matics; next to Physics; and lastly, to Theology." Anotiber writer 
on Education would place Mathematics before Logic, which (he 
remarks) ** seems the preferable course : for by practising itself in the 
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former, the mind becomes stored with distinctions ; the faculties of 
constancy and firmness are established; and its rule is always to dis- 
tinguish between cavilling and investigation— between elo$e reaaoning 
and cross reasoning; for the contrary of all which habits, those are for 
the most part noted, who apply themselves to Logic without studying 
in some department of Mathematics ; taking noise and wrangling for 
proficiency, and thinking refutation accomplished by the instancing 
of a doubt. This will explain the inscription placed by Plato over the 
door of his house : * Whoso knows not Geometry, let him not enter 
here.* On the precedence of Moral Culture, however, to all the other 
Sciences, the acknowledgement is general, and the agreement entire." 
The same writer recommends the study of the Mathematics, for the 
ture of "compound ignorance." " Of this," he proceeds to say, " the 
essence is opinion not agreeable to fact ; and it necessarily involves 
another opinion, namely, that we are abeady possessed of knowledge. 
So that besides not knowing, we know not that we know not ; and 
hence its designation of compound ignorance. In like manner, as of 
many chronic complaints and established maladies, no cure can be 
effected by physicians of the body : of this, no cure can be effected by 
physicians of the mind : for with a pre-supposal of knowledge in our 
own regard, the pursuit and acquirement of further knowledge is not 
to be looked for. The approximate cure, and one from which in the 
main much benefit may be anticipated, is to engage the patient in the 
study of measures (Geometry, computation, &c.) ; for in such pursuits 
the true and the false are separated by ,the clearest interval, and no 
room is left for the intrusions of fancy. From these the mind may 
discover the delight of certainty ; and when, on returning to his own 
opinions, it finds in them no such sort of repose and gratification, it 
may discover their erroneous character, its ignorance may become 
simple, and a capacity for the acquirement of truth and virtue be 
obtained." 

Lord Bacon, the founder of Liductive Philosophy, was not insen- 
sible of the high importance of the Mathematical Sciences, as appears 
in the following passage from his work on " The Advancement of 
Learning." 

" The Mathematics are either pure or mixed. To the pure Mathe- 
matics are those sciences belonging which handle quantity determinate, 
merely severed from any axioms of natural philosophy; and these are 
two, Geometry, and Arithmetic; the one handling quantity continued, 
and the other dissevered. Mixed hath for subject some axioms or 
parts of natural philosophy, and considereth quantity determined, as it 
is auxiliary and incident unto them. For many parts of nature can 
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neither be invented with sufficient snbtlety, nor demonstrated with 
sufficient perspicuity, nor accommodated unto use with sufficient 
dexterity, without the aid and interrening of the Mathematics : of 
which sort are perspectiye, music, astronomy, cosmography, archi- 
tecture, enginery, and divers others. 

" In the Mathematics I can report no deficience, except it be that 
men do not sufficiently understand the excellent use of the pure 
Mathematics, in that they do remedy and cure many defects in the 
wit and faculties intellectual. For, if the wit be dull, they sharpen it ; 
if too wandering, they fix it ; if too inherent in the sense, they abstract 
it. So that as tennis is a game of no use in itself, but of great use in 
respect that it maketh a quick eye, and a body ready to put itself into 
all postures; so in the Mathematics, that use which is collateral and 
intervenient, is no less worthy than that which is principal and 
intended. And as for the mixed Mathematics, I may only make this 
prediction, that there cannot faU, to be more kinds of them, as nature 
grows further disclosed." 

How truly has this prediction been fulfilled in the subsequent 
advancement of the Mixed Sciences, and in the applications of the 
pure Mathematics to Natural Philosophy! 

Dr. Whewell, in his •* Thoughts on the Study of Mathematics," 
has maintained, that mathematical studies judiciously pursued, form 
one of the most efiective means of developing and cultivating the 
reason : and that ** the object of a liberal education is to develope the 
whole mental system of man; — ^to make his speculative inferences 
coincide with his practical convictions ; — to enable him to render a 
reason for the belief that is in him, and not to leave him in the con- 
dition of Solomon's sluggard, who is wiser in his own conceit than 
seven men that can render a reason." And in his more recent work 
entitled, " Of a Liberal Education, &c." he has more fully shewn the 
importance of Geometry as one of the most effectual instruments 
of intellectual education. In page 55 he thus proceeds: — "But 
besides the value of Mathematical Studies in Education, as a perfect 
example and complete exercise of demonstrative reasoning; Mathe- 
matical Truths have this additional recommendation, that they have 
always been referred to, by each successive generation of thoughtful 
and cultivated men, as examples of truth and of demonstration ; and 
have thus become standard points of reference, among cultivated men, 
whenever they speak of truth, knowledge, or proof. Thus Mathe- 
matics has not only a disciplinal but an historical interest. This is 
peculiarly the case with those portions of Mathematics which we have 
mentioned. We find geometrical proof adduced in illustration of the 
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nature of reasoning, in the earliest speculations on this subject, the 
Dialogues of Plato ; we find geometrical proof one of the main sul> 
jects of discussion in some of the most recent of such speculations, as 
those of Dugald Stewart and his contemporaries. The recollection 
of the truths of Elementary Geometry has, in all ages, given a meaning 
and a reality to the best attempts to explain man's power of arriving 
at truth. Other branches of Mathematics have, in like manner, 
become recognized examples, among educated men, of man's powers 
of attaining truth." 

Dr. Pemberton, in the preface to his view of Sir Isaac Newton's 
Discoveries, makes mention of the circumstance, ** that Newton used 
to speak with regret of his mistake, at the beginning of his Mathe- 
matical Studies, in having applied himself to the works of Descartes 
and other Algebraical writers, before he had considered the Elements 
of Euclid with the attention they deserve." 

To these we may subjoin the opinion of Mr. John Stuart Mill, 
which he has recorded in his invaluable System of Logic, (Vol. n. 
p. 180) in the following terms. " The value of Mathematical instruc- 
tion as a preparation for those more difficult investigations (physiology, 
society, government, &c.) consists in the applicability not of its doc- 
trines, but of its method. Mathematics will ever remain the most 
perfect type of the Deductive Method in general ; and the applications 
of Mathematics to the simpler branches of physics, furnish the only 
school in which philosophers can effectually learn the most difficult 
and important portion of their art, the employment of the laws of 
simpler phenomena for explaining and predicting those of the more 
complex. These grounds are quite sufficient for deeming mathemati- 
cal training an indispensable basis of real scientific education, and 
regarding, with Plato, one who is dyitafiirpnToVf as wanting in one of 
the most essential qualifications for the successful cultivation of the 
higher branches of philosophy," 

In addition to these authorities it may be remarked, that the new 

Regulations which were confirmed by a Grace of the Senate on the 

11th of May, 1846, assign to Geometry and to Geometrical methods, 

a more important place in the Examinations both for Honors and 

for the Ordinary Degree in this University. 

Teinity College, Il,P. 

March 1, 1850. 

The supplement to the School Euclid (about forty-eight pages) has 
been incorporated with this impression of the Fifth Edition. 

Trinity College, 
October, 1863. 
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EUCLID'S 
ELEMENTS OF GEOMETRY. 



BOOK L 

DEFINITIONS. 



L 

A POINT is that which has no parts, or which has no magnitude. 

n. 

A line is length without breadth. 

m. 

The extremities of a line are points. 

IV. 

A straight line is that which lies evenly between its extreme points. 

V. 

A superficies is that which has only length and breadth. 

VI. 
The extremities of a superficies are lines. 

vn. 

A plane superficies is that in which any ^o points being taken, the 
straight line between them lies wholly in that superficies. 

vin. 

A plane angle is the inclination of two lines to each other in a 
plane, which meet together, but are not in the same direction. 

IX. 

A plane rectilineal angle is the inclination of two straight lines to 
one another, which meet together, but are not in the same straight line. 
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EUCLID S ELEMENTS. 



N.B. If there be only one angle at a point, it may be expressed by 
a letter placed at that point, as the angle at E : but when several angles 
are at one point B, either of them is expressed b^ three letters, of which 
the letter that is at the vertex of the angle, that is, at the point in which 
the straight lines that contain the angle meet one another, is put between 
the other two letters, and one of these two is somewhere upon one of 
these straight lines, and the other upon the other line. Thus the angle 
which is contained by the straight lines AB, CB, is named Uie angle 
ABCf or CBA ; that which is contained b^ AB, DB, is named the angle 
ABD, or DBA ; and that which is contamed by DB, CB, is called Uie 
angle DBC, or CBD, 



X. 

When a straight line standing on another straight line, makes the 
adjacent angles equal to one another, each of these angles is called a 
right angle ; and the straight line which stands on the other is called 
a perpendicular to it 



XL 

An obtuse angle is that which is greater than a right angle. 



xn. 

An acute angle is that which is less than a right angle. 



XTTL 
A term or boundary is the extremity of any thing. 



XIV. 
A figure is that wnich is enclosed by one or more boundaries. 



DSFIN1TI0N8* 



s 



XV. 

A circle is a plane figure contained by one line, which is called the 
circumference, and is such that all straight lines drawn from a certain 
point within the figure to the circumference, are equal to one another. 




XVI. 

And this point is caUed the center of the circle. 

xvn. 

A diameter of a circle is a straight line drawn through the center, 
and terminated both ways by the circumference. 




xvm. 

A semicircle is the figure contained by a diameter and the part of 
the circumference cut on by the diameter. 




XIX. 

The center of a semicircle is the same with that of the circle. 

XX. 

Rectilineal figures are those which are contained by straight Hues. 

XXI. 

Trilateral figures, or triangles, by three straight lines. 

xxn. 

Quadrilateral, by four straight lines. 

XXIII. 
Multilateral figures, or polygons, by more than four straight lines. 

B'2 
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Euclid's elements. 



XXIV. 

Of three-sided figures, an equilateral triangle is that which has 
three equal sides. 




XXV. 

An isosceles triangle is that which has two sides equaL 




XXVI. 

A scalene triangle is that which has three unequal sides. 




xxvn. 

A right-angled triangle is that which has a right angle. 




xxvm. 

An obtuse-angled triangle is that which has an obtuse angle. 




XXIX. 
An acute-angled triangle is that which has three acute angles. 




XXX. 

Of quadrilateral or four-sided figures, a square has all its sides equal 
and all its angles right angles. 
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XXXI. 

An oblodg is that which has all its angles right angles, but has not 
all its sides equal. 



xxxn. 

A rhombus has all its sides equal, but its angles are not nght angles. 



L 



xxxm. 

A rhomboid has its opposite aides equal to each other, but all its 
sides are not equal, nor its angles right angles. 



a 



xxxiv. 

All 6ther four-sided figures besides these, are called Trapeziuma. 

XXXV. 

Parallel straight lines are such as are in the same plane, and which 
being produced ever so far both ways, do not meet. 



A. 

A parallelogram is a four-sided figure, of which the opposite feidee 
are parallel : and the diameter, or the diagonal is the straight line 
joinmg two of its opposite angles. 



POSTULATES. 

I. 

Let it be granted that a straight line may be drawn from any one 
point to any other point 

n. 

That a terminated straight line may be produced to any length in 
a straight line. 

m. 

And that a circle may be described from any center, at any distance 
from that center. 
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AXIOM& 

I. 
Things which are equal to the same thing are equal to one another. 

n. 

K equals be added to equals, the wholes are equaL 

in. 

K equals be taken from equals, the remainders are eqnaL 

IV. 
If equals be added to unequals, the wholes are unequal. 

V. 

K equals be taken from unequftls, the remainders are unequal. 

VI. 
Things which are double of the same, are equal to one another* 

vn. 

Things which are halves of the same, are equal to one another. 

vin. 

Magnitudes which coincide with one another, that is, which exactljp 
fill the same space, are equal to one another. 

IX. 

The whole is greater than its part. 

X. 

Two straight lines cannot enclose a space. 

XL 

All fight angles are equal to one another. 

xn. 



interior angles on the same side of it taken together less than two 
right angles ; these straight lines being continuaUy produced, shall at 
length meet upon that side on which are the angles which are less than 
two riirht angles. 



BOOK I. PROP. 1^ II. 

PROPOSITION I. PROBLEM. 
To deteribe an^eguilateral triangU vpon a given JiniU atraight tine. 

Let AB be the given straight line. 
It is required to describe an equilateral triangle upon AB. 

c 




From the center A, at the distance AB, describe the circle BCD; 

(post 3.) 

from the center B, at the distance BAi describe the circle A CE ; 

and from C, one of the points in which the circles cut one another, 

draw the straight lines CA, CB to the points A^B, (post. 1.) 

Then ABCtihall be an equilateral triangle. 

Because the point A is the center of the circle BOI>y 

therefore ^Cis equal to AB\ (def. 15.) 

and because the point B is the center or the circle A CJE, 

therefore BCis equal to AB; 

but it has been proved that AC ib equal to AB; 

therefore AC, BC are each of them equal to AB ; 

but things which are equal to the same thing are equal to one another ; 

therefore AC is equal to BC; (ax. 1.) 
wherefore AB, BC, CA are equal to one another: 

and the triangle ABC is therefore equilateral, 
and it is described upon the given straight line AB, 

Which was required to be done. 

PROPOSITION II. PROBLEM. 
From a given point, to draw a straight line equal to a given straight line. 

Let A be the given point, and ^Cthe given straight line. 
It is required to draw from the point A, a straight line equal to BC. 




From the point Aio B draw the straight line AB ; (post. 1.) 

upon AB describe the equilateral tnangle ABD, (i. 1.) 

and produce the straight lines DA, DB to JS and F; (post. 2.) 

from the center B, at the distance BC, describe the circle CGH, 

(post. 3.) cutting DF in the point O : 
and from the center D, at the distance DG, describe the circle GKL, 
cutting AB in the point X. 
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Then tlie straiglit line AL shall be equal to PC 
Because the point B is the center of the circle COS, 
therefore BCIb equal to jBG^; (def. 15.) 
and because 2> is the center of the circle OKL^ 

therefore DL is equal to DQ, 

and DA, DB parts of them are equal ; (l. 1.) 

therefore the remainder AL is equal to the remainder BQ ; (ax. 3.) 

but it has been shewn that BCia equal U) BO, 

wherefore AL and BCoxe each of them equal to ^G' ; 

and things that are equal to the same thing are equal to one another ; 

therefore the straight line AL is e^ual to BC. (ax. 1.) 

Wherefore from the ^ven point A, a straight line AL has been drawn 

equal to the given straight Ime BC Which was to be done. 

« 

PROPOSITION III. PROBLEM. 
From the greeUer ofttoo given straight lines to cut off apart equal to the les»» 

Let AB and Cbe the two giyen straight lines, of which AB is the 
greater. 
It is requiredto cut off from ^P the greater, a part equal to C, the less. 



D 




£B 

F 

From the point A draw the straight line AD equal to C\ (I. 2.) 
and from the center A, at the distance AD, describe the circle DEF 
(post 3.) cutting ^5 in the noint E, 

Then AE shall be equal to C. 

Because A is the center of the circle DEF, 

therefore AE\b equal Ui AD; (def. 15.) 

but the straight line C is equal to AJD ; (constr.) 

whence AE and C are each of them equal to AD ; 

wherefore the straight line AE is equal to C. (ax. ^.) 

And therefore from AB the greater of two straight lines, a part AE 

has been cut off equal to C, the less. Which was to be done. 

PROPOSITION IV. THEOREM. 

If two triangles have two sides of the one equal to two sides of the other, 
each to each, and have likewise the angles contained by those sides equal to 
each other ; they shall likewise have their hoses or third sides equal, and 
the two triangles sJiall be equal, and their other angles shall be equal, each 
to each, viz, those to which the equal sides are opposite. 

Let ABC, DEF be two triangles, which have the two sides AB, 
A C equal to the two sides DE, DF, each to each, viz. AB to DE, and 
AC to DF, and the included angle BA C equal to the included angle 
EDF. 



BOOK I. PROP. IT, y. 9 

Then shall the base PC be eaual to the base EF\ and the triangle 
ABCXxi the triangle DEF\ and the other angles to which the equal 
sides are opposite shall be equal, each to each, viz. the angle ABU to 
the angle DEF, and the angle A CB to the angle DFE. 





For, if the triangle ABC he applied to the triangle DEF^ 

so that the point A may be on i), and the straight line AB on DE\ 

then the point B shall coincide with the point E, 

because AB is equal to DE; 

and AB coinciding with DE, 

the straight line A C shall fall on BF^ 

because the angle BA C is equal to the angle EDF; 

therefore also the point C shall coincide with the point F, 

because ACis equal to DF; 
but the point B was shewn ^ coincide with the point E\ 
wherefore the base PC shall coincide with the base EF; 
because the point B coinciding with P, and C with F, 
if the base BC do not coincide with the base EFf the two straight lines 
jBCand j&jF would enclose a space, which is impossible, (ax. 10.) 
Therefore the base BC does coincide with J&JP, and is equal to it; 
and the whole triangle ABC coincides with the whole triangle 
DEFf and is eqvLtl to it ; 
also the remaining angles of one triangle coincide with the remain- 
ing angles of the other, and are equal to them, 

yiz. the angle ABC to the angle DEF, 
' and the angle A CB to DFE. 

Therefore, if two triangles have two sides of the one equal to two 
sides, &c. Which was to be demonstrated. 

PROPOSITION V. THEOREM. 

Tfie angUt ai the hate of an isosceles triangle are eqtial to each other; 
and if the equal sides he produced, the armies on the otJ^er side of the base 
shall be equal. 

Let ^PC be an isosceles triangle of which the side A Bis equal to A C, 

and let the equal sides AB^ AChe produced to D and E, 

' Then the angle ^PC shall be equal to the angle ACB, 

and/ the angle DBC to the an^e ECB. 

In BD take any point F; 

from AE the greater, cut oS AG equal to AF the less, (l. 3.) 

and join FC, QB. 

Because ^JPis equal to AO, (constr.) and AB to AC \ (hyp.) 

the two sides FA^ ACaie ^qual to the two GA, AB, each to each ; 

and they contain the angle FA G common to the two triangles 

AFCIaGB; 

b5 
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therefore the base FC is equal to the base OBy (l. 4.) 

and the triangle AFC is equal to the triangle A GB^ 

also the remaining angles of the one are equal to the remaining angles 

of the other, each to each, to which the equal sides are opposite; 

viz. tiie angle -kCFto the angle ABO, 

and the angle AFC to the angle AGB, 

And because the whole ^jPis equal to the whole AO, 

of which the parts AB, A C, are e^ual ; 

therefore the remainder ^jT is equal to the remainder CO; (ax. 3.) 

and FC has been proved to be equal to OB ; 
hence, because the two sides BF, FC are equal to the two CO, OB, 

each to each ; 
and the anele ^i^Chas been proved to be equal to the angle COB, 
also the Dase ^Cis common to the two triangles BFC, COB; 
wherefore these triangles are equal, ^i. 4.) 
and their remaining angles, each to each, to which the equal sides 
are opposite ,* 

therefore, the angle FBCis equal to the angle OCB, 
aAd the angle BCFtx) the angle CBO. 
And, since it has been demonstrated, 

tiiat the whole angle ABO is equal to the whole ACF, 

the parts of which, the angles CBO, BCFare also equal; 

therefore the remaining angle AB Cis equal to the remaining angle A CB, 

which are the angles at the base of the triangle ABC; 

and it has also been proved, 

that the angle FBC is equal to the angle OCB, 

which are the angles upon the other side of the base. 

Therefore the angles at the base, &c. Q.E.D. 

GoK. Hence an equilateral triangle is also equiangular. 

PROPOSITION VI. THEOREM. 

If two anfflei of a triangle be equal to each other ; the etdee also which 
subtend, or are opposite to, the equal angles, shall be equal to one another. 

Let ^^Cbe a triangle having the angle ^j9C equal to the angle A CB. 
Then the side AB shall be equal to the side A C. 




BOOK I. PEOP. VI, VII. It 

m 

For, ifAB be not equal to AC, 

one of them is greater than the other« 

If possible, let AB be sweater than A C\ 

and from BA cut off BD equal to CA the less, (l. 3.) and join DC, 

Then, in the triangles DJJC, -45 C, 

because DB is eoual to AC, and BOb common to both triangles, 

the two sides DB, BCare equal to the two sides A C, CB, each to each ; 

and the anele DBCib equal to the angle A CB ; (hyp.) 

therefore Sie base DC is equal to the Dase AB, (i. 4.) 

and the triangle DBCia equal to the triangle ABC, 

the less equal to the greater, which ia absurd, (ax. 9.) 

Therefore AB is not unequal to AC, that is, AB is equal to ^ C 

Wherefore, if two angles, &c. Q.E.D. 

Cob. Hence an equiangular triangle is also equHateraL 

PROPOSITION VIL THEOREM. 

Upon the same bcue, and on the same aide of it, there cannot he two 
triangles that have their sides which are terminated in one extremity of the 
base, equal to one another, and likewise those which are terminated in the 
other extremity. 

If it be possible, on the same base AB, and upon the same side of 
it, let there be two triangles ACB, ADB, which have their sides CA, 
DA, terminated in the extremity A of the base, equal to one another, 
and likewise their sides CB, DJS, that axe terminated in B. 
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Join CD. 
First When the vertex of each of the triangles is without the 
other triangle. 

Because .^Cis equal to AD in the triangle A CD, 
therefore the angle AJDC ia equal to the angle ^ CD; (l. 5 J) 
but the angle A CD is greater than the angle BCD; (ax. 9.) 

therefore also the angle ADC is greater than BCJD ; 

much more therefore is the angle J9DC greater than BCD, 

Again, because the side jPCis e(|ual to BD in me triangle BCD, (hyp.) 

therefore the anrfe BDCis equal to the angle BCD; (i. 5j 

but the angle BDC^aa provea greater than the angle BCD, 

hence the angle BDCia both equal to, and greater than the angle B CD; 

which is impossible. 
Secondly. Let the vertex D of the triangle ADB fall within the 
triangle ^C5. 
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Produce AC to E, and AD to F, and join CD, 

Then because AC is equal to -4 Z) in the triangle A CD, 

therefore the angles -&CD, FDC Mpon the other side of the base CD, 

are equal to one another ; (l. 5.) 

but the angle FCD is greater than the angle BCD ; (ax. 9.) 

therefore also the angle FDCis greater than the angle BCD ; 

much more then is the angle 5Z)& greater than the angle BCD, 

Again, because BCib equal to BD in the triangle BCDt 

therefore the anrfe BDC ia equal to the angle BCD, fi. 6.) 

but the angle BDChss been proved greater than BCD, 

wherefore the angle BDC is both equal to, and greater than the 

angle BCD ; which is impossible. 

Thirfly. The case in which the vertex of one triangle is upon a 
side of the other, needs no demonstration. 
Therefore, upon the same base and on the same, side of it, &c. Q.E.D. 

PROPOSITION Vm. THEOREM. 

If ttoo triangles have two sides of the one equal to two sides of the other, 
each to each, and have likewise their bases eqttal; the angle which is con- 
tained by the two sides of the one shall be eqttal to the angle contained by the 
two sides equal to them, of the other. 

Let ABC, DBF he two triangles, having the two sides AB, AC, 
equal to the two sides DF, DF, each to each, viz. AB to DF, and 
AC to DF, and also the base J? C equal to the base FF, 
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Then the angle ^^C shall be equal to the angle FDF, 
For, if the triangle ABC he applied to DFF, 
80 that the point B he on F, and the straignt line BC on FF; 
then because ^C is equal to FF, (hyp.) 
therefore the point C shall coincide with the point F; 
wherefore ^C coinciding with FF, 
BA and A C shall coincide with FD, DF; 
for, if the base jBC coincide with the base FF, but the sides BA, A C, 
do not coincide with the sides FD, DF, but have a different situation 
as FG, GF: 

then, upon the same base, and upon the same side of it, there can 

be two triangles which have their sides which are terminated in one 

extremity of the base, equal to one another, and likewise those sides 

which are terminated in the other extremity ; but this is impossible, (i. 7.) 

Therefore, if the base jBCcoinciae with the base FF, 

the sides BA, ^C cannot but coincide with the sides FD, DF; 

wherefore likewise the angle BA C coincides with the angle FDF, and 

is equal to it. ^ax. 8.) 

Therefore if two triangles have two sides, &c. Q.E.D. 
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PROPOSITION IX. PROBLEM. 

To bisect a given rectilineid angle, thai is, to divide it into two eqmal 
angles. 

Let BAChe the given rectilineal angle. 
It is requir^ to bisect it. 




In AB take any point D; 

from ^Ccut oQAE equal to ^ A (L 3.) and join LEi 

on the side of DE remote from A, 

describe the equilateral triangle DEF{l, 1.), and join AF, 

Then the straight line u^i<^ shall bisect the angle BAC. 

Because AD is equal to AE, (constr.) 

and -42^ is common to the two triangles DAF, EAF\ 

the two sides DA, AF, are equal to the two sides EA, AF, each to each; 

and the base DFh equtd to the base EF: (constr.) 

therefore the angle DAFis equal to the angle EAF. (i. 8.) 

Wherefore the angle BA C is bisected by the straight line AF Q.E.F. 

PROPOSITION X. PROBLEM. 

To bisect a given finite straight line, that is^ to divide it into two equal 
parts. 

Let AB be the given straight line. 
It is required to divide AB into two equal parts. 
Upon AB describe the equilateral triangle ABC\ (1. 1.) 




and bisect the angle A CB by the straight line CD meeting AB in the 
point D. (I. 9.) 

Then AB shall be cut into two equal parts in the point D. 
Because -4 C is equal to CB, (constr.) 
and CD is common to the two triangles A CD, BCD ; 
the two sides AC, CD are equal to thfe two BC, CD, each to each; 
and the angle A CD is equal to BCD; (constr.) 
therefore the base AD is equal to the base BD. (i. 4.) ^ 
W^herefore the straight line AB is divided into two equal parts in the 
point D, Q.E.F. 
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PROPOSITION XI. PROBLEM, 

To draw a straight line at right angles to a given straight line, from a 
given point in the same. 

Let AB be the giyen straight line, and Ca given point in it. 
It is required to draw a straight line from the point C at right 
angles to AJB. 




In AC take any point D, and make CJE equal to CD ; (I. 3.) 
upon DB describe the equilateral triangle DEF (i. 1), and join CF, 
Then CF drawn from the point Cshall be at right angles to AB. 
Because Z)C is equal to EC, and jPCis common to the two triangles 
DCF, ECF; 
the two sides DC, CF are equal to the two sides EC, CF, each to each ; 
and the base .D^is equal to the base EF; (constr.) 
therefore the angle DCF is equal to the angle ECF: (i. 8.) 
and these two angles are adjacent angles. 
But when the two adjacent angles which one straight line makes 
with another straight line, are equal to one another, each of them is 
called a right angle : (def. 10.) 

therefore each of the angles DCF, ECFw a right angle. 
Wherefore from the ^ven point C, in the given straight line AB, 
FC has been drawn at right angles to AB. Q.E.F. 

Cob. By help of this problem, it may be demonstrated that two 
straight lines cannot have a common segment. 

If it be possible, let the segment AB be common to the two straight 
lines ABC, ABD. 
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From the point B, draw BE at right angles to AB ; (l. 11.) 

then because ^^Cis a straight line, 

therefore the angle ABE is equal to the angle EBC. (def. 10.) 

Similarly, because ABD is a straight line, 

therefore the angle ABE ia equal to liie angle EBD; 

but the ansle ABE is equal to the angle EBC, 

wherefore the angle EBD is equal to the angle EBC, (ax. 1.) 

the less equal to the ^eater angle, which is impossible. 
Therefore two straight hues cannot have a common segment. 

PROPOSITION XII. PROBLEM. 

7b draw a straight line perpendicttlar to a given straight line of tm- 
iimited length, from a given point without it. 
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Let AB be tlie giyen straight line, vrhich may be produced any 
length both ways, and let C be a point without it 

It is requirea to draw a straight line perpendicular to AB from the 
point C * • 




Upon the other aide of AB take any ]>oint D, 
and from the center C, at the distance Ci>, describe the circle EOF 
meeting ABj produced if necessary, in F and Q : (post 3.) 
bisect FQ'mS (i. 10.), and join Oflf. 
Then the straight line CH drawn from the giyen point C, shall be 
perpendicular to ue given straight line AB, 

Join FC, and CG. 

Because FH is equal to HG, (constr.) 

and JSC is common to the triangles FHC^ GSC; 

the two sides FH, HC, are equal to the two GH, JSC, each to each ; 

and the base CFis equal to the base CG; (def. 15.) 

therefore the angle FHC is equal to the angle GHC; (I* 8.) 

and these are adjacent angles. 
But when a straight line standing on another straight line, makes 
the adjaeent angles equal to one another, each of them is a right angle, 
and the straight line which stands upon the other is called a perpen- 
dicular to it (def. 10.) 

Therefore from the ^iven point C, a perpendicular CfT has been 
drawn to the giyen straight line AB, Q.E.F. 

PROPOSITION Xin. THEOREM. 

The anglet which one Btraight line makes with another upon one side of 
itf are either two right angles, or are together equal to two right angles. 

Let the straight line AB make with CD, upon one side of it, the 
angles CBA, ABD, 

Then these shall be either two right angles, 
or, shall be together, equal to two right angles. 

E 
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For if the angle CBA be equal to the angle ABD, 

each of them is a right angle, (def. 10.) 

But if the an^e CBA be not equsd to the angle ABD, 

from the point j^ draw BF at right angles to CD, (i. 11.) 

Then the angles CBF, EBD are two right angles, (def. 10.) 
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And because the angle CBE is equal to the angles CBA^ ABE^ 

add the angle EBD to each of these equals ; 

therefore the angles CBE^ EBD are equal to the tnree angles CBA, 

ABE, EBD. (ax. 2.) 
Again, because the angle DBA is equal to the two angles DBE, EBA, 

add to each of these equals the angle AJBC; 
therefore the angles DBA, ABCBxe equal to the three angles DBE, 
EBA, ABC. 
But the angles CBE, EBD have been proved equal to the same 
three angles ; 

and things which are equal to the same thing are equal to one another ; 
therefore the angles CBE, EBD are equal to the angles DBA, ABC; 

but the angles CBE, EBD are two right angles ; 
therefore the angles DBA, ABCsxe together equal to two right angles, 
(ax. 1.) 

Wherefore, when a straight Une, &c. Q.E.D. 



PROPOSITION XIV. THEOREM. 

If at a point in a itraight line, two other straight lines, upon the opposite 
aides of it, make the adjacent angles together equal to two right angles ; tJ^en 
these ttoo straight lines shall be in one and the same straight line. 

At the point B in the straight line AB, let the two straight lines 
BC, BD upon the opposite sides of AB, make the adjacent angles 
ABC, ABD together equal to two right angles. 

Then BD shall be in the same straight line with BC. 




For, if BD be not in the same straight line with BC, 
a possible, let BE be in the same straipfht line with it. 
Then because AB meets the straight line CBE; 
therefore the adjacent angles CBA, ABE are equal to two right angles ; 
(I. 13.) 
but the angles CBA, ABD are equal to two right angles ; (hyp.) 
therefore the angles CBA, ABE are equal to the angles CBA, ABD : 
(ax. 1.) 
take away from these equals the common angle CBA, 
therefore the remaining angle ABE is equal to the remaining angle 
ABD', (ax. 3.) 

the less angle equal to the greater, which is impossible : 
therefore BE is not in the same straight line with BC, 
And in the same manner it may be demonstrated, that no other 
can be in the same straight line with it but BD, which therefore is in 
the same straight line with BC. 

Wherefore, if at a point, &c. q.e.d. 
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PROPOSITION XV. THEOREM. 

If ttoo ttraight lines cut one another, the vertical, or opposite anglee 
thaU be equal. 

Let the two straight lines AB^ CD cut one another in the point E. 

Then the angle AEC shall be equal to the angle DEB, and th« 
angle CEB to the angle AMD. 

C 

A- j^^^ B 

D 

Because the straight line AE makes with CD at the point E^ the 
adjacent angles CEA, AED ; 

these angles are together ec^ual to two right angles, (i. 13.^ 
Again, because the straight line DE makes with ABbX the pomt E^ 
the adjacent angles AED, DEB ; 

these angles also are equal to two right angles ; 
but the angles CEA, AED haye been shewn to be equal to two right 

angles ; 
wherefore the angles CEA, AED are equal to the angles AED, DEB ; 

take away from each the common angle AED, 
and Ae remaining angle CEA is equal to the remaining angle DEB. 
(ax. 3.) 

In me same manner it may be demonstrated, that the angle CEB 
is equal to the angle AED. 

Therefore, if two straight lines cut one another, &c. Q.E.D. 
Cob. 1. From this it is manifest, that, if two straight lines cut each 
other, the angles which they make at the point where they cut, are 
together equsQ to four right angles. 

Cob. 2. And consequently that all the angles made by any num* 
ber of lines meeting in one point, are together equal to four right 
angles. 

PROPOSITION XVI. THEOREM. 

If one side of a triangle be produced, the exterior angle ie greater than 
either of the interior (Opposite angles. 

Let ABC he a triangle, and let the side BChe produced to D. 
Then the exterior angle A CD shall be greater than either of the 
interior opposite angles CBA or BA C, 




Bisect AC'mE, (i. 10.) and join BE) 
produce BE to F, making J^jF equal to BE, (l. 3.) and join FO^ 
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Because AE is equal to EC, and BE to EF; (constr.) 
the two sides AE, EB are equal to the two CEf EF, each to each, in 
the triangles ABE, CFE; 

and the angle AEB is equal to the angle CEF, 

because they are opposite vertical angles ; fl. 15.) 

therefore the base AB is equal to the base 0^,(1. 4.) 

and the triangle AEB to the triangle CEF, 

and the remaining angles of one triangle to the remaining angles of 

tlie other, each to each, to which tne equal sides are opposite ; 

wherefore the angle BAE is equal to the angle ECF; 
but the angle ECD or A CD is greater than the angle ECF; 
therefore the angle A CD is greater than the angle BAE or BAC. 
In the same manner, if the side BC he bisected, and ^Cbe pro- 
duced to 6^; it may be demonstrated that the angle BCGF, that \b, the 
angle A CD, (i. 15.) is greater than the angle ABC 

Therefore, if one side of a triangle, &c. Q.E.D* 



PROPOSITION XVII. THEOREM. 

Any two angles of a Wangle are together less than two right angles* 

Let ABC he any triangle. 
Then any two of its angles together shall be less than two right angles. 

A 



B CD 

Produce any side BC to D, 
Then because A CD is the exterior angle of the triangle ABC*, 
therefore the angle A CD is greater than the interior and opposite angle 
ABC; (I. 16.) 

to each of these tmequals add the angle A CB ; 
therefore the angles ^ CD, ACB are greater man the angles ABC, 
ACBi 

but the angles A CD, A CB are eqaal to two right angles ; (i. 13.) 

therefore the angles ABC, ACB are less than two right angles. 

hi Hke manner it may be demonstrated, 

that the angles BAC, ACB are less than two right angles, 

as also the angles CAB, ABC 

Therefore any two angles of a triangle, &c. Q.E.D. 



PROPOSITION XVni. THEOREM. 
The greater side of emery triangle is opposite to the greater angle, 

"Let ABC he a triangle, \)f which tlie side AC is greater than the 
side AB, 
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Then the angle ^^C shall be greater than the angle ACB. 

A 




Since the side ^C is greater than the side AB, (hyp.) 

make AD equal to AB, (i. 3.^ and join BD. 

Then, because ^D is equal to AB, m the triangle ABD, 

therefore the an^le ABD is equal to the ai^le ADB^ (i. 5.) 

but because the side CD of the triangle BDUib produced to A, 

therefore th6 exterior angle ADB is greater than the interior and 

opposite angle DCB; (i. 16.) 
but tne angle ADB has been proyed equal to the angle ABD, 
therefore tlie angle ABD is greater than the angle DCB ; 
wherefore much more is the angle ^jSC greater than the angle ACB. 

Therefore the greater side, &c. Q.E.D. 

PROPOSITION XrX. THEOREM. 

The greater angle of every triangle is subtended by the greater side, or, 
has the greater side opposite to it. 

Let ABC be a triangle of which the angle ABC is greater than the 
angle BCA. 

Then the side A C shall be ^eater than the side AB^ 

A 




For, if ^ C be not sreater than AB, 

A C must either be equed to, or less than AB ; 

if AC were equal to ^^, 

then the angle ABC would be equal to the angle A CB ; (I. 0.) 

but it is not e^ual ; (hyp.) 

therefore the side ACw not equal U) AB. 

Again, if ^C were less than AB, 

then the angle ^j§C would be less than the angle A CB ; (L 18.) 

but it is not less, (hyp.) 

therefore the side AC is not less than AB ; 

and A C has been shewn to be not equal to AB ; 

therefore ^Cis greater than AB, 

Wherefore the greater angle, &c. Q.E.D. 

PROPOSITION XX. THEOREM. 
Any two sides of a triangle are together greater than the ihird sid0. 

Let ABC he a triangle. 

Then any two sides of it together shall be greater than the third side, 

yiz. the sides BA, ulC greater than the side BC; 
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ABi JBC greater than AC; 
and JBC, CA greater than AB. 




Produce the side BA to the point D, 

make AD equal to A C, (l. 3.) and join DC 

Then because AD is equal to ^ C, (constr.) 

therefore the angle A CD is equal to the angle ADC; (l. 5.) 

but the angle BCD is greater than the angle A CD ; (ax. 9*2 

therefore ako the angle BCD is greater than the angle ADC. 

And because in the triangle DBC, 

the angle BCD is greater than the angle BDC, 

and that the greater angle is subtended by the greater side ; (l. 19«} 

therefore the side 2)^ is greater than the side BC; 

but DB is equal to BA and A C, 

therefore the sides BA and ^C are greater than BC* 

In the same manner it may be demonstrated, 

that the sides AB, BCaxe greater than CA ; 

also that BC, CA are greater than AB. 

Therefore any two sides, &c. Q.E.D. 

. PROPOSITION XXI. THEOREM. ' 

If from the ends of a aide of a triangle, there be draton two atraiffhi 
lines to a point within the triangle ; these shall be less than the other two 
sides of the triangle, but shall contain a greater angle. 

Let ABC he a triangle, and from the points B, C, the ends of the 
side BC, let the two straight lines BD, CD be drawn to a point 2) 
within the triangle. 

Then BD and DC shall be less than BA and ^ C the other two 

sides of the triangle, 
but shall contain an angle BDC greater than the angle BAC^ 




Produce BD to meet the side ACm E, 
Because two sides of a triangle are greater than the third side, (l. 20.) 
therefore the two sides BA, AE of the triangle ABE are greater 
than BE; 

to each of these unequals add EC; 
therefore the sides BA, ACsie greater than BE, EC, (ax. 4.) 
Again, because the two sides CE^ ED of the triangle CED are 
greater than DC; (i. 20.) 

add DB to eacn of these unequals i 
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therefore the sides C£, EB are greater than CD, DB, (ax. 4.) 
But it has heen shewn that BA, AC axe greater than B^, EC\ 

much more then are BA, A C ereater than BD, DC, 
Again, because the exterior angle of a triangle is greater than the 
interior and opposite angle ; Ti. 16^ 

therefore tne exterior angle BDCotihe triangle CDE is greater 
than the interior and opposite an^le CED ; 

for the same reason, the exterior angle CED of the triangle ABE 
is greater than llie interior and opposite angle BA C; 
and it has been demonstrated, * 

that the angle BDCis greater than the angle CEB; 

much more therefore is the angle BDC mater than the angle BAC, 

Therefore, if from the ends of tne side, &c Q.E.D. 

PROPOSITION XXII. PROBLEM. 

To make a triangle of which the aidea ahaU be equal to three given 
straight HneSf but any two whatever of theae muat be greater than the third. 

Let Af B, Che the three giyen straight lines, 

of which any two whatever are greater than uie third, (l. 20.) 

namely, A and B greater than C; 

A and C greater than B ; 

and B and C greater than A. 

It is required to make a triangle of which the sides shall be equal 

to A, B, U, each to each. 



A. 

B- 




Take a straight Hne DE terminated at the point Z), but unlimited 
towards E, 

make Z)jP equal to A, FO equal to B, and (7J7 equal to C; (i. 3.) 
from the center F, at the distance FD, describe the circle DKL; 
(post 3.) 

from the center (?, at the distance GH, describe the circle HLK; 
from JE" where the circles cut each other^draw KF, KQ to the points 

Then the triangle KFO shall have its sides equal to the three 
straight lines A, B, C. 

Because the point ^is the center of the circle DEL, 

therefore J!D is equal to FK; (def. 15.) 

but FD is equal to the straight line A ; 

therefore FX is equal to A. 

Again, because G is the center of the circle SKL ; 

therefore Gffis equal to GK, (def. 15.) 

but GH is equal to (7; 

therefore also GK is equal to C; (ax. 1.) 

and FG is equal to B ; 
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therefore the three straight lines KF^ FO, OK, are respectiyely 

equal to the three, -4, jB, C: 
and therefore the triangle KFG has its three sides KF, FG, GX, 

equal to the three given straight lines A, B, C. Q.E.F. 

PROPOSITION XXin. PROBLEM. 

At a given point in a given straight line, to make a rectilineal angle 
equal to a given rectilineal angle. 

Let A3 be the siyen straight line, and A the given point in it, 

and DCF the given rectilineal angle. 
It is required, at the given point A in the given straight line AB, to 
make an angle that shall be equal to the given rectilineal angle DCS. 





In CD, CF, take any points D, E, and join DE; 
on AB, make the triangle AFG, tlie sides of wnich shall be eoual 
to the three straight lines CD, DE, EC, so that AF be equal to 
CD, AG to CE, and FG to DE, (l 22.) 

Then the angle FAG shall be equal to the angle DCE, 

Because FA, AG aie eyial to DC, CE, each to each, 

and the base FG is equal to the base DE; 

therefore the angle FA G is equal to the aiigle DCJS. (i. 8.) 

Wherefore, at the given point A in the given straight line AB, the 

angle FAG is made equal to the given reetdineal angle DCE. Q.E.F. 

PROPOSITION XXIV. THEOREM. 

If two triangles have ttoo sides of the one equal to ttoo sides of the other, 
each to each, but the angle contained by the two sides of one of them greater 
than the angle contained by the two sides equal to them, of the other ; the 
base of that which has the greater atigle, shall be greater than the base 
of the other. 

Let ABC, DEFhe two triangles, which have the two sides AB, 
A C, equal to the two DE, DF, each to each, namely, AB equal to 
DE, and A Cto DF; but the angle BA C greater than the angle EDF. 
Then the base BC shall be greater than the base EF. 
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Of the two eddes DE^ DF, let BE be not greater than DF, 

at the point 2), in the line BE, and on the same side of it as BF^ 

make the angle EBO equal to the angle BA C; (i. 23^ 

make BG equal to BF or A C, (l. 3.) and join EG, OF. - 

Then, because BE is equal to AB, and BO to AC, 

the two sides BE, BO are equal to the two AB, AC, each to each, 

and the angle EBO is equal to the angle BAC; 

therefore the base EG is equal to the base BC. ^, 4.) 

And because BO is equal to BF in. the triangle BFG, 

therefore the angle BFO is equal to the angle BOF\ (l. 5. J 

but the angle B OF is greater than the angle EOF; (ax. 9^ 

therefore the angle BFu is also greater than the angle EOF; 

much more therefore is the angle EPO greater than the angle EOF. 

And because in the triangle EFO, the angle EFO is greater than 

the angle EOF, 

and that the greater angle is subtended by the greater side ; (1. 19.) 

therefore the side EO is greater than the side EF; 

but EO was proved equal ijo BC; 

therefore ^d is ^ater than EF, 

Wherefore, if two triangles, &o. Q.E.D. 

PROPOSITION XXV. THEOREM. 

If two triangles have two aidee oj the one equal to two aides of the other ^ 
each to each, htit the base of one greater thun the base of the other ; the 
angle cofUained by the aides of the one which has the greater base, shall be 
greater than the angle contained by the sides, equal to them, of the other. 

Let ABC, BEFhe two triangles which have the two sides AB, A C, 
equal to the two sides BE, BF, each to each, namely, AB equal to 
BE, and AC to BF; but the base BC greater than the base EF, 
Then the angle BA C shall be greater than the angle EBF. 





For, if the angle BA C be not greater than the angle EBF, 

it must either be equal to it, or less than it. 

If the angle BAC -were equal to the angle EBF, 

then the base BC would be equal to the base EF; (I. 4.) 

but it is not equal, (hyp.) 

therefore the angle ^-4Cis not equal to the angle EBF. 

Again, if the angle BAC were less than the angle EBF, 

then the base ^C' would be less than the base EF; (i. 24.) 

but it is not less, (hyp.) 

therefore the angle BAC is not less than the angle EBF; 

andithas been shewn, Siat the angle ^^ Cis not eaual to the angle EBF} 

therefore the angle BA C is greater than the angle EBF. 

Wherefore, if two tnangles, &c. O. E. d. 
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PROPOSITION XXVI. THEOREM. 

If two triangles have tioo angles of the one equal to two angles of the 
other f each to each, and one side equal to one side, viz, either the sides adja- 
cent to the equal angles in each, or the sides opposite to them ; then shall the 
other sides be equal, each to eachf and also tie third angle of the otie equal 
to the third angle of the other. 

Let ABC, DEF be two triangles which have the angles ABC, 
BCA, equal to the angles DEF, EFD, each to each, namely, ABC 
to DEF, and BCA to EFD; also one side equal to one side. 

First, let those sides be equal which are adjacent to the angles that 
are equal in the two triangles, namely, BC to EF. 

Then the other sides shall be equal, each to each, namely, AB to 
DE,aadACU) DF, and the third angle ^^Cto the third angle EDF, 





For, ifAB be not equal to DE, 
one of them must be greater than the other. 

If possible, let AB be greater than DE, 

make BQ equal to ED, h, 3.) and join OC, 

Then in the two triangles QBC, DEF, 

because OB is equal to DE, and ^Cto EF, (hyp.) 

the two sides GB, BCare equal to the two DE, EF, each to each ; 

and the an&;le OB Via equal to the angle DEF; 

therefore the base 6rC is equal to the base ^-^> (i- 4.) 

and the triangle OB C to the triangle DEF, 

and the other angles to the other angles, each to each, to which 

the equal sides are opposite ; 

therefore the angle 6CB is equal to the angle DFE; 

but the angle ACB is, by the hypothesis, equal to the angle DFE; 

wherefore also the angle OCB is equal to the angle ACB; (ax. 1.) 

the less angle equal to the greater, which is impossible ; 

therefore AB is not unequal to DE, 

that is, AB is equal to DE, 

Hence, in tiie triangles ABC, DEF; 

because AB is equal to DE, and -BCto EF, (hyp.) 

and the anele ABC is equal to the angle DEF; (hyp.) 

therefore uie base ^C is equal to the base DF, (i. 4.) 

and the third angle BA C to the third angle EDF. 

Secondly, let the sides which are opposite to one of the equal angles 

in each triangle be equal to one another, namely, AB equal to DE. 

Then in this case Bkewise the other sides shall be equal, AC to DF^ 
and J? C to EF, and also the third angle BAC to Hie third angle EDF. 
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B H C 

For if -BC be not equal to EF^ 
one of them must be greater than the other. 

K possible, let BChe ereater than EF\ 
make BH equal to EF^ (I. 3.) and join AH. 

Then in the two trian^es ABH, DEF, 

because ^^ is equal to nEt and BHto EF, 

and the angle ABH to the angle DEF\ (hyp.) 

therefore the base AH is equal to the base DF,(l» 4.) 

and the triangle A BH to the triangle DEF, 

and the other angles to the other angles, each to each, to which the 

eoual sides are opposite ; 

tnerefore the angle BHA is equal to the angle EFD ; 

but the angle EFD is equal to the angle BuA ; (hyp.) 

therefore the angle BHA is equal to the an^le BCAy (ax. 1.) 

that is, the exterior angle BHA of the tnangle AHC, is 

equal to its interior and opposite anele BCA ; 

which is impossible ; (l. 16.) 

wherefore BCib not unequal to EF, 

that is, PC is equal to EF. 

Hence, in the triangles ABC, DEF\ 

because AB is equal to DJE, and j^Cto EF, (^ZP*) 

and the included angle ABCis equal to the includedangle bEF\ (hyp.) 

therefore the base ^Cis equal to the base I)F, (l. 4.) 

and the third an^le BA C to the third angle EDF. 

Wherefore, if two triangles, &c. Q. £. d. 

PROPOSITION XXVII. THEOREM. 

If a straight line falling on ttoo other straight lines, make the aUemate 
angles equal to each others these ttoo straight lines shall be parallel. 

Let the straight line EF, which falls upon the two straight lines 
AB, CD, make the alternate angles AEF, EFD, equal to one another. 
Then AB shall be parallel to CD. 



"El B 
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For, if AB be not parallel to CD, 
then AB and CD being produced wul meet, either towards A and C, 
. or towards B and D, 
Let AB, CD be produced and meet, if possible, towards B and D, 
in the point O, 

then OEFiB a triangle. 
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And because a side QE of the triangle QEF\& produced to A^ 
therefore its exterior angle AEF is greater thim the interior and 
opposite angle EFQ ; (I. 16.) 

but the ansle AEF is equal to the angle EFQ ; (hyp.) 
therefore the an^e AEF is greater than, and equal to, the angle 
EFG ; which is impossible^ 
Therefore AB, CD being produced, do not meet towards B, D, 
In like manner, it may be demonstrated, that they do not meet 
when produced towards A, C 

But those straight lines in the same plane, which meet neither way, 
though produced ever so far, are parallel to one another; (def. 35.) 

therefore AB is parallel to CD, 
Wherefore, if a straignt line, &c. Q.E.D. 

PROPOSITION XXYin. THEOREM. 

If a ttraight linefaUing upon two other ttraight lines, make the exterior 
angle equal to the interior tmd opposite upon the same side of the line ; or 
make the interior angles upon the same side together equal to two right 
angles ; the two straight lines shall be parallel to one another'. 

Let the straight libe EF, which falls upon the two straight lines 
AB, CD, make the exterior angle EQB equal to the interior and 
opposite angle QHD, upon the same side of the line EF\ or make 
the two interior angles BOH^ QHD on the same side together 
equal to two right angles. 

Then AB shall be parallel to CD. 




Because the angle EGB is equal to the angle OHD, (hyp.) 
and the angle EGB is equal to the angle A GHy (i. 16.) 
therefore the angle ^6^^ is equal to the angle GHD\ (ax. 1.) 
and they are alternate angles, 

therefore AB is parallel to CD. (l. 27.) 
Again, because the angles BGH, GJELD are together equal to two 
right angles, (hyp.) 

and that the angles AGS, BGH are also together equal to two 

right angles ; (l. 13^ 
therefore the angles AGH, BGH are equal to the angles BGH, 
GHD ; (ax. 1.) 

take away from these equals, the common angle BGH; 
therefore the remaining angle AGH is equal to the remaining angle 
(?fll>5 (ax.3.) 

and they are alternate angles ; 
therefore AB is parallel to CD. (1. 27.) 
Wherefore, if a straight line, &c. Q.E.D. 
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PROPOSITION XXIX. THEOREM. 

Jfa straight line /all upon two parallel straight lines, it makes the aUter* 
note angles equal to one another; and the exterior angle equal to the interior 
and opposite upon the same side ; and likewise the two interior angles upon 
the same side together equal to two right atigles. 

Let the straight line ^^fiall upon the parallel straight lines ^P, CD. 
Then the alternate angles A GM^ GJSl) shall be equal to one another ; 

the exterior angle £iGB shall be equal to the interior and opposite 
angle GHV upon the same side of the line EF\ 
and the two interior angles BGH, GHD upon the same side of JSP 

shall be together equal to two right angles. 




First For, if the an^le A GH be not equal to the alternate angle 

GHD, one of them must be greater than the other ; 

if possible, let AGHhe greater than GHD, 

then because the angle AGHi% greater than the angle GHD, 

add to each of these unequals the anele BGH\ 

therefore the angles AGH, BGH are greater than the angles BGH, 

GHD ; (ax, 40 
but the angles A GH, BGH are equal to two right anja^les ; (l. 13.) 
therefore the ancles BGH, GHD are less than two right angles ; 
but those straight lines, which with another straight line falling upon 
them, make the two interior angles on the same side less than two 
right ancles, wiU meet together u continually produced ; (ax. 12.) 
therefore the straight Hues AB, CD, if produced far enough, will 
meet towards B, D\ 
but they never meet, since they are parallel by the hypothesis ; 

therefore the angle ^6rif is not unequal to uie angle GHD, 

that is, the angle A GH is equal to the alternate ^gle GHD, 

Secondly. Because the angle .^(?iris equal to the angle ^(?J?i (l. 15.) 

and the angle A GHi% equal to the angle GHD, 

therefore the exterior angle EGB is equal to the interior and opposite 

angle GHD, on the same side of the Hne. 

Thirdly. Because the angle EGB is equal to the angle GHD, 

add to each of them the angle BGH; 

therefore the angles EGB, BGH^xe equal to the angles BGH, GHD $ 

(ax. 2.) 

but EGB, BGH are equal to two right angles ; (1. 13.) 
iierefore also the two interior aneles BGH, GHD on the same side 
of the line are equal to two right angles, (ax. 1.) 
"Wherefore, if a straight line. &c. Q. £. D. 

C2 
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PROPOSITION XXX. THEOREM.* 

Straight lines which are parallel to the same ttraight line are parallel to 
each other. 

Let the straight lines ABj CDy be each of them parallel to EF. 
Then shall AB be also parallel to CD, 

E -r- F 

C /5 D 
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Let the straight line QHK cut ABy JSFy CD. 
Then because OMK cuts the parallel straight lines ABy EF, in 

therefore the angle A OH is equal to the alternate ansle QHF, {i. 29.) 
Again, because GHK cuts the parallel straight lines EF, uZ>, in 

therefore the exterior angle QHF is equal to the interior angle HKD ; 

and it was shewn that the angle A GMis equal to the angle QHF\ 

therefore the angle aSHis equal to the angle GKD\ 

and mese are alternate angles ; 

therefore AB\& parallel to CD, (i. 27.) 

Wherefore, straight lines which are parallel, &c. Q.E.D. 



PROPOSITION XXXI. PROBLEM. 

To draw a etraight line through a given point parallel to a given straight 
line. 

Let A be the given point, and BC the given straight line. 
It is recjuired to draw, through the point A, a straight line parallel 
to the straight line BC, 

E A F 



B D C 

In the line ^Ctake anv ppint D, and join AD; 
at the point A in the straight line ADj 
make the angle DAE equal to the angle ADC, (i. 23.) on the oppo- 
site side of AD ; 

and produce the straight line EA to F. 
Then -EJ* shall be parallel to BC, 
Because the straight line AD meets the two straight lines EF, JBC^ 
and makes the alternate angles EAD, ADC, equal to one another, 

therefore EF is parallel to BC (i. 27.) 
Wherefore, through the given point A, has been arawn a straight 
line ^^i<^ paiallel to the given straight line BC, Q.E.F. 
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PROPOSITION XXXII. THEOREM. 

If a tide of any triangle he produced^ the exterior angle is eqwU to the 
two interior and opposite angles ; and the three interior angles of every 
triangle are together equal to ttoo right angles. 

Let ABChe a triangle, and let one of its sides ^Cbe produced to D. 

Then the exterior angle ACD shall be equal to the two interior 
and opposite angles CAjB^ ABC: 

and the three interior angles ABC, BCA, CAB shall be equal to 
two right angles. 




Through the point C draw CJB parallel to the side BA. (l 81.) 
Then because CJB is parallel to BAy and A C meets them, 
therefore the angle ACE is equal to the alternate an^le BAC, (i. 29.) 
Again, because CB is parallel to AB^ and BD faUs upon them, * 
therefore the exterior anele UCD is equal to the interior and op- 
posite angle ABC*, (l. 29.) 
but the angle A CE was shewn to be equal to the angle BA C\ 
therefore the whole exterior angle A CD is equal to the two interior 
and opposite angles CAB, ABC, (ax. 2.) 
Again, because the angle A CD is equal to the two angles ABC, BA C, 
to each of these equals add the angle AVB, 
therefore the angles A CD and A CB are equsl to the three angles 

ABC, BAC, Bind ACB, (ax. 2.) 
but the angles ACD, ACB are equal to two right angles, (i. 13.) 
therefore also the angles ABC, BAC, ACB are equal to two right 

angles, ^ax. 1.) 
Wherefore, if a side of any triangle be produced, &c. Q.E.D. 
Cor. 1. All the interior angles of any rectilineal figure together 
with four right angles, are equal to twice as many right angles as the 
figure has sides. 

D 




For any rectilineal figure ABCDE can be divided into as many 
triangles as the figure has sides, by drawing straight lines from a point 
F within the figure to each of its angles. 

Then, because the three interior angles of a triangle are equal to 

two right angles, and there are as many triangles as the figure has sides, 

therefore all the angles of these triangles are equal to twice as many 

right angles as the figure has sides ; 
but the same angles of these triangles are equal to the interior angles 
of the figure together wi& the angles at the point F\ 
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and the angles at the point F, which is the common vertex of all 

the triangles, are equal to four right angles, (i. 15. Cor. 2.) 
therefore the same anffles of these triangles are equal to the angles 

of the figure together with four right angles ; 
but it has been proved that the aneles of the trianc^les are equal fx> 

twice as many right angles as the figure has sides ; 
therefore all the angles of the figure together with four right angles^ 

are equal to twice as many right angles as the figure has sides. 
Cor. 2. All the exterior angles of any rectilineal figure, made by 
producing the sides successively in the same direction, are together 
equal to four right angles. 




Since every interior angle ^J? (7 with its adjacent Exterior angle 
ABD, is equal to two right angles, (i. 13.) 

therefore all the interior angles, together with all the exterior angles, 
are equal to twice as many right an^es as the figure has sides ; 

but it has been proved by the foregoing corollary, that all the in- 
terior angles together with four right angles are equal to twice as many 
right angles as the figure has sides ; 

tiierefore all the interior angles together with all the exterior angles, 
are equal to all the interior angles and four right angles, (ax. 1.) 
take from these equals all the interior angles, 

therefore all the exterior angles of the figure are equal to four right 
angles, (ax. 3.) 

PROPOSITION XXXin. THEOREM. 

Th$ itraight lines which join the extremities of two equal and parallel 
straight Unet totaarde the same parte, are dlao themselves equal andparaUeU 

Let AB, CD be equal and parallel straight lines, 

and joined towards the same parts by the straight lines A (7, BD. 

Then AC, BD shall be equal and parallel 




Join BC 

Then because AB ib parallel to CD, and BC meets them, 

therefore the angle ABC is equal to the alternate angle BCD ; (l. 29.) 

and hecsiMaeAB is equal to CD, and J9Ccommon to the two triangles 

ABQ DCB;ihe two sides AB, BC, are equal to the two DC, CB, each 

to each, and the angle ABC was proved to be equal to the angle BCD : 

therefore the base .^ C is equal to the base BD, (i. 4.) 

and the triangle ABv to the triangle BCD, 
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and the other angles to the other angles, each to each, to which the 
emial sides are opposite ; 

tnerefore the angle ACB is equal to the angle OBD, 

And because the straight line ^C meets the two straight lines AC^ 

BD, and makes ^e alternate angles A CB, CBD equal to one anq^er ; 

therefore ACis parallel to BD ; (i. 27.) 

and A C was shewn to be equal to BD. 

Therefore, s traight lines which, &o. Q. E. D« 



PROPOSITION XXXIV. THEORmd[. 

The opposite aides and angles of a parallelogram are equal to on$ another, 
and the diameter Insects it, that is, divides it into two eqftal parts. 

I 

Let ACJbB be a parallelogram, of which J9Cis a diameter. 
Then the opposite sides and angles of the figure shall be equal to 
one another ; and the diameter ^C shall bisect it. ^ 




Because AB is parallel to CD, and J?<7 meets them, 
therefore the angle ABC is equal to the alt&mate angle BCD, (l. 29.) 

And because ^ C is parallel to BD, and BC meets them, 
therefore the angle A CB is equal to the alternate angle CBD. (l. 29.) 

Hence in the two triangles ABC, CBD, 
because the two angles ABC, BCA in the one, are equal to the two 

angles BCD, UBD in the other, each to each; 
and one side BC, which is adjacent to their equal angles, common to 

the two triangles ; 
therefore their other sides are equal, each to each, and the third angle 
of the one to the third angle of the other, (i. 26.) 
namely, the side ABto the side CD, and AC to BD, and the angle 
B AC to the angle BDC 

And because the angle ABC is eaual to the angle BCD, 
and the angle CBD to tiie angle A CB, 
therefore the whole angle ABD is equal to the whole angle A CD ; 
(ax. 2.) 

and the angle BAChM been shewn to be equal to BDC; 
therefore the opposite sides and angles of a parallelogram are equal to 
one another. 
Also the diameter ^Cbisects it 

For since AB is equal to CD, and jSC common, the two sides AB, 
BC, are equal to the two DC, CB, each to each, 
and the an^le ^J^Chas been proved to be equal to the angle BCD ; 
therefore the triangle ABC is equal to the triangle BCD ; (l. 4.) and 
the diameter J? Cdivides the parallelogram A CDB into two equal parts. 

Q.E.D. 
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PROPOSITION XXXV. THEOREM. 

ParaUelogramt upon the same baee^ and between the same paraUeht are 
equal to one another. 

Let the parallelograms^J^CD, J^^CJPbeuponthe samebaae^C, 
and between the same parallels AF, BC, 

Then the parallelogram^ J? CD shall be equal to the parallelogram 
EBCF. 

AD F A DE F AEDF 





If the sides AB, DJPof the parallelograms ABCD, DBCF, opposite 
to the base BC, be terminated in the same point D ; 
then it is plain that each of the parallelograms is double of the triangle 

BDCT; (I. 34.) 
and therefore the parallelogram ABCD is equal to the parallelogram 
DBCF. (ax. 6.) 

But if the sides AD, EF, opposite to the base ^Q be not termi- 
nated in the same point ; 

Then, because ABCD is a parallelogram, 

therefore AD is equal to BC; (I. 34.) 
and for a similar reason, ^jPis equal to BC; 
wherefore AD is equal to FF; (ax. 1.) 
and DF is common ; 
therefore the whole, or the remainder AF, is equal to the whole, or 
the remainder DF ; (ax. 2 or 3.) 

and -dB IS ec^ual to DC; (l. 24^ 
hence in the triangles FAB, FDC, 
because FD is equal to FA, and DC to AB, 
and the exterior angle FDC is equal to the interior and opposite angle 
FAB ; (I. 29.) 

therefore the base FC is equal to the base FB, (i. 4.) 
and the triangle jPDCis equal to the triangle FAB. 
From the trapezium ABCPtake the triangle FDC, 
and from the same trapezium take the triangle FAB, 
and the remainders are equal, (ax. 3.) 
therefore the parallelogram ^j? CD isequalto the parallelogramJ^J^C^. 
Therefore, parallelograms upon the same, &c Q.E.D. 



PROPOSITION XXXVI. THEOREM. 

ParaReloffranu upon equal haeee and between the tame paraUeb, are 
eqtMl to one another. 

Let ABCD, FFOHhe parallelograms upon equal bases BC, FQ, 
and between the same parallels AH, BO. 

Then the parallelogram ABCD shall be equal to the parallelogram 
EFQH. 
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B C F O 

Join BJB, CH, 
Then because BCva eqnal to FG, (hyp.) and FO to EH, (l. 34.) 
therefore j^Cis equal to EH\ (ax. 1.) 
and these lines are parallels, and joined towards the same parts by the 
straight lines BE, CH\ 
but straight lines which join the extremities of equal and parallel 
sti^ght lines towards the same parts, are themselves equal and parallel ; 
(I. 33.) 

therefore BEy CHare both eaual and parallel ; 
wherefore EBCH'va a parallelogram, (def. A.) 
And because the parallelograms ABCD, EBCH, are upon the 

same base BC, and between the same parallels BC, AM; 
therefore the parallelogram ABCD is equal to the parallelogram 
EBCH, (1.35.) 

For the same reason, the parallelogram EFOH is equal to the 
parallelogram EBCH\ 

therefore the parallelogram ABCD is equal to the parallelogram 
EFQH. (ax. 1.) 
Therefore, parallelograms upon equal, &c. Q.E.D. 

PROPOSITION XXXVII. THEOREM. 

Trianglea upon the same base and bettoeen the tame parallels, are equal to 
one another. 

Let the triangles ABC, DBChe upon the same base BC, 
and between the same parallels AD, BC. 
Then the triangle ABC shall be equal to the triangle DBC. 

BAD F 




Produce AD both ways to the points E, F; 
through B draw BE parallel to CA, (i. 31.) 
and through Cdraw CF parallel to BD, 
Then each of the figures EBCA, DBCF is a parallelogram j 
and EBCA is equal to DBCF, (i. 35.) because they are upon the 
same base BC, and between the same parallels BC, EF, 
And because the diameter AB bisects tne parallelogram EBCA, 
therefore tiie triangle ABCw half of the parallelogram EBCA ; (l, 34.) 
also because the diameter DC bisects the parallelogram DBCF, 
therefore the triangle DBC is half of the parallelogram DBCF, 
but the halves of equal things are eaual ; (ax. 7.) 
therefore the triangle ABC is equal to tne triangle 1)BG 
Wherefore, triangles, &c. Q.E.D. 

c5 
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PROPOSITION XXXVin. THEOREM. 

Triangles upon equal ba$e$ and between the tame paraUela, are equal 
to one another. 

Let the triangles ABC, DJSF be upon equal bases SC, EF, and 
between the same parallels BF, AD. 

Then the triangle ^^C shall be equal to the triangle DEF. 

G A D H 
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B C£ 

Produce AD both ways to the points O, H\ 

through B draw BQ parallel to CA, (i. 31.) 

and through F draw FH parallel to ED. 

Then each of the figures OBCA, DEFJSh a parallelogram; 

and they are equal to one another, (l. 36.) 

because they are upon equal bases BC, EF, 

and between the same parallels BF, OH. 

And because the diameter AB bisects the parallelogram QBCA, 

therefore the triangle ABCls the half of the parallelogram OBCA : 

(1.34.) 

also, because the diameter DJP bisects the parallelogram DEFH, 

therefore the triangle DEF is the half of the parallelogram DEFH\ 

but the nalves of equal things are equal ; (ax. 7.) 

therefore the triangle ABCis equal to the triangle DEF. 

Wherefore, triangles upon equal bases, &c. Q.E.D. 

PROPOSITION XXXrX. THEOREM. 

Equal triangles upon the same base and %q)on the same side of it, ar€ 
between the same parallels. 

Let the equal triangles ABC, DBC be upon the same base BC, 
and upon the same side of it. 
Ilien the triangles ABC, DJ^C shall be between the same parallels. 




Join AD ; then AD shall be parallel to BC. 
For if AD be not parallel to J?C, 
if possible, through the point A, draw AE parallel to BC, (l. 81.) 
meeting BD, or BD produced, in E, and join EC. 

Then the triangle ^^Cis equal to the triangle EBC, (l. 37.) 

because they are upon the same base BC, 

and between the same parallels BC, AE: 

but iSie triangle ABC is equal to the trian^e DBC; (hyp.) 

^erefore the triaagle DBOb equal to the triangle EBC, 
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the gieftter triangle equal to the less, "which is impoaaible : 

therefore AJE is not parallel to BC, 

In the same manner it can be demonstrated, 

that no other line drawn from A but AD is parallel to SCi 

AD is therefore parallel to ^u 

Wherefore, equal triangles upon, &c Q.E.S. 

PROPOSITION XL. THEOREM. 

Equal triangUa upon equal bates in the same straight line, and towards 
the sa$ne parts, are between the same parallels. 

Let the equal triangles ABC, DBF he upon equal bases BC, JEF, 
in the same straight line BF, and towards the same parts. 
Then they shul be between the same parallels. 

A D 




Join AD } then AD shall be parallel to BF. 

For if AD be not parallel to BF, 

if possible, through A draw AO parallel to BF, fl. 31.) 

meeting FD, or FD produced in 6?, and join UF. 

Then the triangle ABC is equal to the triangle OFF, (i. 38.) 

because they are upon equal bases BC, FF, 

and between the same parallels BF^ A O ; 

but the triangle ABC is equal to the triangle DJ&JP; (hyp.) 

therefore the triangle DFFia equal to the trian^le^ OFP, ?ax. 1.) 

the greater triangle equal to the less, which is impossible : 

therefore AOia not parallel to BF. 

And in the same manner it can be clemonstnited, 

that there is no other line drawn from A parallel to it but AD; 

AD is therefore parallel to BF, 
Wherefore, equal triangles upon, &c. Q.E.D. 

PROPOSITION XU. THEOREM. 

If a parallelogram and a triangle be vpon the same base, and between 
the same parallels ; the parallelogram shall be double of the triangle. 

Let the parallelogram ABCD, and the triangle FBC be upon the 
same base JBC, and between the same parallels iC, AE, 

Then the parallelogram AB CD shall be double of the triangle EB C, 

A BE 




B O 

Join A C, 

Then the triangle ABC 19 equal to the triangle EBC, (I. 87.) 
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because they are upon the same base BC, and between the same 

parallels BC, AE. 

But the parallelogram A BCD is double of the triangle ABC, 

because the diameter ^C bisects it; (l. 34.) 

wherefore ABCD is also double of the triangle BBC, 

Therefore, if a parallelogram and a triangle, &c. Q.E.D. 

PROPOSITION XLn. PROBLEM. 

To describe a parallelogram that ahaU be equal to a given triangle^ and 
have one of Ha angles equal to a given rectilineal angle. 

Let ABC he the given triangle, and 2) the given rectilineal angle. 
It is required to describe a parallelogram that shall be equal to the 
given triangle ABC, and have one of its angles equal to D. 

A F G 




k. 
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Bisect BCin JS, (i. 10.) and join AE; 
at the point E in the straight line EC, 
make the angle Cj^J* equal to the angle D ; (L 23.) 
through C draw CO parallel to EF, and through A draw AFG 
parallel to BC, (l 31.) meeting jB2J' in F, and CO in O. 

Then the figure CEFO is a parallelogram, (def. A.) 
And because the triangles ABEj AEC are on the equal bases BE, 
EC, and between the same parallels BC, AO; 

the) are therefore e^ual to one another ; (l. 38.) 
and the triangle ABC is double of the triangle AEC; 
but the parallelogram FECO is double of the triangle AEC, (l. 41.) 
because they are upon the same base EC, and between the same 
parallels EC, A O ; 
therefore the parallelogram FECO is equal to the triangle ABC, (ax. 6.) 
and it has one of its angles CEF equal to llie given angle 2). 
Wherefore, a parallelogram FECO has been described equal to the 
given triangle ABC, and having one of its angles CEF equal to the 
given angle D. Q.E.F. 

PROPOSITION XLin. THEOREM. 

The complements of the parallelograms, which are about the diameter 
of any parallelogram, are equal to one another. 

Let ABCD be a parallelogram, of which the diameter is AC: and 
EM,OF the parallelograms about J[ C, that is, through which A C passes: 
also BK, KD the other parallelograms which make up the whole 
figure ABCD, which are therefore called the complements. 
Then the complement BK shall be equal to the complement KD, 
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Because ABCD is a parallelogram, and A Cits diameter, 
therefore the triangle ABCis equal to the triangle ADC, (l. 34.) 
Again, because EKHA is a parallelogram, and AK its diameter, 
therefore the triangle AEK is equal to the triangle AHK; (l. 34.) 
and for the same reason, the triangle KGCis equal to the triangle KFC. 
Wherefore the two triangles AJEK, KGC are equal to the two 
triangles AHK, KFC, Tax. 2.) 

but me whole triangle ABCis equal to the whole triangle ADC} 
therefore the remaining complement BK is equal to the remaining 
complement KD, (ax. 3.) 

Wherefore the complements, &c. Q.E.D. 

PROPOSITION XLIV. PROBLEM. 

To a given 9traight line to apply a parallelogram, which shall be equal 
to a given triangle, and have one of its tingles equal to a given rectilineal 
angle^ 

Let ABhe the siven straight line, and C the given triangle, and D 
the given rectiline^ angle. 

It is required to apply to the straight line AB, a parallelogram 
equal to the triangle C, and having an angle equal to the angle V, 

F £ K 
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Make the parallelogram BEFG equal to the triangle C, 

and having the angle FBG equal to the angle D, n, 42.) 

so that BE be in the same straight line with ALB ; 

"" ~' produce FG to H, 

through A draw -^-ET parallel to BG or EF, (l. 31.) and join HB, 

Then because the straight line HF falls upon the parallels AH, EF, 

therefore the angles AHF, HFE are together equal to two right 

angles ; (l. 29.) 
wherefore the angles BHF^ HFE are less than two right angles : 
but straight lines which with another straight line, make the two 
interior angles upon the same side less than two right angles, do meet 
if produced far enough : (ax. 12.) 

therefore HB, FE shall meet if produced ; 

let them be produced and meet in K, 

through K draw KL parallel to EA or FH, 

and produce HA, GB to meet KL in the points L, M, 

Then HLKFia a parallelogram, of which the oiameter is HK; 
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and AGf ME, are the parallelograms about JSTJT; 

also ZBf BF are the complements ; 

therefore the complement LB is equal to the complement BF\ (l. 43.) 

but the complement ^jPis equal to the triangle C\ (constr.) 

wherefore LB is equal to the triangle C 

And because the angle QBE is equal to the angle ABM, (i. 15.) 

and likewise to the angle D ; (constr.) 

Ilierefore the an^le ABmis e^ual to the angle D. (ax. 1.) 
Therefore to the given straight Ime AB, the parallelogram LB has 
been applied, equal to the triangle C, and haying the angle ABM 
equal to the given angle D. Q. £. F. 

PROPOSITION XLV. PROBLEM. 

To deBcribe a parallelogram eqttal to a given recHlineat Jigure, and 
having an angle equal to a given rectilineal angle. 

Let ABCD be the given rectilineal figure, and E the given recti* 
lineal angle. 

It is required to describe a parallelogram that shall be equal to the 
figure ABCD, and haviag an angle equal to the given angle E. 

D F G L 

A 
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Join DB. 
Describe the parallelogram FH equal to the triangle ADB, and 
having the angle FKH equal to the angle E; (i. 42.) 
to the straight line GIf, apply the parallelogram GM equal to the 
triangle DBC, having ike angle GMMequsl to the angle E. 
(l. 44.) 
Then the figure FKML shall be the parallelogram required. 
Because each of the angles FKH, GHM, is equal to the angle E, 
therefore the angle FKHia eaual to the angle GSM; 
add to each of these equals the angle KHG ; 
therefore the angles FKH, KHG are equal to the angles KHG, GHM; 
but FKH, KHG are equal to two right angles ; (l. 29.) 
therefore also KHG, GHM are equal to two right angles ; 
and because at the point H, in the straight line GM, the two 
straight lines KH, HM, upon the opposite sides of it, make the ad- 
jacent angles KHG, GHM equal to two right angles, 

therefore HKis in the same straight line with HM. (I. 14.) 

And because the line HG meets the parallels KM, FG, 

therefore the angle MHG is equal to the alternate angle JEr6ri<'; (I. 29.) 

add to each of these equals the angle HGL ; 

therefore the angles MHG, HGL are equal to Sie angles HGF, HGL; 

but the angles MHG, HGL are equal to two right angles ; (l. 29.) 

therefore also the angles HGF, HGL are e^ual to two right angles, 

and therefore FG is in the same straight Ime with GL, (l 14.) 



BOOK I. FBOP. XLV, XLYI. 89 

And becaiue XFib parallel to HO, and MO to ML, 

therefore KF is parallel to ML ; (i. 30.) 

and FL has been proved parallel to KM, 

wherefore the figure FKML is a parallelogram; 

and since the parallelogram KF is equal to the triangle ABB^ 

and the parallelogram QMXo the triangle BDC\ 

therefore the whole parallelogram KFLM is equal to the whole 

rectilineal figure A BCD. 
Therefore the parallelogram KFLM has been described equal to 
the given rectilineal figure ABCD^ having the angle FKM equal to 
the given angle E, Q.E.F. 

Cob. From this it is manifest how, to a given straight line, to apply 
a parallelogram, which shall have an angle equal to a given rectilineal 
angle, and shall be equal to a given rectilineal figure ; viz. by applying 
to the given straight line a parallelogram equal to the first triangle 
ABD, (l. 44.) and having an angle equal to the given angle. 

PROPOSITION XLVI. PROBLEM. 

To describe a square upon a given straight line. 

Let AB be the given straight line. 




It is required to describe a square upon AB. 

From the point A draw ^ C at right angles to AB ; (1. 11.) 

make AD equal to AB ; (l. 3.) 

through the point D draw DE parsdlel to AB ; (l. 31.) 

and through B^ draw J9J^ parallel to AD, meeting DE in E; 

therefore ABED is a parallelogram ; 

whence '^i? is equal to DEy and AD to BE^ (L 34.) 

but AD is equal to AB^ 

therefore the four lines AB, BE, JSD, DA axe e(mal to one another, 

and the parallelogram ABED is equilateral. 

It has likewise all its angles right angles ; 

since AD meets the parallels AB, DE, 

therefore the angles BAD, ADEare equal to two right angles; (1.29.) 

but BAD is a right angle ; (constrl) 

therefore also ADE is a right angle. 

But the opposite angles of parallelograms are ecjual ; (l. 34.) 

therefore eacn of the opposite angles ABE, BED is a right angle ; 

wherefore the figure ABED is rectangular, 

and it has been proved to be equilat^al ; 

therefore the figure ABED is a square, (def. 30.) 

and it is deaoribed upon the given straight line AB, <kE.F. 



40 



Euclid's elements. 



Cob. Hence, every parallelogram that has one of its angles a right 
angle, has all its angles right an^es. 

PROPOSITION XLVIL THEOREM. 

In any ri^TU'OngUd triangle, the tquare which is described upon the side 
subtending the right angle, is equal to the squares described upon the sides 
which contain the right angle, 

"Let ABC he a riffht-angled triangle, having the right angle BAC. 
Then the square described upon &e side BC^ shall be equal to the 
squares described upon BA, AC, 

o 

H 




On J? (7 describe the square BDEC, (L 46.) 

and on BA, ACihe squares GB, HC*, 

through A draw AL parallel to BD or CE\ (l. 31.) 

and loin AD, FC. 
T^en because the angle BA C is a right angle, (hyp.) 
and that the angle £a G^ is a right angle, (def. 30.) 
the two straight lines AC, AG upon the opposite sides of AB, make 
with it at the point A, the adjacent angles equal to two right angles; 
therefore CA is in the same straight line with AG. {i. 14.) 
For the same reason, BA and AH are in the same straight hne. 
And because the angle DBCib equal to the angle FBA, 
each of Siem being a right angle, 
add to each of these equals the angle ABC, 
therefore the whole angle ABD is equal to the whole angle FBC (ax.2.) 
And because the two sides AB, BD, are equal to the two sides FB, 
BC, each to each, and the included angle ABD is equal to the included 
angle JIB e, 

therefore the base AD is equal to the base FC, (l. 4.) 
and the triangle ABD to the triangle FBC, 
Now the parallelogram £L is double of the triangle ABD, (l. 41.) 
because they are upon the same base BD, and between the same 
parallels BD, AL ; 

also the square GB is double of the triangle FBC, 
because these also are upon the same base FB, and between the 

same parallels FB, GC, 
But the doubles of equals are equal to one another ; (ax. 6.) 
therefore the parallelogram BL is equal to the square GB, 
Similariy, by joinmg AE, BK, it can be proved, 
that the parallelogram CL is equal to the square BLC, 
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Therefore the whole square BDEC is equal to the two squares QB^ 
HC\ (ax. 2.) 

and the square BDJSCib described upon the straight line BC, 

and the squares GB, MC, upon AB^ A C: 
therefore the square upon the side BC^ib equal to the squares upon 
the sides AB^ A C, 

Therefore, in any right-angled txiangle, &c. Q.E.D. 

PROPOSITION XLVm, THEOREM. 

If the $guare described upon one of the aides of a triangle^ he equal to 
the squares described upon the other two sides of it; the angle contained by 
these two sides is a right angle. 

Let the square described upon BC, one of the sides of the triangle 
ABC, he equal to the squares upon the other two sides, AB, AC, 
Then the angle ^^C shall be a right angle. 

D 




From the point A draw AI) at right angles to AC, (1. 11.) 

make AD equal to AB, and join DC 

Then, because ^D is equal to AB, 

the square on AD is equal to the square on AB ; 

to each of these equals add the square on A C; 

therefore the squares on AD, A Care equal to the squares on AB, A C: 

but the squares on AD, AC axe equal to the square on DC, (I. 47.) 

because the angle DA C is a right angle ; 

and the square on B C,hy hypothesis, is equal to the squares on BA,ACi 

therefore the square on DC is equal to the square on BC; 

and therefore the side DC is equal to the side BC. 

And because the side AD is equal to the side AB, 

and -^i C is common to the two triangles DA C, BA C\ 

the two sides DA, A C, are equal to the two BA, AC, each to each ; 

and the base DC has been proved to be equal to the base BC\ 

therefore the angle DACis equal to the angle BAC; (I. 8.) 

but DA C is a right angle ; 

therefore also BA C is a right angle. 

Therefore, if the square described upon, &c. Q.E.D. 
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ON THE DEFINITIONS. 

OsomTBT is (me of the moet perfect of the dedvetiTe Sdenoes, and 
seems to rest on the simplest inductions from experience and obsarmtion. 

The first principles of Geometry are therefore in this Tiew consistent 
hypotheses lounded on facts cognizable by the senses, and it is a subject 
of primary importance to draw a distinction between the conception of 
things and the things themselyes. These hypotheses do not inyolye any 
property contrary to the real nature of the things, and consequently cannot 
be regarded as arbitrary, but in certain respects, agree wim the concep- 
tions which the things themselyes suggest to the mind through the 
medium of the senses. The essential definitions of Oeometry therefore 
being inductions from obsenration and experience, rest ultimately on fhe 
eyidence of the senses. 

It is by experience we become acquainted with the existence of indi- 
vidual forms of magnitudes ; but by the mental process of abstraction, 
which begins with a particular instance, and proceeds to the general 
idea of all objects of ue same kind, we attain to the general conception 
of those forms which come under the same general idea. 

The essential definitions of Oeometry express generalized conceptions 
of real existences in their most perfect ideal forms : the laws and appear- 
ances of nature, and the operations of the human intellect being sup- 
posed uniform and consistent. 

But in cases where the subject £elI1s under the class of simple ideas, 
the terms of the definitions so called, are no more than merely equivalent 
expressions. The simple idea described by a proper term or terms, does 
not in fact admit of definition properly so called. The definitions in 
Euclid's Elements may be divided into two classes, those which merely 
explain the meaning of the terms employed, and those, which, besides 
explaining the meaning of the terms, suppose the existence of the things 
described in the definitions. 

Definitions in Oeometry cannot be of such a form as to explain the 
nature and properties of the figures defined : it is sufficient that they give 
marks whereb^^ the thing defined may be distinguished from ever^ other 
of the same lund. It will at once be obvious, that the definitions of 
Oeometry, one of the pure sciences, being abstractions of space, are not 
like the definitions in any one of the physical sciences. The discovery 
of any new physical facts may render necessary some alteration or modi- 
fication in the definitions of tne latter. 

Def. I. Simson has adopted Theon's definition of a point. ^Euclid's 
definition is, avfitlov itmv ov fiipov ovdiv, ** A point is that, of which there 
is no part," or which cannot be parted or divided, as it is explained by 
Proclus. The Oreek term anfiiiov, literally means, a visible sign or mark 
on a surface, in other words, a physical point The English term point, 
means the sharp end of any tlung, or a mark made by it. The word 
prdnt comes from the Latin punctum, through the French word point. 
Neither of these terms, in its literal sense, appears to give a very exact 
notion of what is to be understood by a point in Oeometry. Euclid's 
definition of a point merely expresses a negative property, which excludes 
the proper and literal meaning of the Oreek term, as applied to denote a 
physical point, or a mark which is visible to tiie senses. 

Pythafforas defined a point to be fiovdv 6i<n» Ixovaa, ** a monad having 
position. By uniting the positive idea of position, with the negative 
idea of defect of magnitude, the conception oz a point in Oeometry may 
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be rendered perhaps more intelligible. A point ia defined to be that 
which has no magnitude, but position only. 

Def. n. Eyery visible line has both length and breadth, and it is im- 
possible to draw any line whateyer which shall haye no breadth. The 
definition requires the conception of the leng^ only of the line to be 
considered, abstracted firom, and independenUy of, all idea of its breadth. 

Def. ni. This definition renders more intelligible the exact meaning 
of the definition of a point : and we may add, that, in the Elements, 
Euclid supposes that the intersection of two lines is a point, and that two 
lines can intersect each other in one point only. 

Def. ly. The straight line or right line is a term so dear and intel- 
ligible as to be incapable of becoming more so by formal definition. 
Euclid's definition is EuOem ypafifii^ itmVf ^rcv ij^ Icov ToTt i</>' favr>)t 
vriiitton KtiTai, wherein he states it to lie evenly^ or equally, or upon an 
eqwaUty (c^ Xaov) between its extremities, and which Proclus explains as 
being stretched between its extremities, f) iV dKpnv rtrafUvri, 

If the line be conceiyed to be drawn on a plane surface, the words 
i( tvov may mean, that no part <^ the line which is called a straight line 
deyiates either from one side or the other of the direction which is fixed 
by the extremities of the line ; and thus it may be distinguished from a 
cuired line, which does not lie, in this sense, eyenly between its extreme 
points. If the line be conceived to be drawn in space, the words i^ t<rov, 
must be imderstood to apply to every direction on every side of the line 
between its extremities* 

Every straight line situated in a plane, is considered to have two sides ; 
and when the direction of a line is known, the line is said to be given in 
position ; also, when the length is known or can be found, it is said to be 
given in magnitude. 

From the definition of a straight line, it follows, that two points fix a 
straight line in position, which is the foundation of the first and second 
postulates. Hence straight lines whichWe proved tocoincideintwoor more 
points, are called, ** one and the same straight line," Prop. 14, Book i, 
or, which is the same thing, that **two straight lines cannot have a 
common segment," as Slmson shews in his Corollary to Prop. 11, Book i. 

The following definition of straight lines has also been proposed. 
'* Straight lines are those which, if they coincide in any two points, coin- 
cide as far as they are produced." But this is rather a criterion of straight 
lines, and analogous to the eleventh axiom, which states that, ** all right 
angles are equal to one another," and suggests that all straight lines may 
be made to coincide wholly, if the lines be equal ; or partially, if the lines 
be of unequal lengths. A definition should properly be restricted to the 
description of the thing defined, as it exists, independently of anj com- 
parison of its jproperties or of tacitly assuming the existence of axioms. 

Def. vn. Euclid's definition of a plane surface is 'EiriVcdo« ciri^a- 
pud i<mu tint c^ tirov ratft e</>' gavr^v tvOtlait KtWai, ** A plane surface is 
that which lies evenly or equally with the straight lines in it ;" instead 
of which Simson has given the aefinition which was originally proposed 
by Hero the Elder. A plane superficies may be supposed to be situated 
in any position, and to be continued in every direction to any extent. 

Def. vm. Simson remarks that this definition seems to include the 
angles formed by two curved lines, or a curve and a straight line, as well 
as that formed by two straight lines. 

Angles made by straight lines only, are treated of in Elementary 
Qeometry. 
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Bef. IS. It is of the highest importance to attain a clear conception 
of an angle, and of the sum and difference of two angles. The literal 
meaning of the term angultu suggests the Oeometrical conception of an 
angle, Which may be regarded as K)rmed by the divergence of two straight 
lines from a point. In the definition of an angle, the magnitude of the 
angle is independent of the lengths of the two lines by which it is 
included ; their mutual divergence from the point at which they meet, is 
the criterion of the magnitude of an angle, as it is pointed out in the 
succeeding definitions. The point at which the two lines meet is called 
the angular point or the vertex of the angle, and must not be confounded 
with the magnitude of the angle itself. The right angle is fixed in mag- 
nitude, and, on this account, it is made the standard with which all 
other angles are compared. 

Two straight lines which actually intersect one another, or which 
when produced would intersect, are said to be inclined to one another, 
and the inclination of the two lines is determined by the angle which 
they make with one another. 

jbef. X. It may be here observed that in the Elements, Euclid always 
assumes that when one line is perpendicular to another line, the latter is 
also perpendicular to the former ; and always calls a right angU^ 6pQn 
ytovta ; but a straight /»ne, ivdua ypafifttu 

Def. XIX. This has been restored from Proclus, as it seems to have a 
meaning in the construction of Prop. 14, Book ii ; the first case of Prop. 
33, Book III, and Prop. 13, Book vi. The definition of the segment of a 
circle is not once alluded to in Book i, and is not required before the dis- 
cussion of the properties of the circle in Book in. Proclus remarks on 
this definition : ** Hence you may collect that the center has three places : 
for it is either within the figure, as in the circle ; or in its perimeter, as 
in the semicircle ; or without the figure, as in certain conic lines." 

Def. xxiv-xxix. Triangles are divided into three classes, by reference 
to. the relations of their sides ; and into three other classes, by reference 
to their angles. A further classification may be made by considering 
both the relation of the sides and angles in each triangle. 

In Simson's definition of the isosceles triangle, the word only must be 
omitted, as in the Cor. Prop. 6, Book i, an isosceles triangle may be 
equilateral, and an equilateral triangle is considered isosceles m Prop. 15, 
Book TV. Objection has been n^ade to the definition of an acute-angled 
triangle. It is said that it cannot be admitted as a definition, that all the 
three angles of a triangle are acute, which is supposed in Def. 29. It 
mav be replied, that the definitions of the three kinds of angles point out 
and seem to supply a foundation for a similar distinction of triangles. 

Def. xxx-xxxiv. The definitions of quadrilateral figures are liable to 
objection. All of them, except the trapezium, fall under the general 
idea of a parallelogram ; but as Euclid defined parallel straight lines 
citer he had defined four- sided figures, no other arrangement could be 
adopted than the one he has followed ; and for which there appeared to 
him, without doubt, some probable reasons. Sir Henry Savile, in his 
Seventh Lecture, remarks on some of the definitions of Euclid, *' Nee 
dissimulandum aliquot harum in manibus exi^um esse usum in Geo- 
metric." A few verbal emendations have been made in some of them. 

A square is a four-sided plane figure having all its sides equal, and 
one angle a right angle : because it is proved in Prop. 46, Book i, that if a 
parallelogram have one angle a right angle, all its angles are right 
angles. 
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An oblong, in the tame manner, may be defined as a plane figure of 
four sides, haying only its opposite sides equal, and one of its angles a 
right angle. 

A rhomboid is a four-sided plane figure hayins only its opi>osite sides 
equal to one another and its angles not right angles. 

Sometimes an irregular four-sided figure which has two sides parallel, 
is called a trapezoid. 

Def. xxzy. It is possible for two right lines neyer to meet when pro- 
duced, and not be parallel. 

Def. A. The term parallelogram literally implies a fizure formed by 
parallel straight lines, and may consist of four, six, eight, or any eyen 
number of sides, where eyery two of the opposite sides are parallel to one 
another. In the Elements, howeyer, the term is restricted to four-sided 
figures, and includes the four species of figures named in the Definitions 

XXX— XXXIII. 

The synthetic method is followed by Euclid not only in the demon- 
strations of the propositions, but also in laying down the definitions. He 
commences with the simplest abstractions, defining a point, a Une, an 
angle, a superficies, and their different yarieties. This mode of proceed- 
ing inyolyes the difficulty, almost insurmountable, of defining satisfac- 
torily the elementary abstractions of Geometry. It has been obseryed, 
that it is necessary to consider a soli 1, that is, a magnitude which has 
length, breadth, and thickness, in order to imderstand aright the defini- 
tions of a point, a line, and a superficies. A solid or yolume considered 
apart from its physical properties, suggests the idea of the surfaces by 
which it is boimded : a surface, the idea of the line or lines which form 
its boundaries : and a finite line, the points which form its extremities. 
A solid is therefore bounded by surfaces ; a surface is bounded by lines ; 
and a line is terminated by two points. A point marks position only : a 
line has one dimension, length only, and defines distance : a superficies ' 
has two dimensions, length and breadth, and defines extension : and a 
solid has three dimensions, length, breadth, and thickness, and defines 
some portion of space. 

It may^ also be remarked that two points are sufficient to determine 
the position of a straight line, and three points not in the same straight 
line, are necessary to &x the position of a plane. 

ON THE POSTULATES. 

Thb definitions assume the possible existence of straight lines and 
circles, and the postulates predicate the possibility of drawing and of 
producing straight lines, and of describing circles. The postulates form 
the principles of construction assumed in the Elements ; and are, in fact, 
problems, the possibility of which is admitted to be self-eyident, and to 
require no proof. 

It must, howeyer, be carefully remarked, that the third postulate only 
admits that when any line is given in position and magmtude, a circle 
may be described from either extremity of the line as a center, and with 
a radius equal to the length of the line, as in Euc. i, 1. It does not 
admit the description of- a circle with any other point as a center than 
one of the extremities of the given line. 

Euc. J. 2, shews how, from any given point, to draw a straight line 
equal to another straight Une which is giyen in magnitude and position. 
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ON THE AXIOMS. 

Axioms are nsoally defined to be self-eyident trutha, which cannot be 
rendered more evident by demonstration ; in other words, the axioms of 
Oeometry are theorems, the truth of which is admitted without proof. 
It is by experience we first become acquainted with the different forms 
of geometrical magnitudes, and the axioms, or the fundamental ideas of 
their equality or inequality appear to rest on the same basis. The con« 
ception of the truth of the axioms does not appear to be more removed 
firom experience than the conception of the definitions. 

These axioms, or first principles of demonstration, are such theorems 
as cannot be resolved into simpler theorems, and no theorem ought to be 
admitted as a first principle of reasoning which is capable of being de- 
monstrated. An axiom, and (when it is convertible) its converse, should 
both be of such a nature as that neither of them should require a fonnal 
demonstration. 

The first and most simple idea, derived from experience is, that every 
magnitude fills a certam space, and that several magnitudes may succes- 
sively fill the same space. 

Ail the knowledge we have of magnitude is purely relative, and the 
most simple relations are those of eqiudity and inequality. In the conw 
paxison of magnitudes, some are considered as given or known, and the 
imknown are compared with the known, and conclusions are syntheti*- 
cally deduced with respect to the equality or inequality of the magnitudes 
under consideration. In this manner we form our idea of equality, 
which is thus formally stated in the eighth axiom : ** Magnitudes which 
coincide with one another, that is, which exactly fill the same space, are 
equal to one another." 

Every specific definition is referred to this imiversal principle. With 
regard to a few more general definitions which do not furnish an equality, 
it will be found that some hypothesis is always made reducing them to 
that principle, before any ttieory is bmlt upon them. As for example, 
the definition of a straight line is to be referred to the tenth axiom ; the 
definition of a ri^ht angle to the eleventh axiom ; and the definition ot 
parallel straight Imes to the twelfth axiom. 

The eighth axiom is called the principle of sui>erposltion, or, the 
mental process by which one Qeometrical magnitude may be conceived 
to be placed on another, so as exactly to coincide with it, in the parts 
which are made the subject of comparison. Thus, if one straight line be 
conceived to be placed upon another, so that their extremities are coin- 
cident, the two straight lines are equal. K the directions of two lines 
which include one angle, coincide with the directions of the two lines 
which contain another angle, where the points, from which the angles 
diverge, coincide, then the two angles are equal : the lengths of the lines 
not affecting in any way the magnitudes of the angles. When one plane 
figure is conceived to be placed upon another, so that the boundaries of 
one exactly coincide with the boundaries of the other, then the two 
plane figures are equal. It may also be remarked, tiiat the converse of 
this proposition is not universally true, namely, that when two magni- 
tudes are equal, they coincide with one another : since two magnitudes 
may be equal in area, as two parallelograms or two triangles, £uc. i. 35, 
87 ; but their boundaries may not be equal : and, consequently, by 
superposition, the figures could not exactly coincide : all such figures, 
however, having equal areas, by a different arrangement of their parts, 
may be made to coincide exactly. 
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Hiifl axiom ib tiie oritexion of Oeometrioal equalitj, and ia oaacntinlly 
different firom the crlterioii of Arithmetical equality-. Two geometrical 
magnitadea are equal, when they coincide or may be made to coin c ide : 
two abstract numbers are equal, when they contain the same aggregate 
of units ; and two concrete numbers are equal, when they contain the 
same number of units of the same kind of magnitude. It is at once ob- 
Tious, that Arithmetical representations of Geometrical magnitudes are 
not admissible in Euclid's criterion of Geometrical Equality, as he has not 
fixed the unit of magnitude of either the straight line, the angle, or the 
superficies. Perhaps Euclid intended that the first seven axioms should 
be applicable to numbers as well as to Geometrical magnitudes, and this 
is in accordance with the words of Produs, who calls the axioms, common 
tto^uMw, not peculiar to the subject of Geometry. 

Several of the axioms may be generally exemplified thus : 

Axiom 1. If the straight line AB be equal A B 

to the straiffht line CD ; and if the straight 

line EF be uso equal to the straight line CD ; E F 

then the straight line AB is equal to the 
straight line EF, 

Ajuomii. Ifthe line ^Bbeequal to the line 4 ? 

CD ; and if the line BF be also equal to the 

line GRi then the sum of the lines AB and EF ^ J 

is equal to the sum of the lines CD and GH. 

A2uom III. If the line AB be equal to the 4 ? 

line CD ; and if the line EFhe also equal to the 

line GE\ then the difference of AB And EF^ ? F 

is equal to the difference of CD and GH, 

Axiom IT. admits of being exemplified under the two following forms : 

1. If the line AB be eqiuil to the line CD ; a b 

and if the Une EF he gre<Uefr than the line GH ; 

then, the sum of the lines AB and EF is greater E P 

than the sum of the lines CD and GH» 

2, If the line AB be equal to the line CD ; A B 

and if the line EF be lees than the line GH ; 

then the sum of the lines AB and ^ is less e F 

than the sum of the lines CD and GH. 

Axiom y. also admits of two forms of exemplification. 

1. If the line AB be equal to the line CD ; a B 
and if the line EF be grecUer than the line GH ; *"*~~" 

then the difference of the lines AB and EF ia E P 

greater than the difference of CD and GH, 

2. If the Une AB be equal to the line CD ; ± ? 

and if the lin9 EF be less than the line GH ; 

then the difference of the lines ABand EFis 5 I 

less thanthe difference of the lines CD and GH, 

The axiom, ** If imequals be taken from equals, the remainders are 
unequal," may be exemplified in the same manner. 

Axiom VI . If the line AB be double of the A B 

line CD; and if the line -BF be also double of C D 

the line CD; E F 

then the line AB is equal to the line EF. 

Axiom vn. If the line AB be the half of A B 

the line CD ; and if the line EF be also the D 

half of the line CD ; E F 

then the line AB is equal to the line EF, 
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It may be obserred that when equal magnitades are taken from un- 
equal magnitudes, the greater remainder exceeds the less remainder by 
as much as the greater of the unequal magnitudes exceeds the less. 

If unequals be taken from unequals, the remainders are not always 
unequal ; they may be equal : also if unequals be added to unequals the 
wholes are not always imequal, they may also be equaL 

Axiom IX. The whole is greater than its part, and conversely, the 
part is less than the whole. This axiom appears to assert the contrary 
of the eighth axiom, namely, that two magnitudes, of which one ia 
greater than the other, cannot be made to coincide with one another. 

Axiom X. The property of straight lines expressed by the tenth 
axioms namely, '* that two straight lines cannot enclose a space," is ob- 
viously implied in the definition of straight lines ; for if they enclosed a 
space, they could not coincide between their extreme points, when the 
two lines are equal. 

Axiom XI. This axiom has been asserted to be a demonstrable theo- 
rem. As an angle is a species of magnitude, this axiom is only a parti- 
cular application of the eighth axiom to right angles. 

Axiom XII. See the notes on Prop. xxix. Book i. 

ON THE PROPOSITIONS. 

Whenetbb a judgment is formally expressed, there must be some- 
thing respecting which the judgment is expressed, and something else 
which constitutes the judgment. The former is called the subject of the 
proposition, and the latter, ihQ predicate, which may be anything which 
can be affirmed or denied respecting the subject. 

The propositions in Euclid's Elements of Geometry ma}r be divided 
into two classes, problems and theorems, A proposition, as the term 
imports, is something proposed ; it is a problem, when some Oeometrical 
constntction is required to be effected : and it is a theorem when some Geo- 
metrical property is to be demonstrated. Every proposition is natu- 
rally divided into two parts ; a problem consists of the data, or things 
given; and the qwBsita, or things required: a theorem, consists of the 
subject or hypothesis, and the conclusion, ot predicate. Hence the distinction 
between a problem and a theorem is this, that a problem consists of the 
data and the qusesita, and requires solution : and a theorem consists of 
the hypothesis and the predicate, and requires demonstration. 

All propositions are affirmative or negative; that is, they either assert 
some property, as Euc. i. 4, or deny the existence of some property, as 
Euc. I. 7 ; and every proposition which is affirmatively stated has a con- 
tradictory corresponding proposition. If the affirmative be proved to be 
true, the contradictory is false. 

All propositions may be viewed as (1) universally affirmaiive, or unU 
versally negative ; (2) as particularly affirmcUive, or particularly negative. 

The connected course of reasoning by which any Geometrical truth is 
established is called a demonstration, it is called a direct demonstration 
when the predicate of the proposition is inferred directly from the pre- 
misses, as the conclusion of a series of successive deductions. The de- 
monstration is called indirect, when the conclusion shows that the intro- 
duction of any other supposition contrary to the hypothesis stated in the 
proposition, necessarily leads to an absurdity. 

It has been remarked by Pascal, that " Geometry is almost the only 
subject as to which we find truths wherein all men agree ;. and one cause 
of tnis is, that Geometers alone regard the true laws of demonstration." 
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Theseareeirameratedbyhim as eight iiMitimber. "I, To define nothiiig 
which cannot be expressed in clearer terms than those in which it is 
already expressed. 2. To leave no obscure or equiyocal terms undefined. 
3. To employ in the definition no terms not already known. 4. To 
omit nothing m the principles from which we ar^e, unless we are sure 
it is granted. 6. To lay down no axiom which is not perfectly evident. 

6. To demonstrate nothing which is as clear already as we can make it. 

7. To prove every thing in the least doubtful by means of self-evident 
axioms, or of propositions already demonstrated. 8. To substitute 
mentally the definition instead of the thing defined." Of these rules, he 
says, **the first, fourth and sixth are not absolutely necessary to avoid 
error, but the other five are indispensable ; and though they may be found 
in books of logic, none but the Geometers have paid any regard to them." 

The course pursued in the demonstrations of the propositions in 
Euclid's Elements of Geometry, is always to refer directly to some ex- 
pressed principle, to leave nothing to be inferred from vague expressions, 
and to make every step of the demonstrations the object of the under- 
standing. 

It has been maintuned by some philosophers, that a genuine defini- 
tion contains some property or properties which can form a basis for 
demonstration, and that the science of Geometry is deduced from the 
definitions, and that on them alone the demonstrations depend. Others 
have maintained that a definition explains only the meaning of a term, 
and does not embrace the nature and properties of the thing defined. 

If the propositions usually called postulates and axioms are either 
tacitly assumed or expressly stated in the definitions ; in this view, de- 
monstrations may be said to be legitimately founded on definitions. If, 
on the other hand, a definition is simply an explanation of the meaning 
of a term, whether abstract or concrete, by such marks as may prevent a 
misconception of the thing defined ; it will be at once obvious that some 
constructive and theoretic principles must be assumed, besides the defini- 
tions to form the groimd of legitimate demonstration. These principles 
we conceive to be the postulates and axioms. The postulates describe 
constructions which may be admitted as possible by direct appeal to our 
experience; and the axioms assert general theoretic truths so simple 
and self-evident as to require no proof, but to be admitted as the assumed 
first principles of demonstration. Under this view all Geometrical 
reasonings proceed upon the admission of the hypotheses assumed in 
the definitions, and the unquestioned possibility of the postulates, and 
the truth of the axioms. 

Deductive reasoning is generally delivered in the form of an enthymeme, 
or an argument wherein one enunciation is not expressed, but is readily 
supplied by the reader : and it may be observed, that although this is the 
ordmarymode of speaking and writing, it is not in the strictly syllogistic 
form ; as eitiier the major or the minor premiss only is formally stated 
before the conclusion : Thus in Euc. i. 1. 

Because the point J is the center of the circle BCD ; 
therefore the straight line JB is equal to the straight line JC. 

The premiss here omitted, is : all straight lines drawn from the center 
of a circle to the circumference are equal. 

In a similar way may be supplied the reserved premiss in every enthy- 
meme. The conclusion of two enthymemes may form the major and minor 
premiss of a third syllogism, and so on, and thus any process of reasoning 
IB reduced to the strictly syllogistic form. And in tins way it is shewn 
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tbat the general theorems of Gtometry are demonstarated by meaiu of 
«yllogisms founded on the axioma and definitions. 

Every syllogism consists of three propositions, of which, two are called 
the premisses, and the third, the conclusion. These propositions contain 
^ree terms, the subject and predicate of the conclusion, and the middle 
term which connects the predicate and the conclusion together. The 
subject of the conclusion is called the minor, and the predicate of the con- 
clusion is called the mnjor term,of the syllogism. The major term appears 
in one premiss, and the minor term in the other, with the middle term, 
which is in both premisses. That premiss which contains the middle 
term and the major term, is called the nu^or premies; and that which 
contains the middle term and the minor term, is called the minor premiee 
of the syllogism. As an example, we may take the syllogism in the demon* 
stratiion of Prop. 1, Book 1, wherein it will be seen that the middle term is 
the subject of the major premiss and the predicate of the minor. 
Major premiss : because the straight line AB is equal to the straight line A(}\ 
Minor premiss : and, because the straight line BC is equal to the straight 
line AB ; 
Ck>nclusion « therefore the straight line BC is equal to the straight line A C. 

Here, ^C is the subject, and AC the predicate of the conclusicm. 

BC is the subject, and AB the predicate of the minor premiss. 
AB is the subject, and AC the predicate of the major premiss. 

Also, A C is the major term, BC the minor term, and AB the middle term 
of the syllogism. 

In this syllogism, it may be remarked that the definition of a straight 
line is assumed, and the definition of the Geometrical equality of two 
straight lines ; also that a general theoretic truth, or axiom, forms the 
ground of the conclusion. And further, though it be impossible to make 
any point, mark or sign {<rt\yLiiov) which has not both length and breadth, 
and any line which has not both length and breadth ; the demonstrations 
in Geometry do not on this account become invalid. For they are pursued 
on the hypothesis that the point has no parts, but position only : and the 
line has length only, but no breadth or thickness : also that the surface 
has length and breadth only, but no thickness : and all the conclusions 
at which we arrive are independent of every other consideration. 

The truth of the conclusion in the syllogism depends upon the truth 
of the premisses. If the premisses, or only one of them be not true, the 
conclusion is false. The conclusion is said tofoUowfrom the premisses ; 
whereas, in truth, it is contained in the premisses. The expression must 
be understood of the mind apprehending in succession, the truth of 
the premisses, and subsequent to that, l^e truth of the conclusion ; 
so that the conclusion followa from the premisses in order of time 
as far as reference is made to the mind's apprehension of the whole 
argument. 

Every proposition, when complete, may be divided into six parts, as 
Froclus has pointed out in his commentary. 

1 . The propoaitionf or general enunciation, which states in general terms 
the conditions of the problem or theorem. 

2. The exposition, or particular enunciation, which exhibits the subject 
of the proposition in particular terms as a fact, and refers it to some 
diagram described. 

3. The determination contains the predicate in particular terms, as it 
is pointed out in the diagram, and directs attention to the demonstration, 
by pronouncing the thing sought. 
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4. 1%B eonstruetion applies the postulates to prepare the diagram for 
the demonstration. 

5. The demonitraiion is the connexion of syllogisms, which prove the 
truth or falsehood of the theorem, the possibility or impossibility of the 
problem, in that particular case exhibited in the diagram. 

6. The conclusion is merely the repetition of the general enunciation^ 
wherein the predicate is asserted as a demonstrated truth. 

Prop. I. In the first two Books, the circle is employed as a me- 
chanical instrument, in the same manner as the straight line, and the use 
made of it rests entirely on the third postulate. No properties of the 
circle are discussed in these books beyond the definition and the third 
postulate. When two circles are described, one of which has its center in 
the circumference of the other, the two circles being each of them partly 
within and partly without the other, their circumferences must intersect 
each other in two points ; and it is obyious from, the two circles cutting 
each other, in two points, one on each side of the given line, that two 
equilateral triangles may be formed on the given line. 

Prop. IT. When the given point is nei£er in the line, nor in the line 
produced, this pr'oblem admits of eight different lines being drawn from 
the given point in different directions, every one of which is a solution 
of the problem. For, 1. The given line has two extremities, to each of 
which a line may be drawn from the given point. 2. The equilateral 
triangle may be described on either side of this line. 3. And the side 
BD of the equilateral triangle ABD may be produced either wavk 

But when the given point lies either in tne line or in the line pro- 
duced, the distinction which arises from joining the two ends of the line 
with the given point, no longer exists, and there are only four cases of 
the problem. 

The construction of this prol^lem assumes a neater form, by first de- 
scribing the circle CGHwith center B and radius BC, and producing/) A 
the side of the equilateral triangle DBA to meet the circumference in G : 
next, with center D and radius 2)6, describing the circle GKL, and then 
producing DA to meet the circumference in X. ' 

By a similar construction the less of two given straight lines may be 
produced, so that the less together with the part produced mpy be equal 
to the greater. 

Prop. III. This problem admits of two solutions, and it is left unde- 
termined from which end of the greater line the part is to be cut off. 

By means of this problem, a straight line may be found equal to the 
sum or the difference of two given lines. 

Prop. IV. This forms the first case of equal triangles, two other cases 
are proved in Prop. viii. and Prop. xxvi. 

The term base is obviously taken from the idea of a building, and the 
same may be said of the term altitude. In Geometry, however, these 
terms are not restricted to one particular position of a figure, as in the 
case of a building, but may be in any position whatever. 

Prop. V. Proclus has given, in his commentary, a proof for the 
equality of the angles at the base, without producing the equal sides. 
The construction follows the same order, taking in AB one side of 
the isosceles triangle ABC, b, point D and cutting off from AC ti part 
AE equal to AD, and then joining CD and BE, 

A corollary is a theorem which results from the demonstration of 
a proposition. 

jfrop. VL is the converse of one part of Prop. v. One proposition 

d2 
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is defined to be the eonverae of another ^en the h3rpothefli8 of the 
former becomes the predicate of the latter ; and vice yersa. 

There is besides this, another kind of conversion, when a theorem 
.las several hypotheses and one predicate; by assuming the predicate 
and one, or more than one of the hypotheses, some one of the hypotheses 
may be inferred as the predicate of the converse. In this manner, 
Prop. VIII. is the converse of Prop. rv. It may here be observed, 
that converse theorems are not imiversally true: as for instance, the 
following direct proposition is universally true; *'If two triangles have 
their three sides respectively equal, the three angles of each shall be 
respectively equal." But the converse is not universally true ; namely, 
'*If two triangles have the three angles in each respectively equal, 
the three sides are respectively equal." Converse theorems require, 
in some instances, the consideration of other conditions than those 
which enter into the proof of the direct theorem. Converse and contrary 
propositions are by no means to be confounded ; the contrary proposition 
denies what is asserted, or asserts what is denied, in the direct pro- 
position, but the subject and predicate in each are the same. A contrary 
proposition is a completely contradictory proposition, and the distinction 
consists in this — that ttoo contrary propositions may both be false, but 
of two contradictory propositions, one of them must be true, and the 
other false. It may here be remarked, that one of the most common 
intellectual mistakes of learners, is to imagine that the denial of a 
proposition is a legitimate ground for affirming the contrary as true : 
whereas the rules of sound reasoning allow that the affirmation of a 
proposition as true, only affords a ground for the denial of the contrary 
as false. 

Prop. VI. is the first instance of indirect demonstrations* and they 
are more suited for the proof of converse propositions. All those pro- 
positions which are demonstrated ex absurdo, are properly analytical 
I demonstrations, according to the Greek notion of analysis, wbich first 
supposed the thing required, to be done, or to be true, and then shewed 
the consistency or inconsistency of this construction or hypothesis 
with truths admitted or already demonstrated. 

In indirect demonstrations, where hypotheses are made which are 
not true and contrary to the truth stated in the proposition, it seems 
desirable that a form of expression should be employed difitsrent from 
that in which the hypotheses are true. In all cases therefore, whether 
noted by Euclid or not, the words if possible have been introduced/ 
or some such qualifying expression, as in Euc. i. 6, so as not to leave 
upon the mind of the learner, the impression that the hypothesis 
which contradicts the proposition, is really true. 

Prop. VIII. When the three sides of one triangle are shewn to 
coincide with the three sides of any other, the equality of the triangles 
is at once obvious. This, however, is not stated at the conclusion of 
Prop. VIII. or of Prop. xxvi. For the equality of the areas of two 
coincident triangles, reference is always made by Euclid to Prop. iv. 

A direct demonstration may be given of this proposition, and Prop, 
vn. may be dispensed with altogether. 

Let the triangles ABC,, DBF be so placed that the base BC may 
coincide with the base EF, and the vertices A, D may be on opposite 
sides of EF, Join AD. Then because EAD is an isosceles triangle, 
the angle EAD is equal to the angle EDA; and because CD A is an 
isosceles triangle, the angle CAD is equal to the angle CDA, Hence 
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the angle EAF is equal to the angle EDF^ (ax. 2 or 8) : or the angle 
BDC is equal to the anele EDF* 

Prop. IX. If BA^ ^(7 be in the same straieht line. This problem 
then becomes the same as Prob. xi, which may be regarded as drawing 
a Hne which bisects an angle equal to two right angles. 

If FA be produced in the fig. Prop. 9, it bisects the angle which 
is the defect of the angle BACfromfovr right anglea. 

By means of this problem, any angle may be diyided into four, 
eight, sixteen, &c. equal angles. 

Prop. X. A finite straight line may, by this problem, be diyided 
into four, eight, sixteen, &c. equal parts. 

Prop. XI. When the point is at the extremity of the line; by 
the second postulate the line may be produced, and then the construction 
applies. See note on Euc. iii. 31. 

The distance between two points is the straight line which joins 
the points; but the distance between a point and a straight line, is 
the shortest line which can be drawn from the point to the line. 

From this Prop, it follows that only one perpendicular can be drawn 
from a given point to a given line; and this perpendicular may be 
shewn to be less than any other line which can be drawn from the 
given point to the given line : and of the rest, the line which is nearer 
to the perpendicular is less than one more remote from it : also only 
two equal straight lines can be drawn from the same point to the line, 
one on each side of the perpendicular or the least. This property 
18 analogous to Euc. in. 7, 8. 

The corollary to this proposition is not In the Ghreek text, but 
was added by Simson« who states that it "is necessary to Prop. 1, 
Book XI., and otherwise." ^ 

Prop. XII. The third postulate requires that the line CD should 
be drawn before the circle can be described with the center C, and 
radius CD, 

Prop. xrv. is the converse of Prop. xni. ** Upon the opposite sides 
of it." If these words were omitted, it is possible for two lines to make 
with a third, two ansles, which together are equal to two right angles, in 
such a manner that tne two lines shall not be in the same straight line. 

The line BE may be supposed to fall above, as in Euclid s figure, 
or below the line £D, and the demonstration is the same in form. 

Prop. XV. is the development of the definition of an angle. If the lines 
at the angular point be produced, the produced lines have the same incli- 
nation to one another as the original lines, but in a different position. 

The converse of this Proposition is not proved by Euclid, namely :— 
If the vertical angles made by four strught lines at the same point 
be respectively equal to each other, each pair of opposite lines shall 
be in the same straight line. 

Prop, XVII. appears to be only a corollary to the preceding pro- 
position, and it seems to be introduced to explain Axiom xii, of which 
It is the converse The exact truth respecting the angles of a triangle 
is proved in Prop. xxxn. 

rrop. XV1I1. It may here be remarked, for the purpose of guarding 
the student against a very common mistake, that in this proposition 
and in the converse of it, the hypothesis is stated before the predicate. 

Prop. XIX. is the converse of Prop, xviii. It may be remarked, 
that Prop. XIX. bears the same relation to Prop, xviii., as Prop. vi. 
does to Prop v. 
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Prop. XX. The following corollaiy arises from this propositioii :— 

A straight line is the shortest distance between two points. For 
the straight Ime BC is always less than BA and AC^ however near 
the point A may be to the line BC, 

It may be easily shewn from this proposition, that the difference 
of any two sides of a triangle is less than the third side. 

Prop. xzu. When the sum of two of the lines is equal to,, and 
when It is less than, tiie third line; let the diagrams be described, 
and they will exhibit the impossibility implied by the restriction laid 
down in the Proposition. 

The same remark may be made here, as was made under the first 
Proposition, namely : — if one circle lies partly within and partly without 
another circle, the circumferences of the circles intersect each other 
in two points. 

Prop. XXIII. CD might be taken equal to C£, and the construction, 
effected by means of an isosceles triangle. It would, however, be less 
general than Euclid's, but is more convenient in practice. 

Prop. XXIV. Simson makes the angle' EDG at D in the line £D, 
the side which is not the greater of the two £D, DF\ otherwise, three 
different cases would arise, as may be seen by forming the different 
figures. The point G might fall below or upon the base EF produced 
as well as above it. Prop. xxrv. and Prop. xxv. bear to each other 
the same relation as Prop. iv. and Prop. viii. 

Prop. XXVI. This forms the thirdf case of the equality of two tri< 
angles. Every triangle has three sides and three angles, and when 
any three of one triangle are given equal to any three of another, the 
triangles may be proved to be equal to one another, whenever the 
three magnitudes given in the hypothesis are independent of one another. 
Prop. IV. contains the first case, when the hypothesis consists of two 
sides and the included angle of each triangle. Prop. viu. contains 
the second, when the hypothesis consists of the three sides of each 
triangle. Prop. xxvi. contains the third, when the hypothesis consists 
of two angles, and one side either adjacent to the equal angles, or 
opposite to one of the equal angles in each triangle. There is another 
case, not proved by Euclid, when the hypothesis consists of two sides 
and one angle in each triangle, but these not the angles included by 
the two given sides in each triangle. This case however is only true 
under a certain restriction, thus : 

If two triangles have ttoo sidet of one of them equal to two aides of the 
other, each to each, and have also the armies opposite to one of the equal sides 
in each triangle, equal to one another, and if the angles opposite to the other 
equal sides he both acute, or both obtuse angles ; then shall the third sides 
be equal in each triangle, as also the remaining angles of the one to the 
remaining angles of the other. 

Let ABC, DEF be two triangles which have the sides AB, AC equal 
to the two sides DE, DF, each to each, and the angle ABC equal to the 
angle DEFx then, if the angles ACB, DEF, be both acute, or both obtuse 
angles, the third side BC shiul be equal to the third side EF, and also 
the angle BCA to the angle EFD, and the angle BAC to the anp;le EDF, 

First. Let the angles ACB, DFE opposite to the equal sides AB, 
DE, be both acute angles. 

If BC be not equal to EF, let BC be the greater, and from BC, cut off 
BG equal to EF, and join AG. 
. Then in the triangles ABG, DEF, Euc. x. 4. ^6 is equal to Z>F, 
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aittd tlie angle AOB to 1>FE. But since AOb equal to DF^ AG is equal 
to AC I and therefore the angle ACQ is equal to tLe angle AGC, which 
is also an acute angle. But because AGC^ AGB are tiigether equal 
to two right angles, and that AGC is an acute angle, AGB must be 
an obtuse angle; which is absurd. Wherefore, BC is not unequal 
to BF, that iSf BC ia equal to EF, and also the remaining angles oi 
one trian^e to the remaining an^es of the other. 

Seconal/. Let the angles ACS, DFE, be both obiuie angles. By 
proceeding in a similar way, it may be shewn that BC cannot be 
otherwise than equal to EF, 

If ACB^ DFE be boih right onglea : the ease falls under Eue. x. 26. 

Prop. zxTtT. Alternate angles are defined to be the two angles 
which two straight lines make with another at its extremities, but upon 
opposite sides of it. 

When a straight line intersects two other straight lines, two pairs of 
alternate angles are formed by the lines at their intersections, as in the 
figure, BEFf BFC are alternate angles as well as the angles AEF^ BFD, 

Prop. xzYizx. One angle is cal£d '* the exterior angle," and another 
*' the interior and opposite ancle," when they are formed on the same 
side of a straight line which falls upon or intersects two other straight 
lines. It is also obvious th»t <m each side of the line, there will be two 
exterior and two interior and opposite angles. The exterior angle EGB 
has the angle GHD for its corresponding interior and opposite angle : 
also the exterior angle FHD has the angle UGB for its interior and 
opposite angle. 

Prop. XXIX is the converse of Prop, xxtii and Prop, xxvni. 

As the definition of parallel straight lines simply describes them 
by a statement of the negative property, that they never meet ; it is 
necessary that some positive property of paralld lines should be assumed 
as an axiom, on which reasonings on such lines may be founded. 

Euclid has assumed the statement in the twelfth axiom, which has 
been objected to, as not being self-evident. A stronger objection 
appears to be, that the converse of it forms £uc. i. 17 ; for both the 
assumed axiom and its converse, should be so obvious as not to require 
formal demonstxation. 

Simson has attempted to overcome the objection, not by any improved 
definition and axiom respecting parallel lines ; but, by considering Euclid's 
twelfth axiom to be a theorem, and for its proof, assuming two definitions 
and one axiom, and then demonntrating five subsidiarv Propositions. 

Instead of Euclid's twelfth axiom, the following nas been proposed 
as a more simple property for the foundation of reasonings on parallel 
lines ; namely, ** If a straight line fall on two parallel straight lines, 
th^idtemate angles are equal to one another." in whatever this may 
exceed Euclid's definition m simplicity, it ia liable to a similar objection^ 
being the converse of Buc. i. 27. 

Professor Playfair has adopted in his Elements of Geometry, that 
** Two straight lines which intersect one another cannot be both parallel 
to the same straight line." This apparently more simple axiom follows 
as a direct inference from Euc. i. 30. 

But one of the least objectionable of all the definitions which have 
been proposed on this subject, appears to be that which simply expresses 
the conception of equidistance. It may be formallv stated thus: 
" Parallel lines ore such as lie in the same plane, and which neither 
recede from, nor approach to, each other*" This 'includes the con- 
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ception stated by Euclid, that pandlel lines never meet. Dr. Wallis 
obserres on this subject, '* Parauelismus et lequidistantia Tel idem sunt, 
▼el certe se mutuo comitantur." 

As an additional reason for this definition being preferred, it may 
be remarked that the meaning of the terms ypufifitd vapaXXiiXoc, suggests 
tiie exact idea of such lines. 

An account of thirty methods which have been jiroposed at different 
times for avoiding the difficulty in the twelfth axiom, will be 
found in the appendix to Coloncd Thompson's ** Geometry without 
Axioms." 

Prop. xxz. In the diagram, the two lines AB and CD are placed 
one on each side of the line EFi the proposition may also be proved 
when both AB and CD are on the same side of EF, 

Prop. XXXII. From this proposition, it is obvious that if one angle 
of a triangle be equal to the sum of the other two angles, that angle 
is a right angle, as is shewn in Euc. in. 81, and that each of the angles 
of an equilateral triangle, is equal to two thirds of a right angle, as 
it is shewn in Euc. iv. 15. Also, if one angle of an isosceles triangle 
be a right angle, then each of the equal angles is half a right angle, as 
in Euc. II. 9. 

The three angles of a triangle minr be shewn to be e<}ual to two 
right angles without producing a side of the triangle, by drawing through 
any angle of the triangle a line parallel to the opposite side, as Proclus 
has remarked in his Commentary on this proposition. It is manifest 
from this proposition, that the third angle of a triangle is not inde- 
pendent of the sum of the other two ; but is known if the sum of any 
two is known. Cor. 1 may. be also proved by drawing lines frt>m any 
one of the angles of the figure to the other angles. If any of the 
sides of the figure bend inwards and tbrm what are called re-entering 
angles, the enunciation of these two corollaries will require some 
modification. As Euclid gives no definition of re-entering angles, it 
may fairly be concluded, he did not intend to enter into the proofs 
of the properties of figures which contain such angles. 

Prop, xxxni. The words ** towards the same parts" are a necessary 
restriction: for if they were omitted, it would be doubtful whether 
the extremities A, C, and B, D were to be ioined by the Hues AC and 
BD ; or the extremities A, D, and B, C, by the lines AD and BC, 

Prop, xxxiv. If the other diameter be drawn, it may be shewn 
that the diameters of a parallelogram bisect each other, as well as bisect 
the area of the parallelogram. If the parallelogram be right angled, 
the diagonals are equal ; if the parallelogram be a square or a rhombus, 
the diagonals bisect each other at right angles. The converse of this 
Prop., namely, '* If the opposite sides or opposite angles of a quadrilatesa) 
figure be equal, the opposite sides shall also be parallel; that is, the 
figure shall be a parallelogram," is not proved by Euclid. 

Prop. XXXV. The latter part of the demonstration is not expressed 
very intelligibly. Simson, who altered the demonstration, seems in fact 
to consider two trapeziums of the same form and magnitude, and from 
one of them, to take the triangle ABE\ and from the other, the tri- 
angle DCF\ and then the remainders are equal by the third axiom: 
that is, the parallelogram A BCD is equal to the parallelogram BBCF, 
Otherwise, the triangle, whose base is DE^ (fig. 2.) is taken twice from 
the trapezium, which would appear to be impossible, if the sense in 
which Iiuclid applies the third auoxn, is to be retained here. 
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It may be observed, that the two parallelograms exhibited in fig[. 2 
partially lie on one another, and that the triangle whose base is BC is a 
common part of them, but that the triangle whose base ia DEis entirely 
without both the parallelograms. After having proved the triangle JBE 
equal to the triangle DCF, if we take from these equals (fig. 2.) the 
triangle whose base is DEy and to each of the remainders add the 
triangle whose base is BC, then the parallelogram ABCD is equal to 
the parallelogram EBCF, In fig. 3, the equality of the parallelograms 
ABCD, BBCF, is shewn by adding the figure EBCD to each of the 
triangles ABE, DCF, 

In this proposition, the word equal assumes a new meaning, and is no 
longer restricted to mean coincidence in all the parts of two figures. 

Prop, xxzviii. In this proposition, it is to be understood that the 
bases of the two triangles are in the same straight line. If in the 
diagram the point E comcide with C, and D with A, then the angle 
of one trianele is supplemental to the other. Hence the foUowine 
property : — If two triangles have two sides of the one respectively equu 
to two sides of the other, and the contained angles supplemental, the 
two trianp^les are equal. 

A distmction ought to be made between eqiml triangles and equivalent 
triangles, the former including those whose sides and angles mutually 
coincide, the latter those whose areas only are equivalent. 

Prop. XXXIX. If the vertices of all the equal triangles which can be 
described upon the same base, or upon the equal bases as in Prop. 40, 
be joined, the line thus formed will be a straight line, and is caJled the 
locus of the vertices of equal triangles upon the same base, or upon 
equal bases.- 

A locus in plane Geometry is a straight line or a plane curve, every 
point of which and none else satisfies a certain condition. With the 
exception of the straight line and the circle, the two most simple loci ; 
f^ other loci, perhaps mcludin^ also the Conic Sections, may be more 
readily and effectually investigated algebraically by means of their 
rectangular or polar equations. 

Prop. XLT. The converse of this proposition is not proved by Euclid ; 
viz. If a parallelogram is double of a triangle, and they have the same base, 
or equal bases upon the same straight line, and towards the same paits, 
they shall be between the same parallels. Also, it may easily be shewn 
that if two equal triangles are between the same parallels ; they are either 
upon the same base, or upon equal bases. 

Prop. XLiv. A parallelogram described on a straight line is said to 
be applied to that Ime. 

Prop. XLV. The problem is solved only for a rectilineal figure of four 
sides. If the given rectilineal figure have more than four sides, it may 
be divided into triangles by drawing straight lines from any angle of the 
a^uxe to the opposite angles, and then a parallelogram equal to the third 
triangle can be applied to LM, and bavins an angle equal to E: and 
80 on for all the triangles of which the rectilineal figure is composed. 

Prop. XLvi. The square being considered as an equilateral rectangle, 
its area or surface may be expressed numerically if the number of lineal 
imits in a side of the square be given, as is shewn in the note on Prop, i.. 
Book II. 

The student will not fEul to remark the analogy which exists between 
the €irea of a square and the product of ttoo equal numbers ; and between 
the side of a square and the square fsot of a number. There is, however, 

D5 
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this distinction, to be observed ; it is always possible to find the product 
of two equal numbers, (or tojind the tguare of a fium6«r, as it is usually 
called,) and to describe a square on a given Une ; but conversely, though 
the side of a given square is known from the figure itself, the exact 
number of units in the side of a square of given area, can only be found 
exactly, in such cases where the given number is a square number. Por 
example, if the area of a square contain 9 square units, then the square 
root of 9 or 3, indicates the number of lineal units in the side of that 
square. Again, if the area of a square contain 12 square units, the side 
of the square is greater than 3, but less than 4 lineal units, and there is 
no number which will exactlyexpress the side of that square: an approxi- 
mation to the true length, however, may be obtained to viy assigned 
degree of accuracy. 

f rop. xLvii. In a right-angled triangle, the side opposite to the right 
angle is called the h^otenuse, and the other two ndesi the base and 
perpendicular, accordmg to their position. 

In the diagram the three squares are described on the ow^er sides of 
the triangle ABC. The Proposition may also be demonstrated (1 ) when 
the three squares are described upon the inner sides of the triangle : (2) 
when one square is described on the outer side and the other two squares 
on the inner sides of the triangle : (3) when one square is described on the 
inner side and the other two squares on the outer sides of the triangle. 

As one instance of the third case. If the square BE on the hypote- 
nuse be described on the inner side of BC and the squares BG, HC on 
the outer sides of AB, AC ; the point D faUs on the side FG (Euclid's 
fig.) of the square BG, and KH produced meets CE in E. Let LA meet 
BC in M, Join DA ; then the square GB and the oblone LB are each 
double of the triangle DAB, (Euc i. 41.); and similarly by joining EA, 
the square HC and oblong LC are each double of the triangle EAC. 
Whence it follows that the squares on the sides AB, AC are together 
equal to the square on the hypotenuse BC, 

By this proposition may be found a square equal to the sum of any given 
squares, or equal to any multiple of a given square : or equal to the 
difference of two given squares. 

The truth of this proposition may be exhibited to the eye in some 
particular instances. As in the case of that right-angled triangle whose 
three sides are 3, 4. and 6 imits respectively. If through the points of 
division of two contiguous sides of each of Uie squares upon the sides, lines 
be drawn parallel to the sides (see the notes on Book ix.), it will be ob- 
vious, that the squares will be divided into 9, 16 and 25 small squares, 
each of the same magnitude ; and that the number of the small squares 
into which the squares on the perpendicular and base are divided is equal 
to the number into which Uie square on the hypotenuse is divided. 

Prop. XLVZU is the converse of Prop, zlvii. In this Prop, is assumed 
the Corollary that ** the squares described upon two equal lines are 
equal," and the converse, which properly ought to have been appended 
to Prop. xLvi. 

The First Book of Euclid's Elements, it has been seen, is conversant 
with the construction and properties of rectilineal fig^es. It first lays 
down the definitions which limit the subjects of discussion in the First 
Book, next the three postulates, which restrict the Instruments by which 
the constructions in Plane Geometrv are effected ; and thirdly, the twelve 
axioms, which express the principles by which a comparison is made 
between the ideas of the things defined. 
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This Book may be diirld«d into three parts. The first part treats of 
the origin and properties of triangles, both with respect to their sides and 
ancles ; and the comparison of these mutually, both with regard to equality 
and inequality. The second part treats of the properties of parall^ lines 
and of parallelograms. The third part exhibits the connection of the 
properties of triangles and parallelograms, and the equality of the squares 
on the base, and perpendicular of a right-angled triangle to the square 
on the hypotenuse. . 

When the propositions of the First Book have been read with the 
notes, the student is recommended to use different letters in the diagrams, 
and where it is possible, diagrams of a form somewhat different from those 
exhibited in the text, for the purpose of testing the accuracy of his know* 
ledge of the demonstrations. And further, wnen he has become suffici- 
ently familiar with the method of geometrical reasoning, he may dis- 
pense with the aid of letters altogether, and acquire the power of express- 
ing in general terms the process of reasoning in the demonstration of any 
proposition. Also, he is advised to answer the following questions 
before he attempts to apply the principles of the First Book lo the so- 
lution of Problems and the demonstration of Theorems* 

QUESTIONS ON BOOK L 

1. What is the name of the Science of which Euclid gives the Ele- 
ments? ^Vhat is meant by Solid Geometry? Is there any distinction 
between Plane Geometry ^ and the Geometry of Planes t 

2. Define the term magnitude, and specify the different kinds of 
magnitude considered in Geometry. What dimensions of jspace belong 
to ngures treated of in the first six Books of Euclid } 

3. Give Euclid's definition of a "straight line." What does he 
really use as his test of rectilinearity, and where does he first employ it ? 
What objections have been made to it, and what substitute has been 
proposed as an available definition ? How many points are necessary to 
fix the position of a straight line in a plane ? When is one straight 
line said to cut, and when to meet another ? 

4. What positive property has a Geometrical point? From the 
definition of a straight line, shew that the intersection of two lines is a 
point. 

5.^ Give Euclid's definition of a plane rectilineal angle. What are 
the limits of the angles considered in Geometry ? Bo^s Euclid consider 
angles greater than two right angles ? 

0. When is a straight line said to be drawn at right anglea, and when 
perpendicular^ to a given straight line ? 

7. Define a triangle; shew how many kinds of triangles there are ac- 
cording to the variation both of the angles, and of the sides, 

8. What is Euclid's definition of d circle ? Point out the assumption 
involved in your definition. Is any axiom implied in it? Shew that 
in this as in all other definitions- some geometrical fact is assumed as 
somehow previously known. 

9. Define the quadrilateral figures mentioned by Euclid. 

10. Describe mriefiv the use and foundation of definitions, axioms^ 
and postulates : give illustrations by an instance of each. 

11. What objection mav be made to the method and order in which 
Euclid has laid aown the elementary abstractions of the Science of Geo- 
metry } What other method has been suggested ? 
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12. What distinctions may be made between definitions in the 
Science of Qeometry and in the Physical Sciences } 

13. What is necessary to constitute an exact definition } Are defini- 
tions propositions ? Are they arbitrary ? Are tiiey conyertible ? Does 
a Matnematical definition admit of proof on the principles of the Science 
to which it relates ? 

14. Enumerate the principles of construction assumed by Euclid. 

15. Of what instruments may the use be considered to meet approxi- 
mately tiie demands of EucUd's postulates } Why only approximately t 

16. *< A circle may be described from any center, wiUi any straight 
line as radius." How does this postulate differ from EucUd's, and 
which of his problems is assumed in it? 

17. What principles in the Physical Sciences coirespond to axioms 
in Geometry ? 

18. Ihiumerate Euclid's twelve axioms and point out those which 
have special reference to Geometry. State tiie converse of those which 
admit of being so expressed. 

19. What two tests of equality are assumed by Euclid? Is the 
assumption of the principle of superposition (ax. 8.), essential to all 
Geometrical reasoning? Is it correct to say, that it is "an appeal, 
tiiough of the most familiar sort, to external observation" ? 

20. Could any, and if any, which of the axioms of Euclid be turned 
into definitions ; and with what advantages or disadvantages ? 

21 • Define the terms, Problem, Postulate, Axiom and Theorem. 
Are any of Euclid's axioms improperly so called ? 

22. Of what two parts does the enunciation of a Problem, and of a 
Theorem consist? Distinguish them in Euc. i. 4, 6, 18, 19. 

23. When is a problem said to be indeterminate ? Give an example. 

24. When is one proposition said to be the converse or reciprociQ of 
another ? Give examples. Are converse propositions imiversally true ? 
If not, under what circumstances are they necessarily true ? Why is it 
necessary to demonstrate converse propositions ? How are they proved ? 

25. Explain the meaning of the word proposition. Distinguish between 
eonverte and contrary propositions, and give examples. 

26. State the grounds as to whether Geometrical reasonings depend 
for their conclusiveness upon axioms or definitions. 

27. Explain the meaning of enthymeme and syllogism. How is the 
enthymeme made to assxmie the form of the syUogism ? Give examples. 

28. What constitutes a demonstration ? State the laws of demonstration. 

29. What are the principle parts, in the entire process of establishing 
a proposition ? 

30. Distinguish between a direct and indirect demonstration. 

31. What IS meant by the term synthesis, and what, by the term, 
analysis? Which of these modes of reasoning does Euclid adopt in his 
Elements of Geometry ? 

32. In what sense is it true that the conclusions of Geometry are 
necessary truths ? 

33. Enunciate those Geometrical definitions which are used in the 
I»:oof of the propositions of the First Book. 

34. If in Euclid i. 1, an equal triangle be described on the other side 
of the given line, what figure will the two triangles form ? 

35. In the diagram, Euclid i. 2, if DB a side of the equilateral tri- 
angle DAB be produced both ways and cut the circle whose center is B 
and radius BC in two points O and H; shew that either of the dis- 
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tances JD6, DH may be taken aa the radiua of the second circle ; and 
give the proof in each case. 

86. Explain how the propositiona Euc. i. 2* 8, are rendered neceeaary 
by the restriction imposed by the third postulate. Is it necessary for 
the proof, that the triangle described in Euc. i. 2, should be equilateral? 
Could we, at this stage of the subject, describe an isosceles triangle on a 
given base } 

37. State how Euc. i. 2, may be extended to the following problem ; 
" From a given point to draw a straight line in a given direction equal to 
a given straight line." 

38. How would you cut off from a straight line unlimited in both 
directions, a length equal to a given straight line } 

30. Intheproof of EucUdi. 4, how much depends upon Definition, 
how much upon Axiom ? 

40. Draw the figure for the third case of Euc. x. 7, and state why it 
neede no demonatration, 

41. In the construction Euclid i. 9, is it indifferent in all cases on 
which side of the joining line the equilateral triangle is described ? 

42. Shew how a given straight line may be bisected by Euc. i. 1. 

43. In what cases do the lines which bisect the interior angles of 
plane triangles, also bisect one, or more than one of the corresponding 
opposite sides of the triangles? 

44. ** Two straight hues cannot have a common segment." Has this 
corollary been taciUy assumed in any preceding proposition ? 

45. In Euc. I. 12, must the gi'?en line necessarily be '* of unlimited 
length" ? 

46. Shew that (fig. Euc. i. 11) every point without the perpendi- 
cular drawn from the middle point of every straight line DE, is at imequal 
distances from the extremities D, E of that line. 

47. From what proposition may it be inferred that a straight line is 
the shortest distance between two points ? 

48. Enunciate the propositions you employ in the proof of Euc. z. 1 6. 
40. Is it essential to the truth of Euc. i. 21, that the two straight 

lines be drawn from the extreinities of the base ? 

60. In the diagram, Euc. i. 21, by how much does the greater angle 
BDC exceed the less BAC ? 

51. To form a triangle with three straight lines, any two of them 
must be greater than the third : Ib a similar limitation necessary with 
respect to the three angles ? 

52. Is it possible to form a triangle with three lines whose lengths are 
1, 2, 3 units : or one with tiiree lines whose lengths are 1, V2, v3 ? 

53. Is it possible to construct a triangle whose angles shall be as the 
numbers 1, 2, 3 ? Prove or disprove your answer. • 

54. What is the reason of me limitation in the construction of Euc. 
1. 24. viz. " that DE is that side which is not greater than the other ?" 

65, Quote the first proposition in which the equality of two areas 
which cannot be superposed on each other is considered. 

^ 56. Is the following proposition universally true ? *' If two plane 
triangles have three elements of the one respectively equal to three 
elements of the other, the triangles are equal in every respect." Enu- 
merate all the cases in which this equality is proved in the First Book. 
What case is omitted ? 

57. What parts of a triangle must be given in order that the triangle 
may be described t 
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68. State the convene of the seccuid case of Euc. i. 26? Undev 
what limitations is it true ? Prove the proposition so limited ? 

69. Shew that the angle contained between the perpendiculars drawn 
to two given straight lines which meet each other, is equal to the angle 
contained by the Hues themselves. 

60. Are two triangles necessarily equal in all respects, where a side and 
two angles of the one are equal to a side and two angles of the other » 
each to each ? 

61. Illustrate fully the difference between analytical and synthetical 
proofs. What propositions in Euclid are demonstrated analytically } 

62. Can it be properly predicated of any two straight lines that they 
never meet if indefinitely produced either way, antecedently to our know- 
ledge of some other property of such lines, which makes the property 
first predicated of them a necessary conclusion from it } 

63. Enunciate Euclid's definition and axiom relating to parallel 
straight lines ; and state in what Props, of Book i. they are used. 

64. What proposition is the converse to the twelfth axiom of the 
First Book } What other two propositions are complementary to these } 

66. If lines being produced ever so far do not meet; can they be 
otherwise ti^an parallel } If so, under what circumstances ? 

66. Define adjacent angles, opposite anglea, vertical angles^ and iUtemai0 
angles; and give examples from the First Book of Euclid. 

67. Can you suggest anything to justify the assumption in the 
twelfth axiom upon which the proof of Euc. i. 29, depends ? 

68. What objections have been urged against the definition and the 
doctrine of parallel straight lines as laid down by Euclid ? Where doer 
the difficulty originate ? What other assumptions have been suggested 
and for what reasons ? 

69. Assuming as an axiom that two straight lines which cut one 
another cannot both be parallel to the same straight line ; deduce Euclid's 
twelfth axiom as a corollary of Euc. i. 29. 

70. From Euc. i. 27, shew that the distance between two parallel 
straight lines is constant } 

71. If two straight lines be not parallel, shew that all straight lines 
foUing on them, make alternate angles, which differ by the same angle. 

72. Taking as the definition of parallel straight lines that they are 
equally inclined to the same straight line towards the same parts ; prove 
that ** being produced ever so far both ways they do not meet V* Prove 
also Euclid s axiom 12, by means of the same definition. 

73. What is meant by exterior and interior angles } Point out examples . 

74. Can ^e three angles of a triangle be proved equal to two right 
angles without producing a side of the triangle ? 

76. Shew how the comers of a triangular piece of paper may be 
turned down, so as to exhibit to the eye that the three angles of a 
triangle are equal to two right angles. 

76. Explain the meaning of the term corollary. Enunciate the two 
corollaries appended to Euc. i. 32, and give another proof of the first 
What other corollaries may be deduced from this proposition? 

77. Shew that the two lines which bisect the exterior and interior 
angles of a trianffle, as well as those which bisect any two interior 
angles of a parallelogram, contain a right angle. 

78. The opposite sides and angles of a parallelogram are equal to 
one another, and the diameters bisect it. State and prove the converse 
of this proposition. Also shew that a quadrilateral figure* is a paral- 
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lelogram, wlieiv its diagonals bisect each other ; and when its diagonals 
divide it into four triangles, which are equal, two and two, Tiz. those 
which have the same yertical angles. 

79. If two straight lines join the extremities of two parallel straight 
lines, but not towards the same parts, when are the joining lines equal, 
and when are they unequal ? 

80. If either diameter of a four-sided figure divide it into two equal 
triangles, is the figure necessarily a parallelogram ? Prove your answer. 

81. Shew how to divide one of the parallelograms in Euc. i. 85, 
by straight lines so that the parts when properly arranged shall make 
up the other parallelogram. 

82. Distinguish between eqtial triangles and equivakrU triangles, and 
give examples from the First Book of Euclid. 

83. What is meant by the locus of a point? Adduce instances of 
loci from the first Book of Euclid. 

84. How is it shewn that equal trianeles upon the same base or 
equal bases have equal altitudes, whether they are situated on the same 
or opposite sides of the same straight line ? 

85. In Euc. I. 37, 38, if the triangles are not towards the same parts, 
shew that the straight line joining the vertices of the triangles is 
bisected by the line containing the bases. 

86. If the complements (fig. Euc. i. 43) be squares, detennine their 
relation to the whole parallelogram. 

87. What is meant by a parallelogram being applied to a straight line ? 

88. Is the proof of Euc. i. 45, perfectly general ? 

89. Define a square without including superfluous conditions, and 
explain the mode of constructing a square upon a given straight line 
in conformity with such a definition. 

90. The sum of the angles of a square is equal to four right angles. 
Is the converse true ? If not, why ? 

91. Conceiving a square to be a figure bounded by four equal straight 
lines not necessaruy in the same plane, what condition respecting the 
angles is necessary to complete the definition ? 

92. In Euclid i. 47, why is it necessary to prove that one side of 
each square described upon each of the sides containing the right angle, 
should be in the same straight line with the other side of the triangle ? 

93. On what assumption is an analogy shewn to exist between the 
product of two equal numbers and the surface of a square? 

94. Is the triangle whose sides are 3, 4, 5 right-angled, or not? 

95. Can the side and diagonal of a square be represented simul- 
taneously by any finite numbers ? 

96. By means of Euc. i. 47, the square roots of the natural numbers, 
1, 2, 3, 4, &c. may be represented by straight lines. 

97. If the square on the hypotenuse in the fig. Euc. i. 47, be 
described on the other side of it: shew from the diagram how the 
squares on the two sides of the triangle may be made to cover exacUy 
the square on the hypotenuse. 

98. If Euclid XL, 2, be assumed, enunciate the form in which Euc. x. 47 
may be expressed. 

99. Classify all the properties of triangUa and parallelogramst proved 
in the First Book of Euclid. 

100. Mention any propositions in Book i. which are included in more 
general ones which follow. 
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ON THE ANCIENT GEOMETRICAL ANALYSIS. 

Synthesis, or the method of composition, is a mode of reasoning which 
begins with something given, and ends with something require(^ either 
to be done or to be proved. This may be termed a direct process, as it 
leads from principles to consequences. 

Analysis, or the method of resolution, is th^ reverse of synthesis, 
and thus it may be considered an indirect process, a method of reason- 
ing from conse(]uence8 to principles. 

The synthetic method is pursued by Euclid in his Elements of 
Geometry. He commences with certain assumed principles, and pro- 
ceeds to the solution of problems and the demonstration of theorems 
by undeniable and successive inferences from them. 

The Geometrical Analysis was a process employed by the ancient 
Geometers, both for the discovery of the solution of problems and for 
the investigation of the truth of meorems. In the analysis of tLprob- 
kfn, the queesita, or what is required to be done, is'Supposed to have 
been effected, and the conseq|uences axe traced by a series of geometri- 
cal constructions and reasonings, till at length they terminate in the 
data of the problem, or in some previously demonstrated or admitted 
truth, whence the direct solution of the problem is deduced. 

In the Synthesis of Si problem, however, the last consequence of the 
analysis is assumed as the first step of the process, and by proceeding 
in a contrary order through the several steps of the analysis until the 
process terminate in the qusesita, the solution of the problem is effected. 

But if, in the analysis, we arrive at a consequence which contra- 
dicts any truth demonstrated in the Elements, or which is inconsistent 
with the data of the problem, the problem must be impossible : and 
further, if in certain relations of the given magnitudes the construction 
be possible, while in other relations it is impossible, the discovery 
of tnese relations will become a necessary part of the solution of the 
problem. 

In the analysis of a theorem, the question to be determined, is, 
whether by the application of the geometrical truths proved in tiie 
Elements, the preoicate is consistent with the hypothesis. This point 
is ascertained oy assuming the predicate to be true, and by deducing 
the successive consecjuences of tnis assumption combined with proved 
geometrical truths, till they terminate in the hypothesis of the theorem 
or some demonstrated truth. The theorem will oe proved synthetically 
by retracing, in order, the steps of the investigation pursued in the 
analysis, till they terminate m the predicate, which was^ assumed 
in the analysis. This process will constitute the demonstration of the 
theorem. 

If the assumption of the truth of the predicate in the analysis lead 
to some consequence which is inconsistent with any demonstrated 
truth, the false conclusion thus arrived at, indicates the falsehood of 
the predicate ; and by reversing the process of the analysis, it may 
t)e oemonstrated, that the theorem cannot be true. 

It may here be remarked, that the geometrical analysis is more 
extensively useful in discovering the solution of problems than for in- 
vestigating the demonstration of theorems. 
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From the nature of the subject, it must be at once obvious, that no 
general rules can be prescribed, which will be found applicable in aH 
cases, and infallibly lead to the solution of every problem. The con- 
ditions of problems must suggest what constructions may be possible; 
and the consequences which follow from these constructions and tiie 
assumed solution, will shew the possibility or impossibility of arriving 
at some known proper^ consistent with the data of the problem. 

Though the data or a problem may be given in magnitude and 
position, certain ambiguities will arise, if they are not properly re- 
stricted. Two points may be considered as situated on the same side, 
or one on each side of a given line ; and there may be two lines drawn 
from a given point making equal angles with a line given in position; 
and to avoid ambiguity, it must be stated on which side of the line 
the angle is to be formed. 

A problem is said to be determinate when, with the prescribed con- 
ditions, it admits of one definite solution ; the same construction which 
may be made on the other side of any given line, not bein^ considered 
a different solution : and a problem is said to be indeterminate when it 
admits of more than one definite solution. This latter circumstance 
arises from the data not absolutely ^ing, but merely restricting the 
quaesita, leaving certain points or hues not fixed in one position only. 
The number of given conditions may be insufficient for a single deter- 
minate solution ; or relations may subsist among some of the given 
conditions from which one or more of the remainmg given conditions 
may be deduced. 

If the base of a right-angled triangle be given, and also the differ- 
ence of the squares on the hypotenuse and perpendicular, the triangle 
is indeterminate. For though apparently nere are three things given, 
the right angle, the base, and tine difference of the squares on the 
hypotenuse and perpendicular, it is obvious that these three apparent 
conditions are in fact reducible to two : for since in a right-angled tri- 
angle, the sum of the squares on the base and on the perpendicular, 
is equal to the square on the hypotenuse, it follows that the differ- 
ence of the squares on the hypotenuse and perpendicular, is equal to 
the square on the ba^se of the triangle, and tnerefore the base is Known 
from the difference of the squares on the hypotenuse and perpendicular 
being known. The conditions therefore are insufficient to determine 
a right-angled triangle ; an indefinite number of triangles may be 
foimd with the prescribed conditions, whose vertices will he in the line 
which is perpendicular to the base. 

If a problem relate to the determination of a single point, and the 
data be. sufficient to determine the position of that point, the problem 
is determinate : but if one or more of the conditions be omitted, the 
data which remain mav be sufficient for the determination of more 
than one point, each of which satisfies the conditions of the problem ; 
in tiiat case, the problem is indeterminate : and in general, such points 
are found to be situated in some line, and hence such lineds called the 
locus of the point which satisfies the conditions of the problem. 

If anv two given points A and B (fig. Euc. rv. 5.) be joined by 
a straight line AB, and this line be bisected in 2), then if a perpen- 
dicular be drawn from the point of bisection, it is manifest that a circle 
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described with any point in the perpendicalar as a center, and a radius 
equal to its distance £rom one of the ^ven points, will pass through 
the other point, and the perpendicular will be the locus of all the 
circles which can be descnbea passing through the two giyen points. 

Again, if a third point C be taken, but not in the same straight line 
with the other two, and this point be joined with the first point A ; 
then the perpendicular drawn from the bisection H of this line will be 
the locus of the centers of all circles which pass throuffh the first and 
third points A and C. But the perpendicular at the oisection of the 
first and second points A and JB is tine locus of the centers of circles 
which pass through these two points. Hence the intersection F of 
these two perpendiculars, will be the center of a circle which passes 
through the tnree points and is called the intersection of the two locL 
Sometimes this method of solving ^ometrical problems may be pur- 
sued with advantage, b^ constructmg the locus of every two points 
separatelj, which are given in the conditions of the problem, la the 
Oeometncal Exercises which follow, only those local problems are 
given where the locus is either a straight Ime or a circle. 

Whenever the quaesitum is a point, the problem on being rendered 
indeterminate, becomes a locus, whether the deficient datum be of the 
essential or of the accidental khid. When the qusesitum is a straight 
line or a circle, (which were the only two loci admitted into the ancient 
Elementary Geometry) the problem may admit of an accidentally in- 
determinate case ; but will not invariably or even very frequently do so. 
This will be the case, when the line or circle shall be #o &r arbitrary 
in its position, as depends upon the deficiency of a sinyle condition to 
fix it perfectly ^ — imt is, (for instance) one point in uie line, or two 
points in the circle, may be determined from the given conditions, but 
the remaining one is indeterminate from the accidental relations among 
the data of the problem. 

Determinate Problems become indeterminate by the merging of 
some one datum in the results of the remaining ones. This may arise 
in three different ways ; first, from the coincidence of two points ; 
secondly, from that of two straight lines; and thirdly, from that 
of two circles. These, further, are the only three ^ays in which this 
accidental coincidence of data can produce this indeterminateness ; that 
is, in other words, convert the problem into a Porism. 

In the original Greek of Euclid's Elements, the ccfrollaries to the 
propositions are called porisms [tropKruara) • but this scarcely explains 
the nature of porisms^ as it is manifest tniBLt they are different from 
simple deductions from the demonstrations of propositions. Some 
analogy, however, we may suppose them to have to the porisms or 
corollaries in the Elements. I^appus (ColL Math. lib. vn. pref.) in- 
forms us that Euclid wrote three books on Porisms. He defines ** a 
porism to be something between a problem and a theorem, or that in 
which something is proposed to be investigated." Dr. Simson, to whom 
is due the merit of havmg restored the porisms of Euclid, gives the fol- 
lowing definition of that class of propositions : ''Porisma estpropositio 
in qua proponitur demonstrare rem aJiquam, vel plures datas esse, cui, 
vel quibus, ut et cuilibet ex rebus innumeris, non quidem, datis, sed 
quflB ad ea qu® data sunt eandem habent relationem, oonvenire osten- 
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dendum est affectionem yiandam communem in propositione descrip- 
tarn." That is, " A Porism is a proposition in which it is proposed to 
demonstrate that some one thing, or more things than one, are given, to 
which, as also to ea^ of innumerable other Uiings, not given indeed, 
but which have the same relation to those which are given, it is to be 
shewn that there belongs some common afi'ection described in the 
proposition." Professor Dugald Stewart defines a porism to be ** A 

Proposition affirming the possibility of finding one or more of the con* 
itions of an indeterminate theorem." Protessor Playfair in a paper 
(from which the following account is taken^ on Porisms, printed m the 
Transactions of the Royal Society of Edmburgh, for tne year 1792, 
defines a porism to be " A proposition affirming the possibihty of find- 
ing such conditions as will render a certain problem indeterminate or 
capable of innumerable solutions." 

It may without much difficulty be perceived that this definition, 
represents a porism as almost the same as an indeterminate problem. 
Tliere is a larse class of indeterminate problems which are, in general, 
loci, and satisfy certain defined conoitions. Every indeterminate 
problem containi/)g a locus mav be made to assume the form of a 
porism, but not the converse. Porisms are of a more general nature 
than indeterminate problems which involve a locus. 

The ancient geometers appear to have undertaken the solution of 
problems with a scrupulous and ininute attention, which would 
scarcely allow any of the collateral truths to escape their observation. 
They never considered a problem as solved till they had distinguished 
all its varieties, and evolved separately every difierent case that could 
occur, carefully distinguishing whatever change might arise in the 
construction from any change that was supposed to take place among 
the magnitudes whicn were given. This cautious method of proceef 
inff soon led them to see that ihere were circumstances in which the 
solution of a problem would cease to be possible ; and this always 
happened when one of the conditions of the data was inconsistent with 
the rest. Such instances would occur in the simplest problems; but. 
in the analysis of more complex problems, they must have remarked 
that their constructions failed, for a reason directly contrary to that 
assigned. Instances would be found where the lines, which, by their 
intersection, were to determine the thing sought, instead of intersecting 
one another, as they did in ^neral, or of not meeting at all, would 
coincide with one another entirely, and consequently leave the Question 
unresolved. The confusion thus arising would soon be cleared up, by 
observing, that a problem before determined by the intersection oi two 
lines, would now become capable of an indefinite number of solutions. 
This was soon perceived to arise from one of the conditions of the pro- 
blem involving another, or from two parts of the data becoming one, 
so that there was not left a sufficient number of independent conditions 
to confine the problem to a single solution, or any determinate number 
of solutions. It was not difficult afterwards to perceive, that these 
cases of problems formed very curious propositions, of an indeter- 
minate nature between problems and theorems, and that they ad- 
mitted of being enunciated separately. It was to such propositions 
80 enunciated that the ancient geometers gave the name of Poriamt, 
Besides, it will be found, thisit some problems aie possible within 
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eatun limits, and tbst certaiii magnitudes increase wiiile others de- 
crease within those limits; and after hsTing reached a eertain value, 
the fonner begin to decrease, while the.latter increase. This circum- 
stance gives rise to ouestions of maftma and mviiiNa, or the greatest 
and least Talnea wfaiui certain magnitades may admit of in indeter- 
minate problems. 

In the following collection of problems and theorems, most will be 
fonnd to be of so simple a character, (being almost obvious deductions 
from propositions in the Elements) as scarcely to admit of the prin- 
ciple of tne Geometrical Analysis being applied, in their solution. 

It must however be recollected that a clear and exact knowledge 
of the first principles of Geometry must necessarily preceda anv in- 
telligent application of them. Lidistinctness or ddTectiveness of un- 
derstanding with respect to these, will be a perpetual source of error 
and confusion. The learner is thsrefore recommended to understand 
the principles of the Science, and their connexion, fully, before he 
attempt any applications of them. The following directions may 
assist nim in his proceedings. 

ANALYSIS OF THEOREMS. 

1. Assume that the Theorem is true. 

2. Proceed to examine any consequences that result from this 
adnussion, by the aid of other truths respecting the diagram, which 
have been auready proved. 

3. Examine whether any of these consequences are already known 
to be true, or to he false. 

4. If any one of them be false, we have arrived at a rcduetio ad a&- 
mtrdufiif which proves that the theorem itself is false, as in Euc i. ^5. 

5. If none of the consequences so deduced be knoum to be either 
true or false, proceed to deduce other consequences from all or any of 
these, as in (2). 

^ 6. Examine these results, and poceed as in (3) and (4) ; and if 
stOl without any conclusive indications of the truth or falsehood of 
the alleged theorem, proceed still further, until such are obtained. 

ANALYSIS OF PROBLEMS. 

1. In general, any given problem will be found to depend on 
several problems and theorems, and these ultimately on some problem 
or theorem in Euclid. 

2. Describe the diagram as directed in the enunciation, and sup- 
pose the solution of the problem effected. 

3. Examine the relations of the lines, angles, triangles, &c. in 
the diagram, and find the dependence of the assumed solution on some 
theorem or problem in the Elements. 

4. K such cannot be found, draw other lines parallel or perpen- ' 
dioular as the case may require, join given points, or points assumed 
in the solution, and describe circles if need be : and then proceed to 
trace the dependence of the assumed solution on some theorem or 
problem in Euclid. 

6. Let not the fijnt unsuccessful attempts at the solution of a 
Problem be considered as of no value $ such attempts have been found 
"' ^^^ to the discovery of other theorems and proolems. 
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PROPOSITION I. PROBLEM. 
To trisect a given straight line. 

Analysis. Let AB he the eiven straight liDe, and suppose it 
divided into three equal parts in the points 2), E. 

c 




On DB describe an equilateral triangle DEF^ 

then D-Pis equal to ADy and FE to EB. 

On AB describe an equilateral triangle ABC, 

and join AF, FB, 

Then because AD is equal to DF, 

therefore the angle AFD is equal to the angle DAF, 

and the two angles DAF, DFA are double of one of them DAF, 

But the angle FDE is equal to the angles DAF, DFA, 

and the angle FDE is equal to DA C, eacn being an angle of an 

equilateral triangle ; 

therefore the angle DACis double the angle DAF; 

wherefore the angle DA C is bisected by AF. 

Also because the angle FA C is equal to the angle FAD, 

and the angle FAD to DFA ; 

therefore the angle C^i^ is equal to the alternate angle AFD: 

and consequently FD is parallel to AC, 

Synthesis. Upon AJS describe an equilateral triangle ABC, 

bisect the angles at A and B by the straight lines AF, BF, meeting in F\ 

through F draw FD parallel to -4 (7, and jP^ parallel to BC 

Then AB is trisected in the points D, E, 

For since ^ C is parallel to FD and FA meets them, 

therefore the alternate angles FA C, AFD are equal ; 

but the angle FAD is equal to the angle FA C, 

hence the angle DAF is e^ual to the angle AFD, 

and therefore DFia equal to DA, 
But the angle FDE is equal to the angle CAB, 
and FED to CBA ; (l. 29.) 
therefore the remaining angle DFE is equal to the remaining angle 
ACB, 
Hence the three sides of the triangle DFE are equal to one another, 
and DjPhas been shewn to be equal to DA, 
therefore AD, DE, EB are equal to one another. 
Hence the following theorem. 

If the angles at the base of an equilateral triangle be bisected by 
two lines which meet at a point within the triangle ; the two lines 
drawn from this point parallel to the sides of the triangle, divide the 
base into three equal parts. 
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Note. There is another method whereby a line may be divided 
into three equal parts : — ^by drawing from one extremity of the given 
line, another making an acute angle with it, and taking three equal 
distances from the extremity, then joining the extremities, and through 
the other two points of division, drawing lines parallel to this line 
through the other two points of division, and to the given line ; the 
three triangles thus formed are equal in aU respects. This may be 
extended for any number of parts, and is a particular case of £uc. Yi. 10. 

PROPOSITION U. THEOREM. 

If two opposite sides of a parcMelogram be bisected, and tu>o lines be drawn 
from the points of bisection to the t^posite angles f these ttoo lines trisect 
the diagonal. 

Let ABCD be a parallelogram of which the diagonal is A C, 

Let AJBhe bisected in ^, and DCin JF, 

also let DS, FB be joined cutting the diagonal in O, H, 

Then ^ C is trisected in me points (r, J7. 




Through E draw EK parallel to AC and meeting FB in JT. 
Then because EB is the half of AB, and DF the half of DC\ 

therefore EB is equal to DF\ 
and these equal and parallel straight lines are joined towards the 
same parts by DE and FB ; 

therefore DE and FB are equal and parallel. (l. 33.) 

And because AEB meets the parallels EKy A C, 

therefore the exterior angle BEK is equal to the interior angle EA 6r. 

For a similar reason, the angle EBK is equal to the angle AEG. 

Hence in the triangles AEGj EBK, there are the two angles OAE, 

AEG in the one, equal to the two angles KEB, EBK in the other, 

and one side adjacent to the equal angles in each triangle, namely AE 

equal to EB ; 

therefore ^6?^ is equal to EK, (l. 26.) 

but EK is equal to GH, (i. 34.) therefore AGi% equal to GH. 

By a similar process, it may be shewn that GH is equal to HC. 

Hence AG, GH, HCsLie equal to one another, 

and therefore ^ C is trisected in the points G, H, 

It may also be proved that BF is trisected in H and K, 

PROPOSITION in. PROBLEM. 

Draw through a given point, between ttoo straight lines not parallel, a 
straight line which sTutll be bisected in that point. 

Analysis. Let BC, BD be the two lines meeting in B, and let A 
be the given point between them. 
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Suppose the Hne EAF drawn through A, to that EA is equal to AF\ 

D 




through A draw AQ parallel to ^C, and G^lTparallel to EF. 

Then A QHE is a parallelogram, wherefore AEis equal to Off, 

but EA is equal to AF hy hypothesis ; therefore GHia equal to AF, 

Hence in the triangles BJaG^ QAF^ 
the angles KBQ, A GF are equal, as also BQH, QFA, (l. 29.) 

also the side QH is equal to AF\ 
whence the other parts of the triangles are equal, (l. 26.) 
therefore ^6^ is equal to GF. 
Synthesis. Through the given point A, draw A G parallel to ^C ; 

on GD, take &J^ equal Xxi GB\ 

then i^is a second point in the required line : 

join the points F^ A, ana produce FA to meet BCixiE\ 

then the line FE is oisected in the point A \ 

draw GH parallel to AE. 

Then in the triangles BGH, GFA, the side BG is equal to GF, 

and the angles GBH^ BGffare respectiyely equal to FGA, GFA ; 

wherefore Gffis equal to AF, (i. 26.) 

but G^-ETis equal to AE, (l. 34.) 

therefore AE is equal to AF, or EF is bisected in A. 

PROPOSITION IV. PROBLEM. 

From ttoo given points on the same aide of a straight line given in poei- 
tion, draw two straight lines lokich shall meet in that line^ and make equal 
angles with it ; also prove, that the sum of these ttoo lines is less than the 
sum of any other two lines dravm to any other point in tTie line. 

Analysis. Let A, B be the two given points, and CD the given line. 
Su|)pose G the required point in the hne, such that AG and BG 
being joined, the angle AGCis equal to the angle BGD, 

B 




Praw ^ J* perpendicular to CD and meeting BG produced in E, 
Then, oecau^v ihe angle BGD is equal to AixF, (hypO 

and also to the vertical angle FGE, (l. 15.) 
therefore the angle AGFh equal to the angle EGF; 



72 OEOMBTBICAL BXBBCISB8 

also the right angle AFO is equal to the right and[e EFQ-, 
and the side FG is common to me two triangles AFO, JBFO, 

therefore ^G' is equal to FO, and AF to FF. 
Hence the point F being luiown, the point O is determined by the 
intersection of CD and BF 

Synthesis. From A draw ^ J* perpendicular to CD, and produce 
it to F, making FF equal to AF, and join BF cutting CD in O, 

Join also A. O. 
Then A O and BO make equal angles with CD. 
For since AF is equal to FF, and FO is common to the two 
triangles A OF, FOF, and the included angles AFO, FFO are equal ; 
therefore the base AGia equal to the base FO^ 
and the angle A OF to the angle FOF ; 
but the angle EOF is equal to the vertical angle BOD, 
therefore the angle AOF\% eaual to the angle BOD; 
that is, the straight Tines AO ana BO make equal angles with 
the straight Une CD. 

Also me sum of the lines A O, OB is a minimum. 

For take any other point H in CD, and join FH, HB, AH. 

Then since any two sides of a triangle are ^eater than the third side, 

therefore FH, HB are greater than FB in the triangle FHB. 

But FO is equal to AO, and FHXx> AH] 

therefore AH, MB are greater than AO, OB. 

That is, A O, OB are less than any other two lines which can be 

drawn from A, B, to any other point H in the line CD. 

By means of this Proposition may be found the shortest path from 
one given point to another, subject to the condition, that it shall 
meet two given lines. 

PROPOSITION V. PROBLEM. 

Given one angle, a aide opposite to itf and the turn of the other two aides, 
construct the triangle. 

Analysis. Suppose BACihe triangle required, having BC equal 
to the given side, ^^C equal to the given angk opposite to J9C, also 
BD equal to the sum of the other two sides. 




Join DC. 

Then since the two sides BA, AC are equal to BD, by taking BA 
from these equals, the remainder ACiB equal to the remainder AD. 

Hence the triangle A CD is isosceles, and therefore the angle ADC 
is equal to the angle A CD. 

But the exterior angle BACofthe triangle ADC h equal to Ihe 
two interior and opposite angles ACD and ADC: 

Wherefore the angle BACia double the angle BDC, and BDC is 
the half of the angle BA C. 

Hence the synthesis. 
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At the point 2) in BD, make the angle BDC equal to half the 
given angle, 

and from B the other extremity of BD, draw BC equal to the 

given side, and meeting DC in C, 
at C in CD make the angle DC A equal to the angle CDA^ so 

that CA may meet BD in the point A, 
Then the triangle u^J^C shall have the required conditions. 

PROPOSITION VI. PROBLEM. 
To biaect a triangle by a line dratonfrom a given point in one of the aides. 

Analpis. Let ABC he the given triangle, and D the given point 
in the side AB, 

A 

D 




Suppose jDJ'the line drawn from D which bisects the triangle; 
therefore the triangle DBF is half of the triangle ABC. 
Bisect BC'mE, and join AE, DEy AF, 
then the trianc^le ABE is half of the triangle ABC: 
hence the triangle ABE is equal to the triangle DBF; 
take away from these equals the triangle DBEy 
therefore the remainder ADE is equal to the remainder DEF, 
But ADE, DEF are equal triangles upon the same base DE, and 
on the same side of it, 

they are therefore between the same parallels, (L 39.) 

that is, AF is parallel to DE, 

therefore the point F is determined. 

Synthesis. Bisect the base ^C in J7, join DE, 

fiim A, draw -42^ parallel to DE, and join DF. 

Then because DE is parallel to AF, 

therefore the triangle ADE is equal to the triangle DEF; (i. 37) 

to each of these equals, add the triangle BDE, 
therefore the whole triangle ABE is eq^ual to the whole DBF, 
but ABE is half of the whole triangle ABC; 
therefore DBF is also half of the triangle ABC. 

PROPOSITION VII. THEOREM, 

If from a point tptthout a paraUelogram linee be drawn to the extremities 
of two adjacent aides, and of the diagonal which they include; of the tri- 
angles thusformedp that, whose b€ue is the diagonal, is equal to the sum of 
the other two, 

Xet ABCD be a parallelogram of which ^ C is one of the diagonals, 
and let P be any point wi&out it: and let AP, PC, BP, PD be 
joined. 

Then the triangles APD, APB are together equivalent to the tri- 
angle APC 

B 
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Draw POE parallel to AD or BC, and meeting AB in 6?, and DC 
in E\ andjoin DG^ GC, 

Then the triangles CBP, CBG are equal: (l. 37.) 

and taking the common part CBH n'om each, 

the remainders PHB, CHG are equal. 

Again, the triangles DAP, DA G are equal ; (l. 37.) 

also the triangles DAGf AGC&re equal, being on the same base 

AGf and between the same parallels AGf DC: 

therefore the triangle DAP is equal to the triangle AGCi 
but the triangle PHB is equal to the triangle CHG, 
wherefore the triangles PHB, DAP are equal Ui AGC, CHG, or 
A CH, add to these equals the triangle APH, 
therefore the triangles AiPH, PHB, DAP are equal to APH, A CH, 
that is, the triangles APB, DAP are together equal to the triangle 

PAC. 
If the point P be within the parallelogram, then the difference of 
the triangles APB, DAP may be proved to be equal to the triangle 
PAC. 



I. 

8. Describe an isosceles triangle upon a ^yen base and having 
each of the sides double of the base, without using any proposition of 
the Elements subsequent to the first three. K the base and sides be 
given, what condition must be fulfilled with regard to the magnitude 
of each of the equal sides in order that an isosceles triangle may be 
constructed ? 

9. In the fig. Euc. I. 5. If FC and BG meet in H, then prove 
that ^jST bisects the angle BA C. 

10. In the fig. Euc. I. 5. If the angle FBG be equdl to the an^le 
ABC, and BG, CF, intersect in O; the angle BOF is equal to twice 
the angle BAC, 

11. From the extremities of the base of an isosceles triangle straight 
lines are drawn perpendicular to the sides, the angles made by them 
with the base are eadi equal to half the vertical angle. 

12. A line dra^ni bisecting the angle contained by the two equal 
sides of an isosceles triangle, bisects the third side at right angles. 

13. If a straight line drawn bisecting the vertical angle of a tri- 
angle also bisect me base, the triangle is isosceles. 
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14. Giyen two points «ne on each side of a given straight line ; 
find a point in the line such that the angle contained by two lines 
drawn to the given points may be bisected by the given line. 

15. In the fig. Euc. I. 5, let F and G be the points in the sides 
AB and A C produced, and let lines FH and OK be drawn perpen- 
dicular and equal to FC and GB respectively : also if BHy CK^ or 
these lines produced meet in O ; prove that BH. is equal to CJT, and 
BO to CO. 

16. Fifom every point of a given straight line, the straight lines 
drawn to each of two ^ven points on opposite sides of the line are 
equal : ^rove that the Ime joining the given points will cut the given 
line at right angles. 

17. K ^ be the vertex of an isosceles triangle ABC, and BA be 
produced so that AD is equal to BA, and 2>Coe drawn; shew that 
BCD is a right angle. 

18. The straight line EDF, drawn at right angles to j&Cthe base 
of an isosceles triangle ABC, cuts the side AB m D, and CA pro- 
duced in E ; shew that AED is an isosceles tidangle. 

19. In the fig. Euc. I. 1, if AB be produced both ways to meet 
the circles in D and E, and from C, CD and CE be drawn ; the figure 
CDE is an isosceles triangle having each of the angles at the base, 
equal to one fourth of the angle at the vertex/of the triangle. 

20. From a ^ven point, draw two straight lines making equal 
angles with two given straight lines intersecting one another. 

21. From a given point to draw a straight line to a given straight 
line, that shall be bisected by another given straight line. 

22. Place a straight line of given length between two given 
straight lines which meet, so that it shall be equally inclined to each 
of them. 

23. To determine that point in a straight line from which the 
straight lines drawn to two other given points shall be equal, pro-* 
vided the line joining the two given points is not perpendicular to tiie 
given line. 

24. In a given straight line to find a point equally distant from 
two given straight lines. In what case is this impossible ? 

25. If a line intercepted between the extremity of the base of an 
isosceles triangle, and the opposite side (produced if necessary) be 
equal to a side of the triangle, the angle formed by this line and the 
base produced, is equal to three times either of the equal angles of the 
triangle. 

26. In the base J? C of an isosceles triangle ABC, take a point D, 
and in CA take CE equal to CD, let ED produced meet ^^ produced 
in F', then 3AEF=^ 2 right angles + AFE, or = 4 right angles + AFE, 

27. If from the base to the opposite sides of an isosceles triangle, 
three straight lines be drawn, makmg equal angles with the base, viz. 
one from its extremity, the other two from any other point in it, these 
two shall be together eq^ual to the first. 

28. A straight line is drawn, termmated by one of the sides of an 
isosceles triangle, and by the other side proauced, and bisected by 
the base; prove that the straight lines, thus intercepted between the 

e2 
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vertex of the isosceles triangle, and this straight line, are together 
equal to the two equal sides of the triangle. 

29. In a triangle, if the lines bisecting the angles at the he^e be 
equal, the triangle is isosceles, and the angle contained by the bisect- 
ing lines is equal to an exterior angle at the base of the triangle. 

30. In a triangle, if lines be equal when drawn from the extremi- 
ties of the base, f 1) peroendicular to the sides, (2) bisecting the sides, 
(3) making equal angles with the sides; the triangle is isosceles: 
and then Siese lines which respectively join the intersections of the 
sides, are parallel to the base. 

n. 

31. ABC is a triangle right-angled at B, and having the angle A 
double the angle C; shew that the side BC ia less than double the 
side AB. 

32. If one angle of a triangle be equal to the sum of the other 
two, the greatest side is double of the distance of its middle point from 
the opposite angle. 

33. If from the right an^le of a right-angled triangle, two straight 
Hnes be drawn, one perpendicular to the base, and the other bisecting 
it, they will contain an angle equal to the difference of the two acute 
angles of the triangle. 

34. If the vertical angle CAB of a triangle ABC be bisected by 
ADf to which the perpendiculars CBj BFare drawn from the remain- 
ing angles : bisect the base ^C in 62^, join OBt OF, and prove these 
Hnes equal to each other. 

35. The difference of the angles at the base of any triangle, is 
double the angle contained by a Ime drawn from the vertex perpen- 
dicular to the base, and another bisecting the angle at the vertex. 

36. If one angle at the base of a triangle be double of the other, 
the less side is equal to the sum or difference of the segments of the 
base made by the perpendicular from the vertex, according as the 
angle is greater or less than a right angle. 

37. & two exterior angles of a tnangle be bisected, and from the 
point of intersection of the bisecting lines, a line be drawn to the op- 
posite angle of the triangle, it will bisect that angle. 

38. From the vertex of a scalene triangle draw a right line to 
the base, which shall exceed the less side as much as it is exceeded 
by the greater. 

39. Divide a right angle into three equal angles. 

40. One of the acute angles of a right-angled triangle is three 
times as great as the other ; trisect the smaller of these. 

41. Prove that the sum of the distances of anv point within 
a triangle from the three angles is greater than half the perimeter 
of the triangle. 

42. The perimeter of an isosceles triangle is less than that of any 
other equal triangle upon the same base. 

43. If from the angles of a triangle ABC, straight lines ABE, 
BDF, CDQ be drawn through a point D to the opposite sides, 
prove that the sides of the triangle are together greater than the three 
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lines drawn to the point 2), and less than twice the same, but greater 
than two-thirds of the lines drawn through the point to the opposite 
sides. 

44. In a plane triangle an angle is right, acute or obtuse, ac- 
cording as the line joining the vertex of the angle with the middle 
point of the opposite side is equal to, greater or less than half of 
that side. 

45. If the straight line AD bisect the angle A of the triangle 
ABCf and BDE be drawn perpendicular to AD and meeting AC or 
A C produced in E, shew tfaiat BD = DE. 

46. The side BC of a, triangle ABC is produced to a point D, 
The angle ACB is bisected by a line CE which meets AB in E, 
A line is drawn through E parallel to BC and meeting AC 'm F, 
and the line bisecting the exterior angle ACD, in G. Shew that. 
jGLPiseaualto2!^a 

47. The sides ABj AC, of a triangle are bisected in D and E 
respectively, and BE, CD, are produced until EF= EB, and GD = D C; 
shew that the line GE passes through A. 

48. In a triangle ABC, AD being drawn perpendicular to the 
straight line BD which bisects the angle B, shew that a line drawn 
from D parallel to BC will bisect A C. 

49. If the sides of a triangle be trisected and lines be drawn 
through the points of section adjacent to each angle so as to form 
another triangle, this shall be in all respects equal to the first 
triangle. 

50. Between two given straight lines it is required to draw a 
straight line which shall be equal to one given straight Hne, and 
paraUel to another. 

51. K from the vertical angle of a triangle three straight Hnes be 
drawn, one bisecting the angle, another bisecting the base, and the 
third perpendicular to the base, the first is always intermediate in 
magnitude and position to the other two. 

52. In the oase of a triangle, find the point from which, lines 
drawn parallel to the sides of the triangle and limited by them, are equal. 

53. In the base of a triangle, to find a point from which if two 
lines be drawn, (1) perpendicular, (2) parallel, to the two sides of the 
triangle, their sum shall be equal to a given line. 

m. 

54. In the figure of Euc. I. 1, the given line is produced to meet 
either of the circles in P ; shew that P and the points of intersection 
of the circles, are the angular points of an equilateral triangle. 

55. If each of the equal angles of an isosceles triangle be one- 
fourth of the third angle, and from one of them a line be drawn 
at right angles to the base meeting the opposite side produced ; then 
will the part produced, the perpendicular, and the remaining side, 
form an equilateral triangle. 

56. In the figure Euc. 1. 1, if the sides CA, CB of the equilateral 
triangle ABC be produced to meet the circles in F, G, respectively, 
and u C be the pomt in which the circles cut one another on the 
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Other side of AB : prove the points F, C, (? to be in the same straight 
line ; and the figure CFG to be an equilateral triangle. 

57. ABC 18 a triangle and the exterior angles at B and C 
are bisected by lines BI), CD respectively, meeting in 2): shew 
that the angle BDC and half the angle BAC make up a right 
angle. 

58. K the exterior angle of a triangle be bisected, and the angles 
of the triangle made by the bisectors be bisected, and so on, the 
triangles so formed will tend to become eventually equilateral. 

59. If in the three sides AB, BC, CA of- an equilateral triangle 
ABC, distances AE, BF, CO be taken, each equal to a third of 
one of the sides, and the points E, F, O be respectively joined 
(1^ with each other, (2) with the opposite angles : shew that the two 
tnangles so formed, are equilateral tnangles. 

IV. 

60. Describe a right-angled triangle upon a given base, having 
given also the perpendicular from me right angle upon the hy- 
potenuse. 

61. Given one side of a right-angled triangle, and the difference 
between the hypotenuse and the sum of the otner two sides, to con- 
struct the triangle. 

62. Construct an isosceles right-angled triangle, having given 
(1) the sum of the hA-potenuse and one side ; (2) their difference. 

63. Describe a right-angled triangle of which the hypotenuse 
and the difference between the other two sides are given. 

64. Given the base of an isosceles triangle, and the sum or dif- 
ference of a side and the perpendicular from the vertex on the base. 
Construct the triangle. / 

65. Make an isosceles triangle of given altitude whose sides shcdl 
pass through two given points and have its base on a given straight 
line. 

66. Construct an equilateral triangle, having given the length of 
the perpendicular drawn from one of the angles on the opposite side. 

67. Having given the straight lines which bisect the angles at the 
base of an e(^uilateral triangle, determine a side of the triangle. 

68. Having given two sides and an angle of a triangle, construct 
the triangle, distinguishing the different cases. 

69. Having given the base of a triangle, the difference of the sides, 
and the difference of the angles at the base ; to describe the triangle. 

70. Given the perimeter and the angles of a triangle, to con- 
struct it 

71. Having given the base of a triangle, and half the sum and 
half the difference of the angles at the base ; to construct the triangle. 

72. Having ^ven two lines, which are not parallel, and a point 
between them; describe a triangle having two of its angles in the 
respective lines, and the third at the given point ; and such that the 
sides shall be equally inclined to the lines which they meet. 

73. Construct a triangle, having given the three lines drawn from 
the angles to bisect the sides opposite. 
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74. Given one of the angles at the b^ of a triangle, the base 
itself, and the sum of the two remaining sides, to construct the tri- 
angle. 

75. Given the base, an angle adjacent to the base, and the dif- 
ference of the sides of a triangle, to construct it. 

76. Given one angle, a side opposite to it, and the difference of 
the other two sides ; to construct the triangle. 

^ 77. Given the base and the sum of the two other sides of a 
triangle, construct it so that the line which bisects the vertical 
angle shall be parallel to a given line. 

V. 

• 

78. From a given point without a given straight line, to draw a line 
making an angle with the given line equal to a given rectilineal angle. 

79. Through a given point A, draw a straignt line ^ ^C meetmg 
two eiven parallel straight Hnes in B and C, such that JBC may be 
equal to a given straight line. 

80. If the line joming two parallel lines be bisected, all the lines 
drawn through the point of bisection and terminated by the parallel 
lines are also bisected in that point. 

81. Three given straight lines issue from a point : draw another 
straight line cutting them so that the two segments of it intercepted 
between them may be equal to one another. 

82. AB, A C are two straight lines, B and O given points in the 
?ame ; BB is drawn perpendicular to AC, and DE perpendicular to 
AB\ m like manner CFis drawn perpendicular to AB, and FO to 
A C, Shew that EG is parallel to BC. 

83. ABC is a r^ht-angled triangle, and the sides AC, AB are 
produced to D afad F; bisect FBCend BCD \yy the lines BE, CE, 
and from E let fall the perpendiculars EF, ED» Prove (without 
assuming any properties of parallels) that ADEFvi a sqiiare. 

84. Two pairs of equal straight lines being given, shew how to 
construct with them the greatest parallelogram. 

85. With two given lines as diagonals describe a parallelogram 
which shall have an angle equal to a given angle. Within what 
limits must the given angle lie r 

86. Having nven one of the diagonals of a parallelogram, the 
sum of the two a^acent sides and the angle between them, construct 
the parallelogram. 

87. One of the diagonals of a parallelogram being given, and the 
angle which it makes with one of the sides, complete the parallelo* 
gram, so that the other diagonal may be parallel to a given Hue. 

88. A BCD, A' BCD are two parallelograms whose corres- 
ponding sides are equal, but the angle A is greater than the angle 
A', prove that the diameter AC \& less than AC^ but BD greater 
than BD^. 

89. If in the diagonal of a parallelogram any two points equi- 
distant from its extremities be joined with- the opposite angles, a 
figure will be formed which is also a parallelogram. 

90. From each angle of a parallelogram a line is drawn making 
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the same angle towards the same parts with an adjacent side, taken 
always in the same order ; shew that these lines form another parallelo- 
gram similar to the original one. 

91. Along the sides of a parallelogram taken in order, measure 
AA'^JBB = CO^BUf', the figure A' BOB will be a parallelogram. 

92. On the sides AB^ BC, CD, DA, of a parallelogram, set off 
AE, BF, CG, DH, equal to each other, and join AF, BO, CH,DE\ 
these lines form a parallelogram, and the difference of the angles 
AFB, BGCf equals the difference of any two proximate angles of the 
two parallelograms. 

9B. OB, OCaxe two straight lines at right angles to each other, 
through any point P any two straight lines are drawn intersecting 
OB, OC, in B, B, C, C, respectively. If D and Z)'. be the middle 
points of BB and CO, shew that the angle BPU Is equal to the 
angle DOB, 

94. A BCD is a parallelogram of which the angle Cis opposite to 
the angle A, If through A any straight line be drawn, then the dis- 
tance of C is equal to the sum or difference of the distances of B and 
of D from that straight line, according as it lies without or within the 
parallelogram. 

95. Upon stretching two chains AC, BD, across a fields ABCB, 
I find that ji?Z) and ^C make equal angles with DC, and that AC 
makes the same angle with AB that BB does with BC\ hence prove 
that AB is parallel to CB, 

96. To find a point in the side or side produced of any parallelo- 
gram, such that the angle it makes with the line joining the point 
and one extremity of the opposite side, may be bisected by the line 
joining it with the other extremity. 

97. When the comer of the leaf of a book is turned down a second 
time, so that the lines of folding are parallel and equidistant, the space 
in the second fold is equal to three tunes t^t in the first. 

VI. 

98. If the points of bisection of the sides of a triangle be joined* 
the triangle so formed shall be one-fourth of the given triangle. 

99. Kin the triangle ABC, BC he bisected in B, AB joined 
and bisected in F, J?^ joined and bisected in F, and C!F joined and 
bisected in O ; then the triangle FFO will be equal to one-eighth of 
the triangle ABC, 

100. Shew that the areas of the two equilateral triangles in 
Prob. 59, p. 78, are respectively, one- third and one-seventh of the area 
ofthe original triangle. 

101. To describe a triangle equal to a given triangle, (1) when 
the base, (2) when the altitude of tiie required triangle is given. 

102. To describe a triangle equal to the simi or difference of two 
given triangles. 

103. Upon a given base describe an isosceles triangle equal to a 
given triangle. 

104. Describe a right-angled triangle equal to a given triangle 
ABC. 

105. To a given straight line apply a triangle which shall be eqnal 
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to a nyen parallelogTam and haye one of its angles equal to a given 
rectiSneal angle. 

106. Transfonn a given rectilineal figure into a triangle whose 
vertex shall he in a given angle of the figure, and whose hase shall be 
in one of the sides. 

107. Divide a triangle by two straight lines into three parts which 
when properly arranged shall form a paredlelogram whose angles are 
of a given magnitude. 

108. Shew that a scalene triangle cannot be divided into two 
parts which will coincide. 

109. If two sides of a triangle be given, the triangle will be 
greatest when they contain a right angle. 

110. Of all tnangles having the same vertical anele, and whose 
bases pass through a given point, the least is that whose base is bisected 
in the given point. 

111. Of all triangles having the same base and the same perimeter, 
that is the ^eatest vrnich has the two undetermined sides equal. 

112. Divide a triangle into three equal parts, (1) by lines drawn 
from a point in one of the sides: (2) by lines drawn from the angles 
to a pemt within the triangle : (3) by lines drawn from a given point 
within the triangle. In how many ways can the third case be done P 

113. Divide an equilateral triangle into nine equal parts. 

114. Bisect a parallelogram, (1) by a line drawn from a point in 
one of its sides : (2) by a Tine drawn from a given point within or 
without it : (3) by a Ime perpendicular to one of the sides : (4) by a 
line drawn parallel to a given line. 

115. From a ^ven point in one side produced of a parallelogram, 
draw a straight Ime which shall divide the parallelogram into two 
equal parts. 

116. To trisect a parallelogram by lines drawn (1) from a given 
point in one of its sides, (2) from one of its angular points. 

vn. 

117. To describe a rhombus which shall be equal to any given 
quadrilateral figure. 

118. Describe a parallelogram which shall be equal in area and 
perimeter to a given triangle. 

1 19. Find a point in the diagonal of a square produced, from which 
if a straight line be drawn parallel to any side of the square, and 
meeting another side produced, it will form together with the pro- 
duced diagonal and produced side, a triangle equal to the square. 

120. If from any point within a parcdlelogram, straight lines be 
drawn to the angles, the parallelogram shall be divided into four tri- 
angles, of which each two opposite are together equal to one-half of 
the parallelogram. 

121. JfABCD be a parallelogram, and JE any point in the dia- 
gonal AC, or AC produced ; shew that the triangles JSBC, EDC^ are 
equal, as also the triangles EBA and JEBD, 

122. ABCD is a parallelogram, draw DFG meeting BC in F, 

e5 
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and AB produced in O ; join AF, CQ ; then will the triangles Jl,B.F^ 
CFQ be equal to one another. 

123. aBCD is a parallelogram, E the point of intersection of its 
diagonals, and K any point in AD, If KB, KC be joined, shew that 
the figure BKEC is one-fourth of the parallelogram. 

124. Let ABCD be a parallelogram, and any point within it, 
throu^ O draw lines parallel to the sides of ABCD, and loin. O^, 
0C\ prove that the difference of the parallelograms DO, ^90 is twice 
the triangle OAC, 

125. The diagonals A C, BD of a parallelogram intersect in O, an d 
P is a point within the triangle A OB ; prove that the difference of the 
triangles APB, CPD is equal to the sum of the triangles AP C, BPD, 

126. If JT be the common angular point of the parallelograms 
about the diameter A C (fig. Euc. i. 43.) and BD be the other dia- 
meter, the difference of these parallelograms is equal to twice the 
triangle BKD, 

1 27. The perimeter of a square is less than that of any other paral* 
lelogram of equal area. 

128. Shew that of all equiangular parallelograms of equal peri- 
meters, that which is equilateral is the greatest. 

129. Prove that the perimeter of an isosceles triangle is greater 
than that of an equal rightrangled parallelogram of the same altitude. 

vra. 

130. If a quadrilateral figure is bisected by one diagonal, the 
second diagonal is bisected by the first. 

131. If two opposite angles of a (quadrilateral figure are equal, 
shew that the angles between opposite sides produced are equaL 

132. Prove tnat the sides of any four-sided rectilinear figure are 
together greater than the two diagonals. 

133. The sum of the diagonal of a trapezium is less than the sum 
of any four lines which can be drawn to the four angles, from any 
point within the figure, except their intersection. 

134. The longest side of a ^ven quadrilateral is opposite to the 
shortest ; shew that the angles adjacent to the shortest side are together 
greater than the sum of the angles adjacent to the longest side. 

135. Give any two points in the opposite sides of a trapezium, in- 
scribe in it a parallelogram having two of its angles at these points. 

136. Shew that in every quadrilateral plane figure, two parallelo- 
grams can be described upon two opposite sides as diagonals, such 
that the other two diagonals shall be in the same straight line and equal. 

137. Describe a quadrilateral figure whose sides shall be equal to' 
four given straight lines. What limitation is necessary ? 

138. If the sides of a quadrilateral figure be bisected and the 
points of bisection ioined, the included figure is a parallelogram, and 
equal in area to half the original figure. 

139. A trapezium is such, that the perpendiculars let fall on a 
diagonal from the opposite angles are equal. Divide the trapezium 
into four ecjual triangles, by straigfht lines drawn to the angles from a 
point within it. 
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140. If two opposite sides of a trapezium be parallel to one another, 
the straight line joining their bisections, bisects the trapezium. 

141. If of the four triangles into which the diagonals divide a 
trapezium, any two opposite ones are equal, the trapezium has two of 
its opposite sides parallel. 

142. If two sides of a quadrilateral are parallel but not equal, 
and the other two sides are equal but not parallel, the opposite angles 
of the quadrilateral are together equal to two right angles: and 
conversely. ^ , 

143. If two sides of a quadrilateral be parallel, and the line joining 
the middle points of the diagonals be produced to meet the other 
sides; the line so produced will be equal to half the sum of the 
parallel sides, and the line between the points of bisection equal to 
half their difference. 

144. To bisect a trapezium, (1) by a line drawn from one of its 
angular points : (2) by a line drawn &om a given point in one side. 

145. To divide a square into four equal portions by lines drawn 
from any point in one of its sides. 

146. It is impossible to divide a quadrilateral figure (except it be 
a parallelogram) into equal triangles by lines drawn nrom a point 
within it to its four comers. 

IX. 

147. If the e^eater of the acute angles of a right-angled triangle, 
be double the omer, the square on the greater side is three times the 
square on the other. 

148. Upon a given straight line construct a right-angled triangle 
such that the square on the other side may be equal to seven times 
the square on the given line. 

149. If from the vertex of a plane triangle, a perpendicular fall 
upon the base or the base produced, the difference of uie squares on 
the sides is equal to the difference of the squares on the segments of 
the base. 

1 50. If from the middle point of one of the sides of a right-angled 
triangle, a perpendicular be drawn to the hypotenuse, the difference 
of the squares on the segments into which it is divided, is equid to Uie 
square on the other side. 

151. If a straight line be drawn from one of the acute angles of a 
right-angled triangle, bisecting the opposite side, the square upon that 
line is less than the square upon the nypotenuse by tnree times the 
square upon half the line bisected. 

152. If the sum of the squares on the three sides of a triangle be 
equal to eight times the square on the line drawn from the vertex 
to the point of bisection of the base, then the vertical angle is a 
right angle. 

153. If a line be drawn parallel to the hypotenuse of a right- 
angled triangle, and each of the acute angles be joined with the 
points where this line intersects the sides respectively opposite to 
them, the squares on the joining lines are together equal to the 
squares on the hypotenuse and on the line drawn parallel to it 
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154. Let ACB, ADB be two riffht-angled triangles hayiag a 
common hypotenuse AB, join CD, and on CD produced both ways 
draw perpendiculars A E, BF. Shew that OE* + CF* « DE* + DF*. 

155. If perpendiculars AD, BE, CF drawn from the angles on 
the opposite siaes of a triangle intersect in O, the squares on AB^ 
BC, and CA^ are together three times the squares on AO^ BO, 
and CG. 

15G. If ABC be a triangle of which the angle ^ is a right 
angle; and BE^ CF be drawn bisecting the opposite sides re- 
spectively: shew that four times the sum of the squares on BS 
and CFis equal to five times the square on BC. 

157. If .^^C be an isosceles triangle, and CD be drawn per- 
pendicular to AB; the sum of the squares on the three sides is 
equal to 

AD*i2.BDU3.CD\ 

158. The sum of the squares described upon the sides of a rhombus 
is equal to the squares described on its diameters. 

159. A point is taken within a square, and straight lines drawn 
from it to the angular points of the square, and perpendicular to the 
sides ; the squares on the first are double the smn of the squares on 
the last. Shew that these sums are least when the point ia in the 
center of the square. 

160. In the figure Euc. I. 47, 

^a) Shew that the diagonals FA, AK of the squares on ABy A C, 
lie in the same straight line. 

(h) If DF, EKoe joined, the sum of the angles at. the bases 
of the triangles BFD, CEK is equal to one right angle. 

(c) If BG and CH be joined, those lines will be parallel. 

(a) K perpendiculars be let fall from i^and K on BC produced, 
the parts proauced will be equal; and the perpendicidars together 
will oe equal to BC 

{e) Join GH, KE, FD, and prove that each of the triangles so 
formed, equals the given triangle ABC 

{f) The sum of the squares on GH, KEy and FD will be equal 
to suL times the square on the hypotenuse. 

{g) The difference of the squares on ABy .^ Q is equal to the 
difierence of the squares on AD, AE. 

161. The area of any two parallelograms described on the two 
sides of a triangle, is equal to mat of a parallelogram on the base, 
whose side is equal and parallel to the line drawn from the vertex of 
the triangle, to the intersection of the two sides of the former paral- 
lelograms produced to meet. 

162. If one angle of a triangle be a right angle, and another 
equal to two-thirds of a right angle, prove £om the First Book of 
Euclid, that the equilaterad triangle described on the hypotenuse, 
is equal to the sum of the equilateral triangles described upon the 
sides which contain the right angle. 
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DEFINITIONS. 

I. 

Every right-angled parallelogram is called a rectangle, and is said 
to be contained by any two of the straight lines which contain one of 
the right angles. 

n. 

In everjr parallelogram, any of the parallelograms about a diameter 
Together wim the two complements, is called a gnomon. 
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" Thus the parallelogram HQ together with the complements i/F, FC, 
is the gnomon, which is more briefly expressed by the letters AGK, or 
KHCt which are at the opposite angles of the parallelograms which make 
the gnomon." 



PROPOSITION I. THEOREM. 

If there be two straight lines, one of which is divided into emy number 
of parts; the rectangle contained by the two straight lines, is equal to the 
rectangles contained by the umlittded line^ and the several parts of the 
divided Hne, 

Let A and PC be two straight lines ; 
and let BC be divided into any narts JBD, DjS, EC, in the points D, E. 
Then the rectangle contained by the straight lines A and BC, shall 
be equal to the rectangle contained by A and BD, together with that 
contained by A and DE, and that contained by A and Ed 
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Euclid's elements. 
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From the point jB, draw BF&t right angles to j8C, (l. 11.) 
and make £0 equal to A; U. 3.) 
through O draw (JJTparallel to JffC, (l. 31.) 
and through Z), JE, C, draw J)K, EL, Cfl" parallel to jBG', meeting 

GH'mK,L,H, 
Then the rectangle BHia equal to the rectangles jBJT, Di, ^JJ. 
And j8^ is contained by A and BC, 
for it is contained by GB, BC^ and G^-B is equal to A : 
and the rectangle BK is contained by A^ BD, 
for It is contained by GB, BD, of which GB is equal to A : 
also DL is contained by ^, DJE, 
because JDK, that is, BG, (i. 34.) is equal to A ; 
and in like manner the rectangle ^^is contained by Af JSCi 
therefore the rectangle contained by ^, J^C, is equal to the serera] 
rectangles contained by A, BD, and by A, DJ3, and by A, BC. 
Whereiore, if there be two straight lines, &c. Q. e.d. 



PROPOSITION II. THEOREM. 

If a straight line he divided into any two parte, the reetanglee contained 
by the tohole and each of the parts, are together eqtuU to the square on the 
whole line. 

Let the straight line AB be divided into any two parts in the point CI 
Then the rectangle contained by AB, Bu, together with that con- 
tained by AB, A C, shall be equal to the square on AB. 

ACS 




Upon AB describe the square ADEB, (l 46.) and through Cdraw 
CF parallel to AD or BE, (i, 31.) meeting DE in F. 

Then AE is equal to the rectangles AF, CE. 

And AjS is the square on AB ; 

and AF 18 the rectangle contained by BA, A C; 

for it is contained by DA, A C, of which DA is equal to AB : 

and CE is contained by AB, BC, 

for BE is equal to AB: 

therefore the rectangle contained by AB, AC, together with the 

rectangle AB, BOb equal to the square on AB, 

If therefore a straight line, &c. Q.E.D. 
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Jfa straight line be divided into any two parts ^ the rectangle contained by 
the whole and one of the parts, is equal to the rectangle contained by the two 
parts, together with the iquare on the aforesaid part. 

Let the straight line ABhe divided into any two parts in the point C 
Then the rectangle AB, BC, shall be equal to the rectangle 
AC, CS, together with the square on BC, 




Upon PC describe the square CDEB, (i. 46.) and produce EB to F, 

through A draw ^jPparallel to CD or BE, (i. 31.) meeting j&i^'in F. 

Then the rectangle ^^ is equal to the rectangles AD, CE, 

And ^^ is the rectangle contained hyAB, BC, 

for it is contained by A B, BE, of which B!E is equal to BCi 

and AD is contained by A C, CB, for CD is equal to CB : 

and CE is the square onBC: 

therefore the rectangle AB, BC,ib equal to the rectangle AC, CB, 

together with ue 0(juare on BC. * 

u therefore a straight line be divided, &c. Q.E.D. 

PROPOSITION IV. THEOREM. 

If a straight line be divided into any two parts, the square on the whole 
line is equal to the squares on the turn parts, together with twice the rectangle 
contained by the parts. 

Let the straight line AB be divided into any two parts in C. 
Then the square on AB shall be equal to the squares on AC, and 
CB, together with twice the rectangle contained by AC, CB, 

A ' c B 
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Upon AB describe the square A DEB, (l. 46.) join BD, 
through C draw COF parallel to AD or BE, (I. 31.) meeting BD 

in O and DE in F ; 
and through O draw HOK parallel to AB or DE, meeting AD in 

JT, andjB^in JT; 
Then, because CFha parallel to AD and BD falls upon them, 
therefore the exterior angle BOC\% equal to the interior and opposite 
angle BDA ; (I. 29 J 

but the angle BDA is equal to the angle DBA, (l. 5.) 
because BA is equal to AD^ being sides of a square ; 
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wherefore the angle BGCis equal to the angle DBA or OBC\ 

and therefore the side BChs equal to the side CO\ (l. 6.) 

but BC is equal also to QK, and CQ to BK\ (i. 34.) 

wherefore the figure CQKB is equUateiaL 

It is likewise rectanjg^lar ; 

for, since CO is parallel to BK^ and j9C meets them, 

therefore the angles KBC^ BCO are equal to two right angles ; (L 29.) 

but the angle KBC is a right angle ; (def. 30. constr.) 

wherefore BCO is a right angle : 

and therefore also the angles COK^ OJKB, opposite to these, are right 

angles ; (I. 34.) 

wherefore COKB is rectangular : 

but it is also equilateral, as was demonstrated ; 

wherefore it is a square, and it is upon the side CB, 

For the same reason HF is a square, 

and it is upon the side HO^ which is equal to ^ C (l. 34J 

Therefore the figures JETF, CK, are the squares on AC, CB. 

And because the complement AO ia equal to the complement OS, 

(I. 43.) 

and that ^ G^ is the rectangle contained by A C, CB, 

for G^Cis equal to CB; 

therefore 0J3 is also equal to the rectangle A C, CB ; 

wherefore A O, OB are equal to twice the rectangle A C, CB ; 

and JBCF, CK are the squares on A C, CB \ 
wherefore the four figures HF, CK, AO, OB, are equal to the 

squares on A C, CB, and twice the rectangle A C, CB : 
but HF, CK, AO, GjEmake up the whole figure ADEB, which 

is the square otlAB\ 
therefore the square on AB is equal to the squares on A C, CB, and 

twice the rectangle A C, CB. 
Wherefore, if a straight line be divided, &c. aE.D. 

Cob. From the demonstration, it is manifest, that the parallelo- 
grams about the diameter of a square, are likewise squares. 

PROPOSITION V. THEOREM, 

If a Btraight line be divided into two equal parte, and aleo into ttoo 
unequal parte ; the rectangle contained by the unequal parte, together with 
the square on the line between the points of section, is equal to the square on 
half the line. 

Let the straight line AB be divided into two equal parts in the 
point C, and into two unequal parts in the point D. 

Then the rectangle AD, DB, together with the square on CD, shall 
be equal to the square on CB, 

A D B 




BOOK II. PBOP. VI. 89 

Upon CB describe the square CEFB, (i. 46.) join BE, 
through D draw DHQ parallel to CE or BF, (l 31.) meeting DE * 

in jBT, and EFin Q, 
and tlirough J7draw JTXJf parallel to CB or EF, meeting CE 
ini,and5-FinJf; 
also through A draw AK parallel to CL or BM, meeting MLKm K. 
Then because the complement CH is equal to the complement HFj 
(l. 43.) to each of these equals add DM', 

therefore the whole CM\& equal to the whole DFi 

but because the line ^ C' is equal to CBy 

therefore AL is equal to Cm, (i. 36.) 

therefore also AL is equal to DF\ 

to each of these equals add CH, 

and Hierefore the whole AH is equal to DjPand CH: 

but ^JJis the rectangle contained by AD, DB, for D^is equal to DB; 

and DF together with CH is the gnomon CMG ; 

therefore the gnomon CMG is equal to the rectangle AD, DB : 

to each of these equals add LO, which is equal to the square on 

CD ; (II. 4. Cor.) 
therefore the gnomon CMG, together with ZG^, is equal to the 
rectangle AD, DB, together with the square on CD : 
but the ^omon CMG and LG make up the whole figure CEFB, 
which IS the square on CB ; 

therefore the rectangle AD, DB, together with the square on CD 
is equal to the square on CB, 

Wherefore, if a straight line, &c. Q. £. D. 
Cob. From this proposition it is manifest, that the difference of 
the squares on two unequal lines A C, CD, is equal to the rectangle 
contamed by their sum AD and their difference DB. 

PROPOSITION YI. THEOREM. 

If a Hraight line be bieeeted, and produced to any point; the rectangle 
contained by the whole line thus produced, and the part of it produced, 
together with the square on half the line bisect^, ie equal to the square on 
the straight line which is made up of the haif and the part produced. 

Let the straight line AB be bisected in C, and produced to the point D* 
Then the rectangle AD, DB, together with the square on 6b, shaU 
be equal to the square on CD. 

A c B D 
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Upon CD describe the square CEFD, (l. 46.) and join DE, 
through B draw BHG parallel to CE or DF, (i. 31.) meeting DE 

mH,Ka^EFmG', 
through H draw JTXJbf parallel to AD or EF^ meeting DF in 
JKf, and Cj^in X; 
and through A draw AK parallel to CL or DM, meeting MLKm K. 
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Then because the line ACu equal to CBt 
therefore the rectangle ALi^ equal to the rectangle CJET, (l. 86.) 

but CH is equal to HF; (l 43.) 
therefore AL is equal to HF; • 

to each of these equals add CM; 
therefore the whole AM is equal to the gnomon CMQ : 
but AM is the rectangle contained by AD, DB, 
for DM is equal to BE : (n. 4. Cor.) 
therefore the gnomon CMO is equal to the rectangle AB, DB : 
to each of these equals add LO which is equal to the square oh CB; 
therefore the rectangle AB^ BB, together with the square on CBy is 

equal to the gnomon CMG, and the figure LO ; 
but the gnomon CMO and LO make up the whole figure CEFD, 

which is the square on CB ; 
therefore the rectangle AB, BB, together with the square on CB, 
is equal to the square on CB. 

Wherefore, if a straight line, &c. Q. E. D. 

PROPOSITION Vn. THEOREM. 

If a ttraight line be divided into any two parts, the aquares on the whole 
line, and on one of the parte, are equal to twice the rectangle contained by 
the whole and that part, together with the square on the other part. 

Let the straight line AB be divided into any two parts in the point C. 
Then the squares on AB, 2^ C shall be equal to twice the rectangle 
AB, BC, together with the square on A C 

A C B 
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Upon AB describe the square ABEB, (l. 46.) and join BB ; 
through Cdraw CJ* parallel to AB or BE (L 31.) meeting BB'm 

O, and BE in F; 
through O draw MOK parallel \x> AB or DE, meeting AD in H, 
and^^in JT. 

Then because AO\& equal to OE, (l. 43.) 

add to each of them CK; 

therefore the whole AK is equal to the whole CE; 

and therefore AK, CE, are double of AKi 

but AK, CE, are the gnomon ^JTFand the square CK; 

therefore the ^omon AKF and the square CK are double of AK: 

but twice the rectangle AB, BC, is double of AK, 
• for BK is equal to -BC; (ii. 4. Cor.) 

therefore the gnomon ^JTFand the square CK, axe equal to twice the 
rectangle AB, BC; 
to each of these equals add HF, which is equal to the square on A C, 
therefore the gnomon AKF, and the squares CK, HF, are equal to 
twice the rectangle AB, BC, and the square on ^C; 
but the gnomon AKF, together with the squares CK, HF^ make 
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up the whole figure ADEB and CJT, which are the squares on AB 
and BC\ 

therefore the squares on ^^ and j8 Care equal to twice the rectangle 
AB, BCj together with the square on AC. 

Wherefore, if a straight line, &c. Q.E.D. 

PROPOSITION Vni. THEOREM. 

If a straight Une be divided into any ttoo parte ^ four times the rectangle 
contained by the tchole line^ and one of the parts, together with the square on 
the other part, is equal to the square on the straight Une, which is made up 
of the whole and thai part. 

Let the straight line ABhe divided into any two parts in the point C 
Then four times the rectangle AB, BC, together with the square on 

A C, shall be equal to the square on ihe straight line made up of AB 

and ^C together. 

ACBD 
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Produce AB to D, so that BB be equal to CB, (l. 3.) 

upon AT) describe the square AEFD, h. 46.) and join BE, 

through jB, C, draw BL, C« parallel to -4^ or BF, and cutting BE 

in the points K, P respectively, and meeting EFia X, JEt; 

through K, P, draw MQKN, XFBO parallel to AB or EF 

Then because CB is equal to BB, CB to OK, and BB to KN; 

therefore GX is equal to EN; 

for the same reason, FJR is equal to BO; 

and because CB is equal to BB, and OK to KNf 

therefore the rectangle CK is equal to BN, and OB to BN; (i. 36.) 

but CK is eoual to BN, (l. 43. ) 

because they are the complements of the parallelogram CO ; 

therefore also BNis equal to OB; 

and the four rectangles BN, CK, OB, ItN, are equal to one another, 

and so are quadruj^le of one of them CK 

Again, because CB is equal to BB, and B B to BK, that is, to CG; 

and because CB is equal to OK, that is, to OP; 

therefore CO is equal to OP, 

And because CO is equal to OP, and PB to BO, 

thereTore the rectangle AG is equal to MP, and PL to BF; 

but the rectangle MP is equal to PL, (l. 43.) 
because they are the complements of the parallelogram ML : 
wherefore also AG ia equal to BF: 
therefore the four rectangles A 0, MP, PL, BF, are equal to one 
another, and so are quadruple of one of them A O, 
And it was demonstrated, that the four CK, BN, OB, and BN, are 
quadruple of CK: 
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therefore the eight rectangles which coDtain the gnomon A OJJ, are 
quadruple of AK, 
And because AK is the rectangle contained by AB^ j^C, 

for BK is equal to BC\ 

therefore four times the rectangle AB^ BCis quadruple of AK: 

but the gnomon A OH was demonstrated to be quadruple of AK; 

therefore lour times the rectangle AB, B Cis equal to the gnomon A 0H\ 

to each of these equals add XS, which is equal to the square on AC\ 

therefore four times the rectangle AB, BC, together witn tiie square 

on ^C, is equal to the ^omon ^OJ? and the square XH\ 
but the gnomon ^ OJT and ^^make up the figure AEFD^ which is 
the square on AD ; 
therefore four times the rectangle AB, j8C together with the square 
on ^ C, is equal to the square on AD, that is, on AB and BC added 
together in one straight line. 

Wherefore, if a straight line, &c, Q.E.D. 

PROPOSITION IX. THEOREM. 

If a straight line be divided into ttoo equals and alto vnio two tmequal 
parte; the tquaree on the two unequal parte are together double of the square 
on half the line^ and of the square on the line between the points of section. 

Let the straight line AB be divided into two equal parts in the point 
C, and into two unequal parts in the point D. 

Then the squares on AI>, JDB together, shall be double of the 
squares on AC, CD, 

E 
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From the point Cdraw CJE at right angles to AB, (l. 11.) 

make CJs equal to ^ C or CB, h. 3.) and join -B-4, KB ; 

through 2) draw i)i^ parallel to Cj5, meeting KB in jP, (l 31.) 

through jPdraw FG parallel to BA, and join AF. 

Then, because ^ C is equal to CKr 

therefore the angle AECh equal to the angle KAC; (L 5.) 

and because A Cm is a right angle, 

therefore the two other angles AEC, EA C of the triangle are together 

equal to a right angle ; (i. 32.) 

and since they are equal to one another ; 

therefore each of them is half a right angle. 

For the same reason, each of the angles CEB, EB Cia half a right angle; 

and therefore the whole AEB is a right angle. 

And because the angle OEFib half a right angle, 

and EuF a right angle, 

for it is equal to the interior and opposite angle ECB, (l. 29.) 

therefore the remaining angle JaFO is half a right angle ; 

wherefore the angle OEFis equal to the angle EFO, 

and the side GF equal to the side EG, (i. 6.) 
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Again, because the angle at 3 is half a right angle, 

and FJDB a right angle, 

for it is equal to the interior and opposite angle £CJB, (l. 29.) 

therefore the remaining angle BID is half a right angle ; 

wherefore the angle at J? is equal to the angle JBFJU, 

and the side DF equal to the side DB, (i. 6.) 

And because ^ C is equal to CB, 

the square on ^ C is equal to the square on CB; 

therefore the squares on ACt CB are double of the square on A C; 

but the square on AB is equal to the squares on AC, CB, (i. 47.) 

because A CB is a right an^le ; 

therefore the square on AB is double of me square on AC* 

Again, because BG is equal to QF, 

the square on BG is equal to the square on GF; 

therefore the squares on BG, GF are double of the square on GF; 

but the square on ^jPis equal to the souares on BG, GF; (i. 47.) 

therefore the square on j^i^is double of the square on GF; 

and G^jPis equal to CJ); (l. 34.) 

therefore the square on ^i^is double of the square on CD; 

but the square on ^ j& is double of the square on ^ C; 

therefore the squares on AB, BF are double of the squares on A C, CD; 

but the square on AF is equal to the squares on AB, BF, 

because ABF is a right angle : (l. 47.) 

therefore the square on ^i^is double of the squares on A C, CD\ 

but the squares on AD, DF are equal to the square on AF\ * 

because the angle ADF is a right angle ; (i. 47.) 

therefore the squares on A D, DFare double of the squares on A C, CD ; 

and DF 18 equal to D£ ; 

therefore the squares on A D, DB are double of the squares on A C, CD. 

If therefore a straight line be divided, &c. Q.E.D. 

PROPOSITION X. THEOREM. 

If a straight line he bisected, and produced to any points the square on 
the whole line thus prodwied, and the square on the part of it produced^ are 
together double of the square on half the line bisected, and of the square on 
the line made up of the half and the part produced. 

Let the straight line AB be bisected in C, and produced to the 
point D. 

Then the squares on AD, DB, shalf be double of the squares on 
AC, CD. 

E P 




From the point C draw CB at right angles to AB, (l. 11.) 

make CB equal to -4 Cor CB, (i. 3.) and join AB, BB; 

througii B draw -BJP parallel to AB, (I. 31.) 

and through D draw DjP parallel to CB, meeting BFm F, 
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Then because the straight line EF meets the parallels CE, FDj 
therefore the angles CEF, EFB are equal to tyfo right angles ; (i. 29.) 
and therefore the angles BEF, EFD are less than two right angles. 
But straight lines, which with another straight line make the in- 
terior angles upon the same side of a line, less than two right angles, 
wiU meet if produced far enough ; (i. ax. 12.) 

therefore EB, FD will meet, if produced towards B, 3 ; 

let them be produced and meet in O, and join A G, 

Then, because ^Cis equal to CEy 

therefore the angle CEA is equal to the angle EAC; (l. 5.) 

and the angle A CE is a right angle ; 

therefore each of the angles CEA, EA C is half a right angle. (l. 32.) 

For the same reason, 

each of the angles CEB^ EBC ia half a right angle ; 

therefore the whole AEB is a right anele. 

And because EBC is half a right angle, 

therefore DBG is also half a right angle, (l. 15.) 

for they are vertically opposite j 

but JSDG is a right angle, 

because it is equal to the alternate angle DCE\ (l. 29.) 

therefore the remaining angle DGB is half a right angle ; 

and is therefore equal to the angle DBG ; 

wherefore also the side BD is equal to the side DG. (i. 6.) 

Again, because EGF is half a right angle, and the angle at J^ is a 

right angle, being equal to the opposite an^le ECD, (i. 34.) 

therefore me remaining angle FEG is half a right angle, 

and therefore equal to the angle EGF; 

wherefore also the side GF is equal to me side FE, (l. 6.) 

And because EC is equal to CA ; 

the square on EC is equal to the square on CA ; 

therefore the squares on EC, CA are double of the square on CA ; 

but the square on EA is equal to the squares on EC, CA ; ^l. 47.) 

therefore the square on EA is double of the square on AC. 

Again, because GFia eoual to FE, 

the square on GF is equal to me square on FE; 

therefore the squares on GF, FE are double of the square on FE; 

but the square on EG is equal to the squares on gP, FE; (l. 47.) 

therefore the square on EG is double of the square on FJB; 

and FE is equal to CD ; (i. 34.) 
wherefore the square on EG is double or the square on CD ; 
but it was demonstrated, 

that the square on EA is double of the square on A C; 

therefore the squares on EA, EG are double of the squares on AC, CD ; 

but the square on AG is equal to the squares on EA, EG; (i. 47.) 

therefore the square on AG is double of the squares on AC, CD: 

but the squares on AD, DG are equal to the square on AG; 

therefore the squares on A D,DG are double of the squares on A C, CD ; 

but DG \s equal to DB ; 

therefore the squares on AD, DB are double of the squares on A C, CD. 

Wherefore, if a straight line, &c. Q. £. D. 
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PROPOSITION XI. PROBLEM. 

To divide a given straight line into two parte, so that the rectangle eon- 
tainsd by the whole and one of the parte, ehall be egwU to the tgwxre en 
the other part. 

Let ABhe the given straight line. 
It is required to divide AB into two parts, so that the rectangle 
contained oy the whole line and one or the parts, shall be equal 
to the square on the other part. 

F G 



A 

£ 





H 







B 



C 



K D 



Upon AB describe the square ACBB ; (l. 46.) 

bisect ^ C in ^, (i. 10 ) and join BE, 

produce CA to F, and make EF equal to EB, (l. 3.) 

upon AF describe the square FGHA, (i. 46.) 

Then AB shall be divided in H, so that the rectangle AB, BH is 

equal to the square on AH, 

Produce GH to meet CD in K, 
Then because the straight line AC\& bisected in E, and produced to F, 
therefore the rectangle CF, FA together with the square on AE, 
is equal to the square on EF\ (n. 6.) 

but J^jPis equal to EB; 
therefore the rectangle CF, FA together with the square on AE, is 

equal to the square on EB ; 
but the squares on BA, AE are equal to the square on EB, (i. 47.) 

because the angle EAB is a right angle ; 
therefore the rectangle CF, FA, together with the square on AE, 
is equal to the squares on BA, AE; 
tfie away the square on AE, which is common to both ; 
therefore the rectangle contained by CF, FA is equal to the square 
onBA, 
But the figure FK is the rectangle contained by CF, FA, 

for FA ia equal to FG ; 

and AD is the square on AB ; 

therefore the figure FK is equal to AD; 

take away the common part AK, 

therefore the remainder FH is equal to the remainder JETD ; 

but HD is the rectangle contained by AB, BH, 

for AB is equal to BD ; 

and FH is the square on AH; 

therefore the rectangle AB, BH, is e^ual to the square on AH, 

Wherefore the straight line AB is divided in H, so tihat the 

rectangle AB, BHi» equal to the square on AH. Q.B.F. 
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PROPOSITION XII. THEOREM. 

Xn obttue-anffled triangles, if a perpendicular be drawn from either of 
the acute angles to the opposite side produced, the square on the side sub- 
tending the obtuse angle, is greater than the squares on the sides containing 
the obtuse angle, by twice the rectangle contained by the side upon which, 
when produced, the perpendicular falls, and the straigM line intercepted 
without the triangle between the perpetidicular and the obtuse angle, 

JjetABChe an obtuse-angled triangle, having the obtuse angle 
A CB, and from the point A, let AD be drawn perpendicular to BC 
produced. 

Then the square on AB shall be greater than the squares on AC, 
CB, by twice the rectangle BC, CD. 

A 




Because the straight line BD is divided into two parts in the poiLt C, 
tnerefore the square on BD is equal to the squares on BC, CD, 
and twice the rectangle BC, CD ; ^li. 4.) 

to each of these equals add tne square on DA ; 

therefore the squares on BD, DA are equal to the squares on BC, 

CD, DA, and twice the rectangle BU, CD; 

but the square on BA is equal to the squares on BD, DA, (l. 47.) 

because the angle at 2> is a right angle ; 

and the square on CA is equal to the squares on CD, DA ; 

therefore the square on BA is equal to the squares on BC, CA, and 

twice the rectangle BC, CD; 
that is, the square on BA is greater than the squares on BC, CA, by 
twice the rectangle BC, CD. 

Therefore in obtuse-angled triangles, &c. Q.E.D. 

PROPOSITION XIII. THEOREM. 

In every triangle, the square on the side subtending either of the acute 
angles, is less than the squares on the sides containing that angle^ by twice 
the rectangle contained by either of these sides, and the straight line inter' 
cepted between the acute angle and the perpetidicular let fall upon it from 
the opposite angle. 

Let ABC he any triangle, and the angle at B one of its acute 
angles, and upon ^C, one of the sides containing it, let fall the 
peipendicular AD from the opposite angle, (i. 12.) 

Then the square on ^ C opposite to the angle B, shall be less than 
the squares on CB, BA, by twice the rectangle CB, BD, 

A 
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First, let AD fall within the triangle ABC. 
Then because the straight line CB is divided into two parts in D, 
the squares on CB, BD are equal to twice the rectangle contained by 
CB, BD, and tiie square on DC; (il. 7.) 

to each of these equals add the square on AD ; 

therefore the squares on CB, BD, DA, are equal to twice the 

rectangle CB, BD, and the squares on AD, DC; 

hvA the square on AB is equal to the squares on BD, DA, (l. 47.) 

because the angle BDA is a right angle ; 

and the square on ^ C is equal to the squares on AD, DC; 

therefore the squares on CB, BA are equal to the square on AC, 

and twice tne rectangle CB, BD : 

that is, the square on ^C alone is less than the squares on CB, BA-, 

by twice the rectangle CB, BD. 
Secondly, let AD fell without the triangle ABC. 
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Then, because the angle at 2> is a right angle, 
the angle ACB is greater than a right angle ; (i. 16.) 
and therefore the square on AB is equal to the squares on A C, CB. 
and twice the rectangle BC, CD; (il. 12.) 

to each of these equals add the square on BC; 

therefore the squares on AB, BC sue equal to the square on AC, 

twice the square on BC, and twice the rectangle BC, CD; 

but because BD is divided into two parts in C, 

therefore the rectangle 2>^, BC is equal to the rectangle BC, CD, 

and the square on BC; Tli. 3.) 

and the douoles of these are equal ; 
that is, twice the rectangle DB, BC is equal to twice the rectangle 
BC, CD and twice the square on BC: 
therefore the squares on AB, BC are equal to the square on AC, 
and twice the rectangle DB, BC: 
wherefore the square on AC alone is less than the squares on AB, BC; 

by twice the rectangle DB^ BC 
Lastly, let the side ^ C be perpendicular to J3C. 
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Then ^C is the stndght line between the perpendicular and the 
acute angle at B ; 

and it is manifest, that the squares on AB, BC, are equal to the 
square on A C, and twice the square on BC. (l. 47.) 
Therefore in any triangle, &c. Q.E.D. 

F 
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PROPOSITION XIV. PROBLEM. 

To describe a tqyare that thcUl be eq\tal to a given rectilineal Jigurs^ 

Let A be the given rectilineal fiaiue. 
It is required to describe a square that shau be equal to A, 





Describe the rectangular parallelogram BCDE equal to the recti- 
lineal figure A. (i. 45?) 

Then, if the sides of it, BE, ED, are equal to one another, 
it is a square, and what was required is now done. 
But if BE, Ed, are not equal, 
produce one of them BE to F, and make EE equal to ED^ 
bisect ^jP in Q\ (i. 10.) 
from the center Q, at the distance QB, or OF, describe the semicircle 
BKF, 

and produce DE to meet the circumference in JS*. 
The square described upon EK shall be equal to the giyen recti- 
lineal figure A. 

Join QB:, 
Then because the straight line BF is divided into two equal parts 
in the point G, and into two imequal parts in the point E\ 

therefore the rectangle BE, EF, together with the square on EQ^ 
is equal to the square on QF\ (ii. d.) 

but QF\& equal to GH, (def. 15.) 
therefore the rectangle BE, EF, together with the square on EG, is 

equal to the square on GH; 
but the squares on HE, EG are equal to the square on GH; (l. 47.) 
therefore the rectangle BE, EF, together with the square on EG, 
is eoual to the squares on HE, EG ; 
take away the square on EG, which is common to both ; 
therefore the rectangle BE, EF is equal to the square on HE, 
But the rectangle contained by BE, EF is the parallelogram BD, 
because EF is equal to ED ; 

therefore BD is equal to the square on EH; 
but BD is equal to the rectilineal figure A ; (constr.) 
therefore the square on EHir equal to the rectiHneal figiure A» 
Wherefore a square has been made equal to the given rectilineal 
figure A, namely, the square described upon EH, Q. £. F. 
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In Book I, Geometrical magnitudes of the same kind, lines, angles 
and surfaces, more particularly triangles and parallelograms, are com- 
pared, either as being absolutely equal, or unequal to one another. 

In Book II, the properties of right-angled parallelograms, but without 
reference to their magnitudes, are demonstrated, and an important 
extension is made of Kuc. i. 47, to acute-angled and obtuse- emgled 
triangles. Euclid has given no definition of a rectangular paraMelogram 
or rectangle : probably, because the Greek expression TrapaWijXoypafXfxov 
opQoyoiviov, or op&oytvvtov simply, is a definition of the figure. In English, 
the term rectangle, formed from recttu angultu, ought to be defined before 
its properties are demonstrated. A rectangle may be defined to be a 
parallelogram having one angle a right-angle, or a right angled paral- 
lelogram ; and a square is a rectangle having all its sides equal. 

As the squares in Euclid's demonstrations are squares described or 
supposed to be described on straight lines, the expression ** the sqtiore 
on AB" is a more appropriate abbreviation for ** the square described on 
the line AB," than " the square of AB." The latter expression more 
fitly expresses the arithmetical or algebraical equivalent for the square 
on the line AB, 

In Euc. I. 35, it may be seen that there may be an indefinite number 
of parallelograms on the same base and between the same parallels whose 
areas are always equal to one another ; but that one of them has all its 
angles right angles, and the length of its boundary less than the boundary 
of any other parallelogram upon the same base and between the same 
parallels. The area of this redtangular parallelogram is therefore de- 
termined by the two lines which contain one of its right angles. Hence 
it is stated in Def. 1, that every right-angled parallelogram is said to be 
coTttained by any two of the straight lines which contain one of the right 
angles. No distinction is made in Book ii, between equality and identity, 
as the rectangle may be said to be contained by two lines which are 
equal respectively to the two whieh contain one right angle of the figure. 
It may be remarked that the rectangle itself is bounded by four straight 
lines. 

It is of primary importance to discriminate the Geometrical conception 
of a rectangle from the Arithmetical or Algebraical representation of it. 
The subject of Geometry is magnitude not number, and therefore it would 
be a departure from strict reasoning on space, to substitute in Geometrical 
demonstrations, the Arithmetical or Algebraical representation of a rect- 
angle for the rectangle itself. It is however, absolutely necessary that 
the connexion of number and magnitude be clearly understood, as far 
as regards the representation of lines and areas. 

All lines are measured by lines, and all surfaces by surfaces. Some 
one line of definite length is arbitrarily assumed as the linear unit, and 
the length of every other line is represented by the number of linear 
units, contained in it. The square is the figure assumed for the measure 
of surfaces, llie square imit or the unit of area is assumed to be that 
square, the side of which is one unit in length, and the magnitude of 
every surface is represented by the number of square units contained 
in it. But here it may be remarked, that the properties of rectangles 
and Bqiiares in the Second Book of Euclid are proved independently 

f2 
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of the consideration, whether the sides of the rectangles can be repre- 
sented by any multiples of the same linear unit. If, however, the 
sides of rectangles are supposed to be divisible into an exact number 
of linear units, a numerical representation for the area of a rectangle 
may be deduced. 

On two lines at right angles to each other, take AB equal to 4, and 
AD equal to 3 linear units. 

Complete the rectangle ABCD, and through the points of division of 
AB, AD, draw EL, FM, GN paraUel to AD; taxd HP, KQ paraUel to 
AB respectively. 
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Then the whole rectangle AC is divided into squares, aU equal to each 
other. 

And AC is equal to the sum of the rectangles AL, EM, FN, GC ; (ii. 1.) 

also these rectangles are equal to one another, (i. 36.) 

therefore the whole ^C is equal to four times one of them AL. 

Again, the rectangle AL is equal to the rectangles EH, HR, RD, 
and tiiese rectangles, by construction, are squares described upon the 
equal lines AH, HK, KD, and are equal to one another. 

Therefore the rectangle AL is equal to 3 times the square on AH, 

but the whole rectangle ^^C is equal to 4 times the rectangle AL, 
therefore the rectangle ^C is 4 x 3 times the square on AH, or 12 
square units : 

that is, the product of the two numbers which express the number of 
linear units in the two sides, will give the number of square units in the 
rectangle, and therefore will be an arithmetical representation of its area. 

And generally, if AB, AD, instead of 4 and 3, consisted of a and b 
linear units respectively, it may be shewn in a similar manner, that the 
area of the rectangle ^C would contain ab square units ; and therefore the 
product od is a proper representation for the area of the rectangle AC, 

Hence, it follows, that the term rectangle in Geometry corresponds to 
the term product in Arithmetic and Algebra, and that a similar com- 
parison may be made between the products of the two numbers which 
represent the sides of rectangles, as between the areas of the rectangles 
themselves. This forms the basis of what are called Arithmetical or 
Algebraical proofe of Geometrical properties. 

If the two sides of the rectangle be equal, or if 6 be equal to a, 
the figure Ib a square, and the area is represented by aa or a*. 

Also, since a triangle ia equal to the half of .a parallelogram of the 
same base and altitude ; 

Therefore the area of a tn'angle will be represented by half the rect- 
angle which has the same base and altitude as the triangle : in ol^er 
words, if the length of the base be a units, and the altitude be b units ; 

Then the area of the triangle is algebraically represented by iab. 

The demonstrations of the first eight propositions, exemplify the 
obvious axiom, that, ** the whole area of every figiure in each case, is 
equal to all the parts of it taken together." 

Def. 2. The parallelogram jE£ together with the complements AF 
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FC, IB also a gnomon^ as well as the parallelogram HO together Tilth the 
same complements. 

Prop. I. For the sake of brevity of expression, " the rectangle con- 
tained by the straight lines AB^ fiC," is called "the rectangle AB, £C;" 
and sometimes ** the rectangle ABC." 

To this proposition may be added the corollary : If two straight lines 
be divided into any number of parts, the rectangle contained by Uie two 
straight lines, is equal to the rectangles contained by the several parts of 
one Une and the several parts of the other respectively. 

The method of reasoning on the properties of rectangles, by means of 
the products which indicate the number of square units contained in their 
areaSfis foreign to Euclid's ideas of rectangles, as discussed in his Second 
B ook, which have no reference to any particidar unit of length or measure 
of surface. 

Prop. T. The figures BH, BK, DL, EH are rectangles, as may 
readily be shewn. Por, by the parallels, the angle CEL is equal to EDK ; 
and the angle EDK is equal to BDG (Euc. i. 29.). But BDG is a right 
angle. Hence one of the angles in each of the figures BH, BK, DL^ EH 
is a right angle, and therefore (Euc. i. 46, Uor.) these figures are 
rectangular. 

Prop. I. Algebraically, (fig. Prop, i.) 

Let the lino BC contain a linear imits, and the line il, h linear units of 
the same length. 

Also suppose the parts BDt DE, EC to contain m, n, p linear units 
respectively. 

Then a «= m + n + Pf 
midtiply these equals by b, 

therefore oA = 6m + 6n + ftp. 

That is, the product of two numbers, one of which is divided into any 
number of parts, is equal to the sum of the products of the imdivided 
number, and the several parts of the other ; 

or, if the Geometrical interpretation of the products be restored, 

The number of square units expressed by the product ab, is equal 
to the number of square tmits expressed by the sum of the products bm, 
bn, bp. 

Prop. II. Algebraically, (fig. Prop, ii.) 

Let AB contain a linear units, and AC, CBf wi and n linear units 
respectively. 

Then m-\- n^a^ 
midtiply these equals by a, 

therefore am ■{■ an *a a\ 

That is, if a number be divided into any two parts, the sum of the 
products of the whole and each of the parts is equal to tiie square of the 
whole number 

Prop. III. Algebraically, (fig. Prop, iii.) 

Let AB contain a linear units, and let BC contain m, and AC^ n linear 
units. 

Then arsm-^n^ 
midtiply these equals by m, 

therefore ma = m* -^^ mn. 

That is, if a number be divided into any two parts, the product of 
the whole number and one of the parts, is equal to the square of that 
part, and the product of the two parts. 
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Prop. IT. might have been deduced from the two preeeding propo- 
sitions ; but Euclid has preferred the method of exhibiting, in the de- 
n^onstrations of the second book, the equality of the spaces compared. 

In the corollary to Prop. xlti. Book I, it is stated that a parallelogram 
which has one rient angle, has all its angles right angles. By applying 
this corollary, the demonstration of Prop. ly. may be considerably 
shortened. 

If the two parts of the line be equal, then the square on the whole 
line is equal to four times the square on half the line. 

Also, if a line be divided into any three parts, the square on the whole 
line is equal to the squares on the three parts, and twice the rectangles 
contained by every two parts. 

Prop. ry. Algebraically, (fig. Prop, iv.) 

Let the line AB contain a linear units, and the parts of it AOvoA BC^ 
m and n linear units respectively. 

Then a ssm -^n, 

squaring these equals, /. a* = (tn + n}', 

or a* = in* + 2mn + n*. 

That is, if a number be divided into any two parts, the square of the 
' number is equal to the squares of the two parts together with twice the 
product of the two parts. 

From Euc. ii. 4, may be deduced a proof of Euc. i. 47. In the fig. 
take DL on DE, and EM on EB^ each equal to BC, and loin CH^ HL, 
LM, MC. Then the figure HLMC is a square, and the four triangles 
CAHf HDL, LEMf MBCBxe equal to one another, and together are equal 
to the two rectangles AG, GE, 

. Now AG, GE, FH, CK are together equal to the whole figure ADEB ; 
and HLMC, with the four triangles CAH, HDL, LEB, MBC also make 
up the whole figure ADEB ; 

Hence AG, GE, FH, CK are equal to HLMC together with the four 
triangles ; 

but AG, GE are equal to the four triangles. 

wherefore FH, CK are equal to HLMC, 

that is, the squares on AC, AH are together equal to the square on CH* 
Prop. v. It must be kept in mind, that the sum of two straight lines 

in Geometry, means the straight line formed by joining the two lines 

together, so that both may be in the same straight line. 

The following simple properties respecting the equal and unequal 

division of a line are worthy of being remembered. 

I. Since AB = 2BC ^ 2 (BD + DC) = 2BD + 2DC. (fig. Prop, v.) 

and AB = AD + DB; 

.-. 2CD + 2DB = AD + DB, 

and by subtracting 2DB from these equals, 

.-. 2CD ^AD^ DB, 

and CD = i {AD - DB), 

That is, if a line ^B be divided into two equal parts in C, and into two 
unequal parts in D, the part CD of the line between the points of section 
is equal to half the difference of the unequal parts A D and DB, 

II. Here AD a AC + CD, the sum of the unequal parts, (fig. Prop. t. ) 

and DBta AC-^ CD their difference. 
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Henoe by adding these equals together, 

/. AD + DB^ iAC, 

or the Bum and difference of two lines AC, CD, are together equal to 
twice the greater line. 

And the halves of these equals are equal, 

/. i,AD +i.2)B=i AC, 

or, half the sum of two unequal lines AC, CD added to half their diffe- 
rence is equal to the greater line AC, 

m. Again, since AD » AC + CD, and DB m AC — CD, 

by subtracting these equals, 

/. AD-^DB*» 2CD, . 

or, the difference between the sum and difference of two uneqiud lilies is 
equal to twice the less line. 

And the halres of these equals are equal, 

.'. J . -4/) - } . UB = CD, 

or, half the diffeience of two lines subtracted from half their sum is equal 
to the less of the two lines. 

IV. Since AC'^CD^ DB the difference, 

,*. AC=CD+ DB, 

and adding CD the less to each of these equals, 

.•. AC + CD^ 2CD + DB, 

or, the sum of two unequal lines is equal to twice the less line together 
with the difference between the lilies. 

Prop. Y. Algebraically. 

Let AB contain 2a linear units, 

its half BC will contain a linear unitsk 

And let CD the line between the points of section contain m lineax units. 
Then AD the greater of the two unequal parts, contains a+m linear unils ; 

and DB the less contams a-^m imits. 
Also m is half the difference of a + m and a —mi 

:. (a + m) (a - m) =s o* - m\ 

to each of these equals add m' ; 

/. (a + »i) (» — m) + m* » a*. 

That is, if a number be divided into two equal parts, and also into two 
unequal parts, the product of the unequal parts together with the square 
of half their difference, is equal toHhe square of h&the number. 

Bearing in mind that AC, CD are respectively half the sum and half 
the difference of the two lines AD, DB ; the corollary to this proposition 
may be expressed in the following form: "The rectangle contained by. 
two straight lines is equal to the cufiference on the squares of half their 
simi and half their difference." 

The rectangle contained hj AD and DB, and the square on BC are 
each bounded by the same extent of line, but the spaces enclosed differ 
by the square on CD, 

A given straightline is said to be produced when it has its length increased 
in either direction, and the increase it receives, is called the part produced. 

If a point be taken in a line or in a line produeed, the line is said to 
be divided int0mattf or extwwMy, and the distances of the point from 
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the ends of the line are called tlie internal or external 8e|;xnent8 of the 
line, according as the point of section is in the line or the line produced. 

Prop. Yi. Algebraically. 

Let AB contain 2a linear units, then its half BC contains a units ; and 
let BD contain m units. 

Then AD contains 2a + m units, 

and .'. (2a -^ m) m = 2am + m' ; 

to each of these equals add a\ 

.% (2a +fn)fn-^a*^a* + 2am + m*. 

But a* + 2am -^n^^ia-^- m)\ 

/. (2a + m)m + a* = (a + m)«. 

That is. If a number be divided into two equal numbers, and another 
number be added to the whole and to one of the parts ; the product of 
the whole number tiius increased and the other number, together with the 
square of half the given number, is equal to the square of the number 
Tmich is made up of half the given number increased. 

The algebraical results of Prop. r. and Prop. vi. are identical, as it is 
obvious thiett the difference of a + m and a — m in Prop. T. is equal to the 
difference of 2a + m and m in Prop, vi, and one algebraical result ex- 
presses the truth of both propositions. 

This arises from the two ways in which the difference between two 
unequal lines may be represented geometrically, when they are in the 
same direction. 

In the diagram (fig. to Prop, v.), the difference DB of the two unequal 
lines AC and CD is exhibited by producing the less line CD, and making 
CB equal to AC the greater. 

Then the part produced DB is the difference between AC and CD, 

for AC is equal to CB^ and taking CD from each, 
the difference oPAC and CD is equal to the difference of CB and CD, 

In the diagram (fig. to Prop, vi.), the difference DB of the two un- 
equal lines CD and CA is exhibited by cutting off from CD the greater, 
a part CB equal to CA the less. 

P^op. VII. Either of the two parts AC, CB of the line AB may be 
taken : and it is equally true, that the squares on AB and AC are equal 
to twice the rectangle AB, AC, together with the square on BC, 

Prop, VII. Algebraically. 

Let AB contain a linear units, and let the parts AC and CJ9 contain m 
and n linear units respectively. 

Then a^ m-^-n; 

squaring these equals, 

/. a« = !»• + 2i»n + «*, 

add n* to each of these equals, 

/. o* + »• sa m* + 2mn + 2n*. 

But 2mn + 2n' » 2 (m + n) n s 2an, 

/. a* + n*=sm* •\' 2an. 

That is, If a number be divided into any two parts, the squares of the 
whole number and of one of the parts areequal to twice the product of the 
whole number and that part, together with the square of the other part. 

Prop. VIII. As in Prop. vn. either part of the line may be tf^en, 
and it is also true in this Proposition, tnat four times the rectangle con- 
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tained by AB, ilC together with the square on BC^ is equal to the square 
on the straight line made up of AB and AC together. 

The truth of this proposition may be deduced from Euc. ii. 4 and 7. 

For the square on AD (fig. Prop. 8.) is equal to the squares on AB^ 
BD, and twice the rectangle AB, BD\ (Euc. ti. 4.) or the squares on 
AB, BC, and twice the rectangle AB, BC, because BC is equal to BD : 
and the squares on AB^ BCare equal to twice the rectangle AB, BC with 
tiie square on ^C: (Euc. ix. 7.) therefore the square on ^D is equal to 
four times the rectangle AB, BC together with the square on AC, 

Prop. VIII. Algebraically. 

Let the whole line AB contain a linear imitfi of which the parts AC, 
CB contain m, n units respectively. 

Then m + n ssa, 

and subtracting or taking n from each, 

squaring these equals, 

/. m* = a*— 2an + n\ 

and adding 4an to each of these equals, 

.'. 4an + m* sa a* + 2an + n*. 

But a* + 2an '{-n*={a + »)•, 

/. 4an + m* =s (a + n)*. 

Hiat is, If a number be divided into any two parts, four times the pro- 
duct of the whole number and one of the parts, together with the square 
of the other part, is equal to the square of the number made of the whole 
and the part first taken. 

Prop. Till, may be put under the following form : The square on the 
sum of two lines exceeds the square on their difference, by four times the 
rectangle contained by the lines. 

Prop. IX. The demonstration of this proposition may be deduced 
from Euc. II. 4 and 7. 

For (Euc. II. 4.) the square on AD is equal to the squares on AC, CD 
and twice the rectimgle^C, CD; (fig. Prop. 9.) and adding the square 
on DB to each, therefore the squares on AD, DB are equal to the squares 
on AC, CD and twice the rectangle AC, CD together with the square on 
DB ; or to the squares on BC, CD and twice the rectangle BC, CD with 
the square on DB, because BC is equal to AC, 

But the squares on BC, CD are equal to twice the rectangle BC, CD, 
with the square on DB, (Euc. ii. 7.) 

Wheremre Uie squares on AD, DB are equal to twice the squares on 
BC and CD, 

Prop. IX. Algebraically. 

Let AB contain 2a linear units, its half ^Cor BC will contain a units ; 
and let CD the line between the points of section contain m units. 

Also AD the greater of the two imequal parts contains a -{-m units, 

and DB the less contains a-^m units. 

Then (a + m)« » a* + 2am + m\ 

and (a — m)* s a* — 2am + m*. 

Hence by adding these equals, 

/. (a + m)* + (a - m)» s 2a> + 2m\ 

p6 
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That is, If a number be divided into two equal parts, and also into trro 
unequal parts, the sum of the squares of the two unequal parts is equal 
to twice the square of half the number itself, and twice the square of 
half the difference of the unequal parts. 

The proof of Prop. x. may be deduced from Euc. ii. 4, 7, as Prop. ix. 

Prop. X. Algebraically. 

Let the line AB contain 2a linear units, of which its half AC or CB 
will contain a units ; 

and let BD contain m units. 

Then the whole line and the part produced will contain 2a + m units, 

and half the line and the part produced will contain a-\-tn units, 

/. (2a + m)* = 4a* + 4om + m\ 

add m* to each of these equals, 

/, (2a +»»)• + w* = 4a« 4- 4am + 2m\ 

Again, (a -^ m)* =s a* + 2am + m*, 

add a* to each of these equals, 

/. (a + «»)* + a» = 2a* + 2am + m*, 

and doubling these equals, 

.*. 2 (a + m)* + 2o* = 4a* + 4am + 2m*. 

But (2a + m)* + m* = 4a* + 4am + 2m*. 

Hence .*. (2a + m)* + m» = 2a* + 2 (o + m)*. 

That is. If a number be divided into two equal parts, and the whole 
number and one of the parts be increased by the addition of another num- 
ber, the squares of the whole number thus increased, and of the number 
by which it is increased, are equal to double the squares of half the num- 
ber, and of half the number increased. 

The algebraical results of Prop, ix, and Prop, x, are identical, (the 
enunciations of the two Props, arising, as in Prop, v, and Prop, vi, from 
the two ways of exhibiting the difference between two lines) ; and both 
may be included under ine following proposition: The square on the 
sum of two lines and the square' on their difference, are together equal to 
double the sum of the squares on the two lines. 

Prop. XI. ^ Two series of lines, one series decreasing and the other 
series increasing in magnitude, and each line divided in the same man- 
ner may be found by means of this proposition. 

(1) To find the decreasing series. 

In the fig. Euc. ii. 11, AB ^ AH + BBf 

and taikce AB. BH = AH\ .-. {AH + BH) . BH = JH*, 

.-. BH^ = AH^ - AH, BH^AH, {AH - BH), 

If now in HA, HL be taken equal to BH^ 

then HL* = AH {AH - HL), or AH.AL:= HL* : 

that is, AH is divided in X, so that the rectangle contained by the whole 
line AH and one part, is equal to the square on the other part HL, By a 
similar process, HL may be so divided ; and so on, by always taking from 
the greater part of the divided line, a part equal to the less. 

(2) To find the increasing series. 

From the fig. it is obvious that CF,FA ^ CA\ 
Hence CF is divided in A, in the same manner as AB is divided in H, 
by adding AF a line equal to the greater segment, to the given line CA 
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or AB, And by successively adding to the last line thus divided, its 
greater segment* a series of lines increasing in magnitude may be found 
similarly divided to jiB, 

It may also be shewn that the squares on the whole line and on the less 
segment are equal to three times the square on the greater segment. 
(Euc. xni. 4.) 

To solve Prop, zi, algebraically, or to find the point H in AB such 
that the rectangle contained by the whole line AB and the part JETfi shall 
be equal to the square on the other part AH, 

Let AB contain a linear units, and AH one of the unknown parts con- 
tain d; units, 

then the other part HB oontains a —x units. 

And /. a (a — a?) =s «*, by the problem, 

OT a^ -{- tuB ss a\ A quadratic equation. 

__ + a Vs — » 

Whence x «= s • 

« 

The former of thes/9 values of x determines the point ff. 

V5 — 1 
So that X as jrr— . AB = AB, one part, 

8'— a//5 
and a — « ss o — AH = — - — , AB s:HB, the other part. 

It may be observed, that the parts AH and HB cannot be numerically 
expressed by any rational number. Approximation to their true values 
in terms of AB, may be made to any required degree of accuracy, by ex- 
tending the extraction of the square root of 5 to any number of aecimals. 

To ascertain the meaning of the other result a; a — — r — . a. 

In the equation a (a — ;r) s x*, 
for X write — a?, then a(a -^ x) = x*, 
which when translated into words gives the following problem. 

To find the length to which a given line must be produced so that the 
rectangle contained by the given line and the line made up of the given line 
and the part produced, may be equal to the square on the part produced. 

Or, the problem may also be expressed as follows : 

To find two lines having a given difference, such that the rectangle con* 
tained by the difference and one of them may be equal to the square on 
the other. 

It may here be remarked, that Prop. xz. Book iit aflbrds a simple 
Geometrical construction for a quadratic equation. 

Prop. xn. Alge1;)raically. 
Assuming the truth of Euc. i. 47. 

Let BC, CA, AB contain a, 6, e linear units respeotiTelyy 

and let CD, DA, contain m, n units, 

then BD contains a + m units. 

And therefore, c^ ca (a + m)* + n', from the right-angled triangle ABDf 

also 6* s m* + n* from ACD ; 
.', c* - i* - (a + «»)■ - «»• 

B= a* + 2am + m* — »• 
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■> a' + 2am, 
/. c» a= 6* + a* + 2am, 
that is, 0* is greater than 6* + a' hj 2am. 

Prop. zni. Case ii. may be proved more simply as follows. 

Since BD is divided into two parts in the point /), 
therefore the squares on CB^ BD are equal to twice the rectangle con- 
tained by CB, BD and the square on CD ; (ii. 7.) 

add the square on i4D to each of these equals ; 
therefore the squares on CB, BD, DA are equal to twice the rectangle 

CB, BD, and the squares on CD and DA, 
but the squares on BD, DA are equal to the square on AB, (i. 47.) 

and the squares on CD, DA are equal to the square on AC, 
therefore the squares on CB, BA are equal to the square on ^C, and 

twice the rectangle CB, BD, That is, &c. 
Prop. xin. Algebraically. 

Let BC, CA, AB contain respectively a, b, e linear onitB, and let BD 
and AD also contain m and n imits. 

Case I. Then DC contains a — m units. 

Therefore c* ss n* + m^ from the right-angled triangle ABDf 
and J» = n» + (a - m)* from ADCi 
,% «• -. ft« = »,« « (a - m)« 

8B m' — a* + 2am — m* 
cs ~ a* + 2am, 
/, a* + c* = 6» + 2am, 
or 6* + 2am = a* + i^, 

that is, 6* is less than a* + ^ by 2am. 
Case II. DC ^m^a units, 

.% <^ ism* + n* from, the right-angled triangle ABDf 
and 6» = (m - a)« + n» from ACD^ 
:. (^^h*^m*-{m^ a)\ 

s: m* ^m* ■\- 2(un — a* 
B 2am ~ a*, 
/, a^ + c« = 6* + 2am, 

or b* + 2am =s{i^ -{- f*^ 
that is, 6* is less than a* + c* by 2am. 
Case ni. Here m is equal to a. 

And 6* + a' B c', from the right-angled triangle ABC. 

Add to each of these equals a*, 

:, &• + 2a" = c" + a% 

that is, 6* is less than c* + o^ by 2a', or 2aa. 

These two propositions, Euc. ii. 12, 13, with Euc. i. 47» exhibit the 
relations which subsist between the sides of an obtuse-angled, an acute- 
angled, and right-angled triangle respectively. 
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NOTE ON THE ABBREVIATIONS AND ALGEBRAICAL 
SYMBOLS EMPLOYED IN GEOMETRY. 

Trb ancient Geometry of the Greeks admitted no Bymbols besides the 
diagrams and ordinary language. In later times, after symbols of opera- 
tion had been devised by writers on Algebra, they were very soon adopted 
and employed on account of their brevity and convenience, in writmgs 
purely geometrical. Dr. Barrow was one of the first who introduced 
algebraical symbols into the lan^age of Elementary Geometry, and dis- 
tinctly states in the preface to his Euclid, that his object is ** to content 
the desires of those who are delighted more with symbolical than verbal 
demonstrations." As algebraicsu symbols are employed in almost all 
works on the mathematics, whether geometrical or not, it seems proper 
in this place to give some brief account of the marks which may be re- 
garded as the alphabet of svmbolical language. 

The mark = was first used by Robert Recorde, in his treatise on Algebra 
entitled, ** The Whetstone of Witte," 1667. He remarks ; *< And to avoide 
the tediouse repetition of these woordes : is equalle to : I will sette as I 
doe often in woorke use, a paire of paralleles, or Gemowe lines of one 
lengthe, thus : =, bicause noe 2 thynges can be more equidle." It was 
employed by him as simply affirming the equality of two numerical or 
algebraical expressions. Geometrical equality is not exactly the same 
as numerical equality, and when this s^bol is used in geometrical reason- 
ings, it must be understood as havmg reference to pure geometrical 
equality. 

The signs of relative magnitude, > meaning, is greater than^ and <, ie 
less thattt were first introduced into algebra by Thomas Harriot, in his 
** Artis Analytics Praxis," which was published after Ms death in 1631. 

The signs + and — were firstemployed by Michael Stifel, in his **Arith- 
metica Integra," which was published in 1644. The sign + was employed 
by him for the word pluSf and the sign — , for the word minus. These 
signB were used by Stifel strictly as me arithmetical or algebraical signs 
of addition and subtraction. 

The siffn of multiplication x was first introduced by Oughtred in his 
*<Clavi8 Mathematica," which was published in 1631. In algebraicid 
multiplication he either connects the letters which form the factors of a 
product bv the sign x , or writes them as words without any sign or mark 
Detween tnem, as had been done before by Harriot, who first introduced 
the small letters to designate known and unknown quantities. However 
concise and convenient the notation AB x BC or AB . BC may be in 
practice for ** the rectangle contained hg the lines AB and BC" ; the student 
18 cautioned against the use of it, in the early part of his geometrical 
studies, as its use is likelv to occasion a misapprehension of Euclid's 
meaning, by confounding the idea of Geometrictd equality with that of 
Arithmetical equality. Later writers on Geometry who employed the 
Latin language, explained the notation AB x BC^ by ** AB dvctum in 
BC" ; that is, if the line AB he carried along the line BC in a normal 
position to it, until it come to the end C, it wifi then form with BCf the 
rectangle contained by AB and BC. Dr. Barrow sometimes expresses 
** the rectangle contained bg AB and BC" by *' the rectangle ABC" 

Michael Stifel was the first who introduced integral exponents to 
denote the powers of a^braical symbols of quantity, for which he em- 
ployed capital letters. Yieta afterwards used tne vowels to denote known, 
and the consonants, unknown quantities, bat used words to designate the 
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powers. Simon Sterin, in his treatise on Algebra, whieli was pnblisbed 
in 1605, imffroved the notation of Stifel, by placing the figures that in- 
dicated the powers within small circles. Peter Ramus adopted the 
initial letters /, q, e, bq of lotus, guadratua, cubut, biquadrahu^ as the nota- 
tion of the first four powers. Harriot exhibited the different powers of 
algebraical symbols by repeating the symbol, two, three, four, &c. times, 
according to the order of the power. Descartes restored the numerical 
exponents of powers, placing them at the right of the numbers, or symbols 
of quantity, as at the present time. Dr. Barrow employed tiie notation 
ABq, ioT " the sqtMre on the line AB" in his edition of Euclid. The 
notations AI^, AB^, for '* the equare and cube on the line whose extremities 
are A and B" as well as AB x BC, for ** the rectangle contained by AB 
and BCt* are used as abbreviations in almost all works on the Mathe- 
matics, though not wholly consistent with the algebraical notations a* 
and a'. 

The symbol V» being originally the initial letter of the word radix^ was 
first used by Stifel to denote the square root of the number, or of the 
symbol, before which it is placed. 

The Hindus, in their treatises on Algebra, indicated the ratio of two 
numbers, or of two algebraical symbols, by placing one aboye the other, 
without any Une of separation. The line was first mtroduced by the Ara- 
bians, from whom it passed to the Italians, and from them to tne rest of 
Europe. ^ This notation has been employed for the expression of geome- 
trical ratios by almost all writers on the Mathematics, on account of its 
great convenience. Oughtred first used points to indicate proportion ; 
thus, a : 6 :: :<{, means Uiat a bean the same proportion to 6, as c does to «{. 



QUESTIONS ON BOOK IL 

1. Is rectangle the same as rectus angulust Explain the distinction, 
and give the corresponding Greek terms. 

2. What IB meant by ^ eum of two, or more than two straight lines 
in Geometry } 

3. Is there any difference between the straight lines by which a rect- 
angle is said to be contained, and those by which it is bounded? 

4. Define a gnomon. How many gnomons appear from the same con- 
struction in the same rectangle ? Find the difference between them. 

5. What axiom is assiuned in proving the first eight propositions of 
the Second Book of Euclid i 

6. Of equal squares and equal rectangles, which must neeessarUg coin- 
eide? 

7. How may a rectangle be dissected so as to form an equivalent 
rectangle of any proposed length } 

8. When the acyacent sides of a rectangle are commensurable, the area 
(tf the rectangle is properly represented by the product of the number of 
units in two adjacent sides of the rectangle. Illustrate tlus by considering 
the case when the two adjacent sides contain 3 and 4 units respectively, 
and distinguish between the units of the factors and the imits of the product. 
Shew generally that a rectangle whose adjacent sides arerepresentedby the 
integers a and 6, is represented by ab. Also shew, that in the same sense, 

ab ^ a b 

the rectangle is represented by — , if the sides be represented by — » - • 

0111 !•• ^ 
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9. Why may not Algebraical or Arithmetical proofs be substituted (as 
being shorter) tor the demonstrations of the Propositions in the Second 
Book of Euclid } 

10. In what sense is the area of a triangle said to be equal to half the 
product of its base and its altitude ? What two propositions of Euclid 
may be adduced to prove it } 

11. How do you shew that the area of a rhombus is equal to half the 
rectangle contained by the diagonals ? 

12. How may a rule be deduced for finding a numerical expression 
for the area of any parallelogram, when two adjacent sides are given? 

13. The area of a trapezium which has two of its sides parallel is equal 
to that of a rectangle contained by its altitude and half the sum of its 
parallel sides. What propositions of the First and Second Books of Euclid 
are employed to prove this } Of what service is the above in the men- 
suration of fields with irregular borders ? 

14. From what propositions of Euclid may be deduced the following 
rule for finding the area of any quadrilateral figure : —■** Multiply the sum 
of the perpendiculars drawn from opposite angles of the figure upon the 
diagonal joining the other two angles, and take half the product. ' 

15. In Euchd, ii. 3, where must be the point of division of the line, so 
that the rectangle contained by the two parts may be a maximum } Ex-- 
emplify in the case where the line is 12 inches long. 

16. How may the demonstration of Euclid ii. 4, be legitimately short- 
ened ? Grive the Algebraical proof, and state on what suppositions it can 
be Regarded as a proof. 

17. Shew that the proof of Euc. n. 4, can be deduced from the two 
previoiis propositions without any geometrical construction. 

18. Shew that if the two complements be together equal to the two 
squares, the given line is bisected. 

19. If the line AB^ as in Euc. ii. 4, be divided into any three parts, 
enunciate and prove the analogous proposition. 

20. Prove geometrically that if a straight line be trisected, the square 
on the whole Ime equals nine times the square on a third part of it. 

21. Deduce from Euc. ii. 4, a proof of Euc. i. 47. 

22. If a straight line be divided into two parts, when is the rectangle 
contained by the parts, the greatest potaibiet and when is the sum of the 
squares of the parts, tfie least possible? 

23. Shew that if a line be divided into two equal parts and into two 
tmequal parts ; the part of the line between the points of section is equal 
to half the difierence of the unequal parts. 

24. If half the sum of two unequal lines be increased by half their 
difference, the sum wUl be equal to the ^eater line : and if the simi of 
two lines be diminished by half their difierence, the remainder will be 
equal to the less line. 

25. Explain what is meant by the internal and external segments of a 
line ; and show that the sum of the external segments of a line or t^ 
difierence of the internal segments is double the distance between the 
points of section and bisection of the line. 

26. Shew how Euc. ii. 6, may be deduced immediately from the 
preceding Proposition. 

27. Prove u-eometrically that the squares on the sum and difierence 
of two lines are equal to twice the squares on the lines themselves. 

28. A given rectangle is divided bv two straight lines into four rect- 
angles. Given the areas of the two which have not common sides : find 
the areas of the other two. 
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29. In how many ways may the difference of two lines be exhibited ? 
Enunciate the propositions in Book ii. which depend on that circumstance. 

30. How may a series of lines be found sinularly divided to the line 
ABmBvLC, n. 11? 

31. Divide Algebraically a g^ven line (a) into two parts, such that 
the rectangle contained by the whole and one part may be equal to the 
square of the other part. Deduce Euclid's construction from one so- 
lution, and explain the other. 

32. Given the lesser segment of a line, divided as in Euc. ii. 11, 
find the greater. 

33. Enunciate the Arithmetical theorems expressed by the following 
Algebraical formulae, 

(a + 6)" = a" + 2fli + 6»:o« - 6« = (a+6) (a-d) : (a-d)« = a« - 2a6 + 6«, 

and state the corresponding Geometrical propositions. 

34. Shew that Uie first of the Algebraical propositions, 

(a + a?) (a -«)+«*«= »• : (« + «)' + (a - «)» = 2a" + 2a;*, 
is equivalent to the two propositions v. and vi., and the second of them, 
to the two propositions ix. and x. of the Second Book of Euclid. 

35. Prove Euc. ii. 12, when the perpendicular BE is drawn firom 
B on AC produced to E, and shew that the rectangle BC, CD is equal 
to the rectangle AC, CE. 

36. Include the first two cases of Euc. n. 13, in one proof. 

37. In ^e second case of Euc. ii. 13, draw a perpendicular CE firom 
the obtuse angle C upon the side AB, and prove that the square on AB 
is equal to ^e rectangle AB, AE together with the rectangle BC, BD. 

38. Enunciate Euc. ii. 13, and give an Algebraical or Arithmetical 
proof of it. 

39. The sides of a triangle are as 3, 4, 5, Determine whether the 
angles between 3, 4 ; 4, 5 ; and 3, 6 ; respectiyely are greater than, equal 
to, or less than, a right angle. 

40. Two sides of a triangle are 4 and 6 inches in length, if the 
third side be 6^ inches, the triangle is acute-angled, but u it be 6 ^ 
inches, the triangle is obtuse-angled. 

41. A triangle has its sides 7, 8, 9 units respectively; a strip of 
breadth 2 units being taken off all round from the triangle, find the 
area of the remainder. 

42. If the original figure, Euc. n. 14, were a right-angled triangle, 
whose 8i<iet were represented by 8 and 9, what number would represent 
the side of a square of the same area } Shew that the perimeter of the 
square ia less Uian the perimeter of the triangle. 

43. If the sides of a rectangle are 8 feet and 2 feet, what is the side 
of the equivalent square ? 

44. ** All plane rectilineal figures admit of quadrature." Point out 
the succession of steps by whidi Euclid establishes the truth of this 
proposition. 

46. Explain the construction (without proof) tor making a square 
equal to a plane polygon. 

46. Shew from Euc. n. 14, that any algebraical surd as Va can be 
represented by a line, if the unit be a line. 

47. Could any of the propasUioru of the Second Book be made ot>- 
roUaries to other propositions, with advantage ? Point out anv such pro- 
positions, and give your reasons for the alterations you would make. 



GEOMETRICAL EXERCISES ON BOOK H. 



PROPOSITION L PROBLEM. 

Divide a ffiven straight line into two parte eueh^ thai their rectangle may 
he equal to a given equaref and determine the greatest eguare whieh the 
rectangle can equal. 

Let ABhe £he given straight line, and let 3f be the side of the 
giyen square. 

It is required to divide the line AB into two parts, so that the 
rectangle contained by them may be equal to the square on 3f, 

D E 




AFC B 

Bisect AB in C, with center C, and radius CA or CBf describe the 
semicircle ADB. ' 

At the point B draw BE at risht angles to AB and equal to M. 

Througn E, draw ED paraUel to AB and cutting the semicircle 
in2); . 

and draw DF paraUel to EB meeting AB in F. 

Then AB is divided in F^ so that the rectangle AF, FB is equal 
to the square on M, (ll. 14.) 

The square will be the greatest, when ED touches the semicircle, 
or when 3f is equal to half of the given line AB. 



PROPOSITION n. THEOREM. 

The square on the excess of one straight line above another is less than the 
squares on the ttoo lines hg twice their rectangle. 

Let AB^ BChe the two straight lines, whose difference is AC, 
Then the square on ^ C is less than the squares on AB and BChy 
twice the rectangle contained by AB and BC. 

A c B 



G 

A 

) ] 


? B 



Constructing as in Prop. 4. Book lI. 

Because the complement .^ & is equal to OE, 

add to each CK, 

therefore the whole AKla equal to the whole CE; 
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and AK, CE together are double of AK) 
but AKj CE are me gnomon AKFkdA CKj 
and AK is the rectangle contained by AB, BC; 
therefore the gnomon AKF and CK, 
are equal to twice the rectangle AB^BC^ 
but AE^ CK are equal to the squares otlAB^BC\ 
taking the former equals from these equals, 
therefore the difference oi AE and the gnomon AKF is equal to 
the difference between the squares on AB^ BC, and twice the rectangle 
ABy BC; 

but the difference AE and the gnomon AKF is the figure MF, 
which is equal to the square on A C. 
Wherefore the square on ^ C is equal to the difference between the 
squares on ABf BC, and twice the rectangle AB, BC. 



PROPOSITION in. THEOREM, 

In any triangle the squares on ths two aides are together double of the 
aguaree on half the base and on the straight line joining Us bisection with the 
opposite angle. 

Let ^i^Cbe a triangle, and ^2) the line drawn from the vertex A 
to the bisection D of the base BC, 

A 




From A draw AE perpendicular to BC. 
Then, in the obtuse-angled triangle ABD, (ii. 12.) ; 
the square Qn AB exceeds the squares on AD, DB, by twice the 
rectanffle BD, DE: 

and in the acute-angled triangle ADC, (ll. 13.) ; 
the square on ^C is less than the squares on AD, DC, by twice 
the rectangle CD, DE: 
wherefore, since me rectangle BD, DE is equal to the rectangle CD, 
DE', it follows that uie squares on AB, AC Bxe double of the 
squares on AD, DB. 



PROPOSITION IV. THEOREM. 

If straight lines be drawn from each angle of a triangle bisecting the 
opposite sides, four times the sum of tJie squares on these lines is equal to 
three times the sum of the squares on the sides of the triangle. 

Let ABC he any triangle, and let AD, BE, CF be drawn from 
A, B, C, to D, E, P, the bisections of the opposite sides of the tri- 
angle : draw AO perpendicular to ^d 
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J^ 



D O 

Then tlie square on A B 16 equal to the squares on JBD, DA together 
with twice the rectangle BD, BG, (ll. 12.) 

and the square on ^ C is equal to the squares on CD, DA dimi- 
nished by twice the rectangle CD, DG; (ii. 13.) 
th^efore the squares on AB, ACoie equal to twice the square on 

BD, and twice the square on .^D; for DC is equal to BD : 
and twice the squares on AB, ACoie equal to the square on BC, 

and four times the square on AD : for J? C is (wice BD. 
Similarl;^, twice the squares on AB, BC are equal to the square on 
AC, and four times the square on BE: 

also twice the squares on BC, CA are equal to the square on AB, 
and four times the square on FC: 

hence, oy adding these equals, 
four times the squares onAB,AC,BCa.Te equal to four times the 
squares on^D, BJB, Cl'together with the squares onAB,AC,BC: 
and taking the squares on AB, AC, BC from these equals, 
therefore three times the squares on AB, AC, BCdJce equal to four 
times the squares on AD, BE, CF. 



PROPOSITION V. THEOREM. 

The sum of the perpendictUara let faU from any point within an equila- 
teral triangle, will be equal to the perpendicular let fall from one of its 
angles upon the opposite side. Is this proposition true when the point is in 
one of the sides of the triangle t In what manner must the preposition be 
enunciated when the point is without the triangle t 

Let ABC he an equilateral triangle, and P any point within it: • 
and from Pletfall PD,PE, Pi^^perpendicularson the sides AB, BC, 
CA respectively, also from.^ let fall A G perpendicular on the base BC, 
Then AG is equal to the sum of Pi>, PE, PF. 




From P draw PA, PB, PC to the angles A, B, C. 
Thexi the triangle ABCia equal to the three triangles PAB, PBC, 
PCA. 
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But since eTery rectangle is double of a triangle of the same base 
and altitude, (i. 41.) 

therefore the rectangle *J[ (?, BCi is equal to the three rectangles 
AB, PD; AC, PF and BC, PE. 

Whence the line AG is equal to the sum of the lines PD, PE, PF, 
If the point P fall on one side of the triangle, or coincide with Ei 
then the triangle ABCi& equal to the two tiiangles A PC, BPA : 
whence ^G' is equal to the sum of the two perpendiculars PD, PF, 
If the point P fall without the base BCo{ the triangle : 

then the triangle ^^Cis equal to the difference between the sum 
of the two triangles APC, BPA, and the triangle PCB. 

Whence AOis equal to the difference between the sum of PD, 
PF, and PE. 



6. If the straight line AB be divided into two unequal parts m 
JD, and into two unequal parts in E, the rectangle contained by AE, 
EB, will be greater or less than the rectangle contained by AD, DB, 
according as ^ is nearer to, or further from, the middle point of AB, 
than D. 

7. Produce a given straight line in such a manner that the square 
on the whole line thus produced, shall be equal to twice the square on 
the given line. 

8. If AB be the line so divided in the points C and D, (fig. £uc, 
11.5.) shewthat .4^=4. CD* + 4. J[2).D5. 

9. Divide a straight line into two parts, such that the sum of their 
squares may be the least possible. 

10. Divide a line into two parts, such that the sum of their 
squares shall be double the square on another line. 

11. Shew that the difference between the squares on the two un- 
equal parts (fig. Euc. ii. 9.) is equal to twice the rectangle contained 
by the whole line, and the part between the points of section. 

12. Shew how in all the possible cases, a straight line may be 
geometrically divided into two such parts, that the sum of their squares 
shall be e(jual to a given square. 

13. Divide a given straight line into two parts, such that the 
squares on the whole line and on one of the parts snail be equal to twice 
the square on the other part. 

14. Any rectangle is the half of the rectangle contained by the 
diameters of the squares on its two sides. 

15. If a straight line be divided into two equal and into two un- 
equal parts, the squares on the two unequal parts are equal to twice 
the rectangle contained by the two imequal parts, together with four 
times the souare on the line between the points of section. 

16. If tne points C, JD be equidistant from the extremities of the 
straight line AB, shew that the squares constructed on AD and AC, 
exceed twice the rectangle AC,Al)\3iY the square constructed on CD, 

17. If any point be taken in the plane of a parallelogram from 
which perpendiculars are let fall on tlie diagonal, and on the sides 
which include it, the rectangle of the diagonal and the perpendicular 
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on it, is equal to the sum or differeuce of the rectangles of the sides 
and the perpendiculars on them. 

18. ABCD is a rectangular parallelogram, of which -4, C are 
opposite angles, E any point m BU, -Pany point in CD, Prove that 
twice the area of the triangle AEF togetner with the rectangle BE^ 
DF is equal to the parallelogram A C. 

n. 

19. Shew how to produce a ffiven line, so that the rectangle con- 
tained hy the whole line thus produced, an4 the produced part, shall he 
equal to the square (1) on the given line ^2) on the partproduced. 

20. If in the figure Euc. ii. 11, we jom BF and CJ^and produce 
CH to meet BF in X, CL is perpendicular to BF, 

21. K a line he divided, as in Euc. u. 1 1 , the squares on the whole 
line and one of the parts are together three times the square on the 
other part 

22. If in the fig. Euc. n. 11, the points F, D he joined cutting 
AHB, GHKinf, tf respectively; then shall Ff^Dd. 

m. 

23. If from the three angles of a triangle, lines be drawn to the 
points of bisection of the opposite sides, the squares on the distances 
oetween the angles and the common intersection, are together one-third 
of the squares on the sides of the triangle. 

24. ABC is a triangle of which the angle at Cis obtuse, and the 
anele at J? is half a right angle : 2> is the middle point ofAB, and CE 
is drawn perpendicular to AB. Shew that the square on ^ Cis double 
of the squares on AD and DE, 

25. If an angle of a triangle be two-thirds of two right angles, 
shew that the square on the side subtending that angle is equal to the 
squares on the sides containing it, together with the rectangle con- 
tamed bythose sides. 

26. The square described on a straight line drawn from one of 
the angles at the base of a triangle to the middle point of the opposite 
side, is equal to the sum or difference of the square on half the side 
bisected, and the rectangle contained between the base and ti^at part of 
it, or of it produced, which is intercepted between the same angle and 
a perpendicular drawn from the vertex. 

27. ABCiasL triangle of which the angle at Cis obtuse, and the 
angle at ^ is half a right angle : D is the middle point of AB^ and 
CE is drawn perpendicular to AB, Shew that the square on AC is 
double of the squares on AD and DE. 

28. Produce one side of a scalene triangle, so that the rectangle 
under it and the produced part may be equal to the difference of me 
squares on the otner two sides. 

29. Given the base of any triangle, the area, and the line bisecting 
the base, construct the triangle. 
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IV. 

30. Shew that the sq^uare on the hypotenuse of a right-angled 
triangle, is equal to four times the area of the triangle together with 
the square on the difference of the sides. 

31. In the triangle ABC, if ^2) be the perpendicular let fall 
upon the side JBC; then the square on ^C together with the rectangle 
contained by SC, BD is equal to the square on AB togetiier with 
the rectangle CB^ CD, 

32. ^^Cis a triangle, right angled at C, and CD is the perpen- 
dicular let fall from Cupon AB\ if HK is equal to the sum of the 
sides AC, CB, and Xilf to the sum, of ^^, CI), shew that the square 
on HK together with the square on CD is equal to the square on LM» 

3-3. a!bCi^ a triangle naving the angle at j9 a right angle : it is 
required to find in .^^ a point P such that the square on .^ C may 
exceed the squares on AP and PC hy half the square on AB, 

34. In a right-angled triangle, the square on that side which is the 
greater of the two sides containing the right angle, is equal to the 
rectangle by the sum and difference of the other sides. 

35. The hypotenuse AB of a right-angled triangle ABC h tri- 
sected in the pomts D, E; prove that if CD, CE be joined, the sum 
of the squares on the sides of the triangle CDE is equal to two-thirds 
of the square on AB, 

36. From the hypotenuse of a right-angled triangle portions are 
cut off equal to the adjacent sides : shew that the square on the middle 
segment is equiyalent to twice the rectangle under the extreme 
segments. 

V. 

37. Prove that the squaxe on any straight line drawn from the 
vertex of an isosceles triangle to the base, is less than the square on a 
side of the triangle by the rectangle contained by the segments of the 
base : and conversely. 

38. If from one of the equal angles of an isosceles triangle a per- 
pendicular be drawn to the opposite side, the rectangle contained by 
that side and the segment of it intercepted between me perpendicular 
and base, is equal to the half of the square described upon the base. 

39. If in an isosceles triangle a perpendicular be let fall from one 
of the equal angles to the opposite side, the square on the perpendicu- 
lar is equal to Uie squai^e on the line intercepted between tne other 
equal angle and the perpendicular, together with twice the rectangle 
contained by the segments of that side. 

40. The square on the base of an isosceles triangle whose vertical 
angle is a right angle, is equal to four times the area of the triangle. 

41. Describe an isosceles obtuse-angled triangle, such that the 
square on the side subtending the obtuse angle may be three times the 
square on either of the sides containing the obtuse angle. 

42. JfAB, one of the sides of an isosceles triangle ^^C be pro- 
duced beyond the base to D, so tliat BD = AB, shew that 

CD*=AB*^2.BC. 
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43. IS ABC be an isosceles triangle, and BE be drawn parallel 
to the base BC, and EB be joined; prove that J?J^» = ^Cv DE^ CE*. 

44. If ^^C be an isosceles triangle of which the angles at B and 
C are each double of ^ ; then the square on ^ C is equal to the square 
on BC together with the rectangle contained hy AC and BC, 

VL 

45. Shew that in a parallelogram the sq^uares on the diagonals are 
equal to the sum of the squares on all the sides. 

46. liABCJ) be any rectangle, A and C being opposite angles, 
and O any point either within or without the rectangle : 

OA^^OC*^OB*^OD\ 

47. In any quadrilateral figure, the sum of the squares on the 
diag6nals together with four times the square on the line joining their 
middle points, is equal to the sum of the squares on all the sides. 

48. In any trapezium, if the opposite sides be bisected, the sum 
of the squares on tne other two sides, together with die squares on the 
diagonals, is equal to the sum of the squares on the bisected sides, 
together with four times the square on the line joining the points of 
bisection. 

49. The squares on the diagonals of a trapezium are together 
double the squares on the two lines joining tne bisections of the 
opposite sides. 

50. In any trapezium two of whose sides are parallel, the squares 
on the diagonals are together equal to the squares on its two sides which 
are not parallel, and twice the rectangle contained by the sides which 
are parallel. 

51. If the two sides of a trapezium be parallel, shew that its 
area is equal to that of a rectangle contained by its altitude and half 
the sum of the parallel sides. 

52. If a trapezium have two sides parallel, and the other two equal, 
shew that the rectangle contained by the two parallel sides, together 
with the Bqu&re on one of the other sides, will be equal to the square 
on the straight line joining two opposite angles of the trapezium. 

53. If squares be described on the sides of any triangle and the 
angular points of the squares be joined ; the sum of the squares on the 
sides of the hexagonal figure thus formed is equal to four times the 
sum of the squares on the sides of the triangle. 

vn. 

64. Find the side of a square equal to a given equilateral triangle. 

55. Find a square which shall be equal to the sum of two given 
rectilineal fisnires. 

56. To divide a given straight line so that the rectangle under its 
segments may be equal to a^given rectangle. 

57. Construct a rectangle equal to a given square and having the 
difference of its sides equal to a given straight line. 

58. Shew how to describe a rectangle e^ual to a given square, and 
having one of its sides equal to a given straight line. 
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DEFINITIONS. 



Equal circles are those of which the diameten are equal, or from 
tlie centers of which the straight lines to the drcomferencea are 
equaL 

This is not a definition, but a theorem, the truth of which is evident; for, 
if the drdes be applied to one another, bo that their centers coincide, the 
circles must likewise coincide, since the straight lines from the centers are 
equal. 

XL 

A straight line is said to touch a circle when it meets the circle, 
and being produced does not cut it. 



m. 



Circles are said to touch one another, which meet, but do not cut 
one another. 

IV. 

Straight lines are said to be equally distant from the center of a 
circle, men the perpendiculars drawn to them from the center are 
equaL 




V. 

And the straight line on which the greater perpendicular falls, is 
said to be furUier from the center. 

VL 

A segment of a circle is the figure contained by a straight line, and 
the arc or the part of the circum&rence which it cuts ofL 
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vn. 

The angle of a segment is that which is contained by a straight 
line and a part of the circumference. 

vm. 

An angle in a segment is any angle contained by two straight lines 
drawn from any point in the arc of the segment, to the extremities of 
the straight line which is the base of the segment. 

IX. 

An angle is said to insist or stand upon the part of the circum- 
ference intercepted between the straight lines that contain the angle. 




X. 

A sector of a circle is the figure contained by two straight hnes 
drawn from the center and the arc between them. 




Similar segments of circles are those in which the angles are equal, 
or which contain equal angles. 




^ 
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PROPOSITION I. PROBLEM. 

Tojind the center of a given eirele. 

Let ABC be the given circle : it is required to find its center. 




Draw within it any straight line AB to meet the circumference in 
A, B; and bisect AB in £; (i. 10.) from the point D draw DC at 
tight angles to AB, (i. 11.) meeting the circumference in C, produce 
CD to JS to meet the cu'cumference again in JS, and bisect CJS in F. 

Then the point ^ shall be the center of the circle ABC. 
For, if it be not, u possible, let O be the center, and join GA, OD, OB, 
Then, because DA is equal to DB, (constr.) 
and DG common to the two triangles ADG, BDG, 
the two sides AD, DG, are equal to the two BD, DG, each to each ; 
and the base GA is equal to the base GB, (l. def. 15.) 
because they are drawn from the center G : 
therefore the angle ^D6r is equal to the angle GDB : (l 8.) 
but when a straight line standing upon another straight line makes 
the adjacent angles equal to one another, each of the angles is a right 
angle ; (L def. 10.) 

therefore the angle GDB is a right angle : 

but FDB is likewise a riffht arfgle ; Tconstr.) 

wherefore the angle FDB is equal to the angle GDB, (ax. 1.) 

the greater angle equal to the less, which is impossible ; 

therefore S is not the center of the circle ABC, 

In the same manner it can be shewn that no other point out of the 

line C£ is the center ; 

and since CJS is bisected in F, 
any other point in CE divides CJE into unequal parts, and cannot 
DC the center. 

Therefore no point but Fis the center of the circle ABC 

Which was to be found. 
Cor. From this it is manifest, that if in a circle a straight line 
bisects another at right angles, the center of the circle is in the line 
which bisects the other. 



PROPOSITION n. THEOREM. 

If any two points be taken in the circumference of a eirele^ the straight 
Une which joins them shall fall within the circle. 

Let ^^Cbe a circle, and A, B any two points in the circumference. 
Then the straight line drawn from Atoi shall fall within the circle. 
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For if AS do not fall within the circle, 

let it fall, if possible, without the circle as AJEB ; 

find D the center of the circle ABC, (ill. 1.) and join DA, DB\ 

in the circumference AB take any point F^ 

join DFi and produce it to meet AB'inE, 

Then, because DA is equal to DB^ (i. def. 15.) 

therefore the angle DBA is e<jual to the angle DAB ; fl. 5.) 

and because AEfa. side of the triangle DAIS, is producea to B, 

the exterior angle DEB is greater than the interior and opposite 

angle DAE] (l. 16.) 

but DAE was proved to be equal to the angle DBE ; 

therefore the angle DEB is greater than the angle DBE ; 

but to the greater angle the greater side is opposite, (l. 19.) 

therefore DB is greater than DJS : 

but DB is equal to DF; (l- def. 16.) 

wherefore DF is greater than DE, 

the less than the greater, which is impossible ; 

therefore the straight line drawn from A to B does not fall without 

the circle. 
In the same manner, it may be demonstrated that it does not fall 
upon the circumference ; 

therefore it falls within it. 
Wherefore, if any two points, &c. Q.E.D. 

PROPOSITION III. THEOREM. 

If a straight line draum through the center of a circle hieect a straight 
line in it which does not pass through the center ^ it shall cut it at right 
angles : and conversely ^ if it cut it at right angles, it shall bisect it. 

Let ABC he a circle ; and let CD, a straight line drawn through 
the center, bisect any straight line AJB^ which does not pass through 
the center, in the point F, 

Then CD shall cut AB at right angles. 




Take .Ethe center of the circle, (in. 1.) and ioin EA, EB, 

Then, because ^-Pis equal to FB, (hyp.) 

and FE common to the two triangles AFE, BFE, 

o2 
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there are two sides in the one equal to two sides in the other, each 
to each ; 

and the base JSA is equal to the base JSB ; (i. def. 15.) 
therefore the angle AF£! is equal to the angle BFE\ (l. 8.) 
but when a straight line standing upon another straight line makes 
the adjacent angles equal to one another, 

each of them is a right angle ; (i. def. 10.^ 
therefore each of the angles AFE, BFF, is a right angle : 
wherefore the straight line CD, drawn through the center, bisecting 
another AB that does not pass through the center, cuts the same at 
right angles. 

Conversely, let CI) cut AB eX right angles. 
Then CJD shall also bisect AB, that is, ^2^ shall be equal to FB. 

The same construction being made, 
because, FB, FA, from the center are equal to one another, 
(L def. 16.) 

therefore the angle j^^JPis equal to the angle FBF; (L 5.) 
and the right angle AFF is equal to the right anffle BFF ; (L dei. 10.) 

therefore, in the two triangles, FAF, FBF, 
there are two angles in the one equal to two angles in the other, each 

to each ; 
and the side FF, which is opposite to one of the equal angles in each, 
is common to both ; 

therefore Uie other sides are equal ; (l. 26.) 

therefore AF is equaJ to FB. 
Wherefore, if a straight line, &c. aE.D. 

PROPOSITION IV. THEOREM. 

If in a circle two straight lines cut one another, which do not both pass 
through the center, they do not bisect each other. 

Let ABCD be a circle, and AC, BD two straight lines in it which 
cut one another in the point F, and do not both pass through the center. 
Then AC, BD, shall not bisect one another. 




For, if-it be possible, let AF be eaual to FC, and BF to FD. 

If one of the lines pass tnrough the center, 
it is plain that it cannot be oisected by the other which does not 
pass through the center : 

but u neither of them pass through the center, 

find JPthe center of Ihe circle, (in. 1.) and join FF, 

Then because FF, a straight line drawn through the center, bisects 

another ^C which does not pass through the center, (hyp.) 

therefore FF cuts AGot right angles : (m. 3.) 

wherefore FFA is a right angle. 
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Again, because the straiG^ht line FB bisects the straight line BD, 
which does not pass through the center, (hyp.) 

therefore FE cuts BB at right angles : (ni. 3.) 

wherefore FEB is a right angle : 

but FEA was shewn to be a right angle ; 

therefore the angle FEA is equal to the an^le FEB^ (ax. 1.) 

the less equal to the greater, which is impossible : 

therefore AC^ BD do not bisect one another. 

Wherefore, if in a circle, &c. Q. e.d. 

PROPOSITION V. THEOREM. 

If two eirclea cut one another , they ahaU not have the same center. 

Let the two circles ABC^ CBO^ cut one another in the points J&, C. 

They shall not have the same center. 




If possible, let J^be the center of the two circles; join EC, 

and draw any straight line EFO meeting the circumferences in i^and (?. 

And because E is the center of the circle ABC, 

therefore EFis equal to EC: (i. def. 15.) 

again, because E is the center of tne circle CBO, 

therefore EG is equal to EC: (i. def. 15.) 

but EFwoR shewn to be equal to EC; 

therefore j^i^is equal to eO, (ax. 1.) 

the less line equal to the greater, which is impossible. 

Therefore E is not the center of the circles ABC, CDG. 

Wherefore, if two circles, &c. Q.E.D. 

PROPOSITION VI. THEOREM. 
If one circle touch another internally, they shall not have the same center. 

Let the circle CDE touch the circle ^jSC internally in the point C. 

They shall not have the same center. 

c 




If possible, let JPbe the center of the two circles : join FC, 

and draw any straight line FEBj meeting the circumferences in E and B. 

And because i^is the center of the circle ABC, 

FB is equal to FC; (l. def. 15.) 
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also, because Fis the center of the circle CDE, 

FE is equal to FC\ (i. def. 16.) 

but FB was shewn to be equal to FC\ 

therefore FE is equal to FB^ (ax. 1.) 

the less line equal to the greater, which is impossible : 

therefore JPis not the center of the circles ABC, CDE, 

Therefore, if two circles, &c. Q. E. D. 

PROPOSITION Vn. THEOREM. 

If any point be taken in the diameter of a circle which is not the center, 
of all the straight lines which can be draton from it to the circumference, 
the greatest is that in which the center is, and the other part of that 
diameter is the least; and, of the rest, that which is nearer to the 
line which passes through the center is always greater than one more remote : 
and from the same point there can be drawn only two equal straight lines 
to the circumference one upon each side of the diameter , 

Let ABCD be a circle, and AD its diameter, in which let any point 
^be ti^en which is not the center : 

let the center be E, 
Then, of all the straight lines FB, FC, FG &c. that can be drawn 
from F to the circumference, 

FA, that in which the center is, shall be the greatest, 
and FB, the other part of the diameter AD, shall be the least: 
and of the rest, FB, the nearer to FA, shall be greater than FC 
the more remote, and FC greater than FO. 




Join BE, CE, GE. 

Because two sides of a triangle are greater than the third side, (I. 20.) 

therefore BE, EFaregre&ter than BF: 

but AE is equal to BE; (i. def. 15.) 

therefore AE, EF, that is, ^i^is greater than BF* 

i^ain, because BE is equal to CE, 

and P^ common to the triangles BEF, CEF, 

the two sides BE, EF are equal to the two CE, EF, each to each ; 

but the angle BEF is ^eater than the an^le CEF; (ax. 9.^ 

therefore the base BF is greater than the base CF. (l. 24.) 

For the same reason CFis greater than GF. 

Again, because GF, FE are greater than EG, (l. 20.) 

and EG is equal to ED ; 

therefore GF, FE are greater than ED : 

take away the common part FE, 

and the remainder GF is greater than the remainder FD, (ax. 6.) 
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Therefore, FA is the greateat, 

and.f!D the least of all the straight lines irom Ftothecircuiaferenee; 

and BF ia greater than CF, and CF than OF. 

Also, there can be drawn only two equal straight lines &om the 

point f to the circumference, one upon each side of the diameter. 

At the point E, in tha straight line EF, malie the angle FES 
equ&l to the angle FEQ, (i. 23.) andiom F3. 

Then, hecauBB QE is equal to E3, fi. def. 15.) 

and .Ef common to the two triangles OFF, HEF% 

tlie two sides OF, FFbx9 equal to the two HE, EF, each to eaoh; 



but, besides FH, n 
tdreumfaence equal to FO : 

for, ifpossible, let it be FK: 

and because FK'a equal to F&, and FQ to FH, 

therefore FK U equal to FH; (ai. 1.) 

that is, a line nearer to that which passes through the center, it equal 



PROPOSITION VIII. THEOREM. 
If any point be taken icitfumt acinte, and straight llnet ii dram from 
it to iht drcwnferente, tnhereof one pmsei t/irvugh tA« center; of fAoH 
which fati i^ott the concave part of the circumferenet, the greatest is that 
ahich paiiei through the center; and of the rest, that whUh ii nearer to tht 
one pasting through the center is ali&ays greater than one more remote ; but 
of those tehich fall upon the contiex part of the circumferenae, the least it 
that belaeen the point uiithout the circle and tha diameter ; and of the rest, 
that which it nearer to the least is aiaayi less than one mere rejnote; and 
only lua equal straight lines can be drav/nfrom the same point to the circum- 
fertnct, one upon each sida of the line which passes through tha center. 

Let ABC be a circle, and S any point without it, jrom which let 
the straight Unas DA, DE, DF, JJCbe drawn to the circumference, 
whereof .DA pauei through the center. 




Of those which fall upon the concave part of the circumference 
AEFC, the greatest shall be DA, which passes through the center) 
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and any line nearer to it shall be greater than one more remote, 
viz. DE shall be greater than BF, and DF ^eater than DC*, 
but of those which fall upon the convex part of the circumference HLKG, 
the least shall he DO between the point D and the diameter AO; 
and any line nearer to it shall be less than one more remote, 
viz. DK less than DX, and DL less than DH. 
Take 3f the center of the circle ABC, (in. 1.) 
and join ME, MF, MC, MK, ML, MH. 
And because AM is equal to ME, 
add MD to each of these equals, 
therefore AD is equal to EM, MD : (az. 2.) 
but EM, MD are greater than ED ; (I. 20.) 
therefore also AD is greater than ED, 
Again, because ME is equal to MF, and MD common to the tri- 
angles EMD, FMD ; Em, MD, are equal to FM, MD, each to each; 
but the angle EMD is greater than the angle FMD ; (ax. 9.) 
therefore the base ED is greater than the base FD. (i. 24.) 
In like manner it may be shewn that FD is greater than CD. 

Therefore DA is the greatest; 

and DE greater than DF, and DF greater than DC. 

And, because MK, KD are greater uian MD, (l. 20.) 

and MK\% equal to MO, (l def. 15.) 

the remainder KD is greater than the remainder OD, (ax. 5.) 

that is, OD is less than KD : 
and because MLD is a triangle, and from the points M, D, the 
extremities of its side MD, the straight lines MK, DK are drawn to 
the point K within the triangle, 

therefore MK, KD are less than ML, LD: (L 21.) 

but MKis equal to ML; (l def. 15.) 

therefore, the remainder DK is less than the remainder DL. (ax. 5.) 

In like manner it may be shewn, that DL is less than DA 
Therefore, DO is the least, and DK less than DL, and DL less 
than DH. 

Also, there can be drawn only two equal straight lines from the 
point D to the circumference, one upon each side of the Hne which 
passes through the center. 

At the point M, in the strai^t line MD, 
make the angle DMB equal to the angle DMK, (i. 23.) and join DB. 
And because MK is equal to MB, and MD common to the tri- 
angles KMD, BMD, 
the two sides KM, MD are equal to the two BM, MD, each to each ; 
and the angle KMD is equal to the angle BMD ; (constr.) 
therefore the base i^^is equal to the base DB : (l. 4.) 
but, besides DB, no straight line equal to DK can be drawn from D 
to the circumference, 

for, if possible, let it be DN; 

and because DK is equal to DN, and also to DB, 

therefore DB is equal to DN; 

that is, a line nearer to the least is equal to one more remote, 

which has been proved to oe impossible. 

If therefore, any point, &c. Q. E. D. 
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PROPOSITION rX. THEOREM. 

If a point he taken within a circle^ from which there faU more than 
two equal etraigJU Unes to the eircumferencef that point is the center of the 
circle. 

Let the point Dbe taken within the circle ABC, from which to the circum- 
ference there fall more than two equal straight lines, viz. DA, DB, DC. 
Then the point 2) shall oe the center of the circle. 




For, if not, let E, if possible, be the center : 
join DJSj and produce it to meet the circumference in P, G; 
tiien FG is a, diameter of the circle ABC: (i. def. 17.) 
and because in FG, the diameter of the circle ABC, there is taken 
the point i), which is not the center, 
therefore DG is the greatest line drawn from it to the circumference, 
and JDCis ereater than DB, and DB greater than DA : (ill. 7.) 
but these lines are likewise equal, (hyp.) which is impossible: 
therefore F is not the center of the circle ABC, 
In like manner it may be demonstrated, 
that no other point but D is the center ; 
D therefore is the center. 
Wherefore, if a point be taken, &c. Q. E. D. 

PROPOSITION X. THEOREM. 

One eireumference of a circle cannot cut another in more than two points. 

If it be possible, let the circumference ABC cut the circumference 
D-^-Fin more than two points, viz. in B, G, F. 




Take the center K of the circle ABC, (in. 1.) and jom KB, KG, KF. 
Then because K is the center of the circle ABC, 
therefore KB, KG, KF are all equal to each other : (i. def. 15.) 
and because within the circle DEF there is taken the point K, from 
which to the circumference DEF fall more than two equal straight 
Hues KB, KG, KF, 

therefore the point K is the center of the circle DEF: (in. 9.) 
but Kis also the center of the circle ABC', (constr.) 

q5 



180 Euclid's elements. 

therefore the uune point is the center of two circles that cut one 

another, which is impossible, (m. 5.) 
Therefore, one circumference of a circle cannot cut another in more 
than two points. Q. E. D. 

PROPOSITION XI. THEOREM. 

If one circle touch another intemaUy in any pointy the ttraight line 
which joint their centers being produced, shall pate through that point of 
contact. 

Let the circle ADE touch the circle ^^(7 internally in the point A ; 

and let 2^ be the center of the circle ABC, and O the center of the 
circle ADJB; 
then the straight line which joins the centers F, O, being produced, 

shall pass through the point A. 




For, if FG produced do not pass through the point A, 
let it fall otherwise, if possible, as FGDH, and join AF, AO, 
Then, because two sides of a triangle are together greater than the 
third side, (l 20.) 

therefore FG, GA are grreater than FA : 

but FA is equal to FH-, (I. def. 15.) 

therefore FG, GA are greater than FHi 

take away from these unequals the common part FG\ 

therefore the remainder AG\<& greater than the remainder GH; (ax. 6.) 

but AGi% equal to GD\ (i. def. 15.) 

therefore GD is greater than GH, 

the less than the ^eater, which is impossible. 

Therefore the straight line which joins the points F, G, being produced, 

cannot fall otherwise than upon the pomt A, 

that is, it must pass through it. 
Therefore, if one circle, &c. Q.E.D. 

PROPOSITION Xn. THEOREM, 

Ifttoo circles touch each other externally in any point, ilte straight line 
which joins their centers, shall pass through that point of contact. 

Let the two circles ABC, ADE, touch each other externally in the 
point A ; 

and let .Fbe the center of the circle -4 5 C, and G the center of ADE, 
Then the straight line which joins the points F, G, shall pass through 

the point of contact A, 



BOOK III. PROP. XIII. 



ISl 




If not, let it pass otherwise, if possible, as FCDO, and join FA, AQ. 
And because i^is the center of the circle AbC, 

FA is equal to FC : 

also, because O is the center of the circle ADE, 

GA is equal to GD : 

therefore FA, AG are equal to FC, I)G\ (ax. 2.) 

wherefore the whole FG is greater than FA, AG: 

but FG is less than FA, AG; (i. 20.^ which is Impossible: 

therefore the straight line which joins tne points F, G, cannot pass 

otherwise than through A the point of contact, 

that is, FG must pass through the point A. 
Therefore, if two circles, 8iO. Q.E.D. 

PROPOSITION XIII. THEOREM. 

One circle cannot touch another in more points them in one, whetliCi it 
touches it on the inside or outside. 

For, if it be possible, let the circle ^^i^ touch the circle ^J^Cin 
more points than in one. 

and first on the inside, in the points B, D. 





Join BD, and draw 6r'JB' bisecting BD at right angles. (l. 11.) 

Because the points B, D are in the circumferences of each of tne circles, 

therefore tne straight line BD falls within each of them ; (ill. 2.) 

therefore their centers are in the straight line 6r J9^ which bisects J?i) 

at right angles ; (ill. 1. Cor.) 

therefore (7^ passes through the point of contact: (in. 11.) 

out it does not pass through it, 
because the points B^ D are without the straight line GH} 

which is absurd : 
therefore one circle cannot touch another on the inside in more points 
than in one. 
Nor can two circles touch one another on the outside in more than 

in one point. 

For, if it be possible, 

let the circle ACK touch the circle ABC in the points A, C\ 

join -4 C 
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Because the two points A, C are in the circumference of the circle 
ACK, . 

therefore the straight line A C which joins them, falls within the circle 
ACK: (III. 2.J 

but the circle A CK is without the circle ABC\ (hyp.) 

therefore the straight line -4 C is without this last circle : 

but, because the points Ay C are in the circumference of the circle ABC^ 

the straight line ^Cmust be within the same circle, (in. 2.) 

which is absurd ; 
therefore one circle cannot touch another on the outside in more than 

in one point : 
and it has been shewn, that they cannot touch on the inside in more 
points than in one. 

Therefore, one circle, &c. Q.E.D. 

PROPOSITION XIV. THEOREM. 

Equal straight lines in a circle are equally distant from the center ; 
and conversely, those which are equally distant from the center, are equal 
to one another. 

Let the straight lines AB, CD, in the circle ABDC, be equal to 
one another. 

Then AB and CD shall be equally distant from the center. 

c 

A. 




B 

Take E the center of the circle ABDQ (in. 1.) 
from E draw EF, EO perpendiculars to AB, CD, (l. 12.) and join 

EA, EC, 
Then, because the straight line EF passing through the center, 
cuts AB, which does not pass through the center, at right angles ; 
-Ei^ bisects AB in the point F: to. 3.) 
therefore AF is equal to FB, and AB double of AF. 
For the same reason CD is double of CO : 
but AB is equal to CD : (hyp.) 
therefore AF is equal to CO, (ax. 7.) 
And because AE is equal to EC, (i. def. 15.) 
the square on AE is equal to the square on EC: 
but the squares on AF, FEaie equal to the square on AE, (I. 47.) 
because the angle AFE is a right angle ; 
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and for the same reason, the squares on EO, OC are equal to the 

square on EC\ 
therefore the squares on AF, FE are equal to the squares on CG, 
GE: (ax. 1.) 

but the square on AFi% equal to the square on CG, 
because AF is equal to CG ; 
therefore the remaining square on EF is equal to the remaining 
square on EG, (ax. 3.) 
and the straight line ^JPis therefore equal to EG : 
but straight lines in a circle are said to be equally distant from the 
center, when the perpendiculars drawn to them from the center are 
equal : (in. def. 4.) 

* therefore AB, CD are equally distant from the center. 
Conyersely, let the straight lines AJB, CD be equally distant from 
the center, (ui. def. 4.) 

that is, let FE be equal to EG ; 

then AB shall be equal to CD. 

For the same construction being made, 

it may, as before, be demonstrated, 

that AB is double of AF, and CD double of CG, 

and that the squares on FE, ^2^ are equal to the squares on EG, GC: 

but the square on FE is equal to the square on EG, 

because FE is equal to EG*, (hyp.) 

therefore the remaining square on AF is equal to the remaining square 

on CG : (ax. 3.) 

and the straight line AF is therefore equal to CG : 

but AB was shewn to be double of AF, and CD double of CG ; 

wherefore AB is equal to CD. (ax. 6.) 

Therefore equal straight lines, &c. Q. E.D. 

PROPOSITION XV. THEOREM, 

The diameter ia the ffreateat straight line in a circle ; and of the rest, 
that which is nearer to the center is always greater than one more remote: 
and conversely the greater is nearer to the center than the less. 

Let ABCDheiSL circle, of which the diameter is AD, and the center j&; 

and let BChe nearer to the center than FG. 
Then AD shall be greater than any straight line BC, which is not a 
diameter, and ^C shall be greater than FG, 

A B 




From JFdraw EK, perpendicular to BC, and EKXo FG, (l. 12.) 

and join EB, EC, EF. 

And because AE is equal to EB, and ED to EC, (i. def. 16.) 

therefore AD\r equal to EB, EC: (ax. 2.) 

but EB, EC are greater than BC', (i. 20.) 

wherefore also AD is greater than BC 
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And, because BCIb nearer to the center than FO, (hyp.) 
therefore JSHib less than UK: (ill. def. 5.) 
but, as was demonstrated in the preceding proposition, 
BCis double of BH, and FO double of FK, 
and the squares on FH, HB are equal to the squares on EK^ KFi 
but the square on EH is less than the square on EK, 
because EH is less than EK; 
therefore the square on BH is ^eater than the square on FK, 
and ine straight line BH greater than FK, 
and therefore BCis greater than FO, 
Next, let BChe greater than FG ; 
then BC shall be nearer to the center than FO, that is, the samp con- 
struction being made, EH shall be less than EK. (ill. def. 5.) 

Because BCia greater than FOt 
BH likewise is greater than KF: 
and the squares on BH, HE are equal to the squares on FK, KE, 
of whicn the square on BH is greater than the square on FK, 

because BH is greater than FK\ 

therefore the square on EH is le»s than the square on EK, 

and the straight line j^JSTless than EKi 

and therefore BCi& nearer to the center than FQ. (in. def. 5.) 

Wherefore the diameter, &c. Q.E.D. 

PROPOSITION XVI. THEOREM. 

The straight line drawn at right angles to the diameter of a circle, from 
the extremity of it^ falls without the circle; and no straight line can be dravm 
from the extremity between that straight line and the circumference, so as not 
to cut the circle : or, which is the same thing, no straight line can make so 
great an acute angle with the diameter at its extremity, or so stnall an angle 
with the straight line which is at right angles to it, as not to cut the circle. 

Let ABC he a circle, the center of which is D, and the diameter AB. 
Then the straight line drawn at right angles to AB from its ex- 
tremity A, shall fall without the circle. 




For, if it does not, let it fall, if possible, within the circle, as ^ C; 

and draw DC to the point C, where it meets the circuniference. 

And because DA is equal to DC, (l. def. 15.) 

the angle DA C is equal to the angle A CD : (l. 6.) 

but DA C is a right angle ; (hyp.) 

therefore ACD is a right angle ; 

and therefore the angles DAC, ACD are equal to two right angles; 

which is impossible: (i. 17.) 
therefore the straight line drawn from A at right angles to BA, does 
not £b11 within the circle. 
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In the same maimer it may be demonstrated, 
that it does not fall upon the circumference ; 
therefore it must fall 'without the circle, as AJB, 
Also, between the straight line ^^and the circimiference, no straight 
line can be drawn from tne point A which does not cut the drde. 
For, if possible, let u^i^fall between them, 

FE 




and from the point 2), let DO he drawn perpendicular to AF, (i. 12.) 

and let it meet the circumference in IT, 

And because AGD is a right angle, 

and DAG less than a right angle, (I. 17.) 

therefore DA is greater than DGi (i. 19.) 

but DA is equal to DH; (l. def. 15.) 

therefore jD-ffis greater than DG, 

the less than the greater, which is impossible : 

therefore no straight line can be drawn from the point A, between 

AJS and the circumference, which does not cut the circle : 
or, which amounts to the same thing, however great an acute angle 
a straight line makes with the diameter at the point Ay or however 
small an angle it makes with A^j the circumference must pass be- 
tween that straight line and the perpendicular AJS. q.e.d. 

Cob. From this it is manifest, that the straight line which is 
drawn at right angles to the diameter of a circle from the extremity 
of it touches the circle ; (ill. def 2.) and that it touches it only in one 

f>oint, because, if it did meet the circle in two, it would fall within it. 
III. 2.) " Also, it is evident, that there can be but one straight line 
which touches the circle in the same poinf 

PROPOSITION XVII. PROBLEM. 

To draw a straight line from a given point, either without or in the cir- 
dtmference, which shall touch a given circle. 

First, let -4 be a given point without the given circle BCD ; 
it is required to draw a straight line from A which shall touch the circle. 




Find the center E of the circle, (ill. 1.) and join AE\ 
and from the center j&, at the distance EA, describe the circle AFO ; 
from the point D draw DF&t right angles to EA, (i. 11.) meeting 
the circumference of the circle AFG in F; 

mdiomEEF,AJB. 
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Then AB shall touch the circle BCD in the point B. 
Because E is the center of the circles BCD^ AFO» (i. def. 15.) 

therefore EA is equal to EF, and ED to EB ; 
therefore the two sides AE^ EB^ are equal to the two FEj ED, 

each to each : 
and they contain the angle at E common to the two triangles AEB, 
FED; 
therefore the base DF is equal to the base ABf (l. 4.) 
and the triangle FED to the triangle AEB, 
and the other angles to the other angles : 
therefore the angle EBA is equal to the an^le EDF: 
but EDF is a right angle, (constr.) 
wherefore EBA is a right angle : (ax. 1.) 
and EB is drawn from the center : 
but a straight line drawn from the extremity of a diameter, at right 
angles to it, touches the circle : (ill. 16. Cor.) 
therefore AB touches the circle ; 
and it is drawn from the given point A. 
Secondly, if the given point be in the circiunference of the circle, 

as the point D, 

draw DE to the center E, and DFat right angles to DE: 

then i)i^ touches the circle. (lu. 16. Cor.) Q.E.F. 

PROPOSITION XVIII. THEOREM. 

If a straight line touch a circlet the straight line drawn from the center to 
the point of contact, shall be perpendicular to the line touching the circle. 

Let the straight line DE touch the circle ABC in the point C; 

take the center F, and draw the straight line FC (in. 1.) 

Then FC shall be perpendicular to DE, 




HFC he not perpendicular to DE'^ from the point F, if possible, 
let FBO be drawn perpendicular to DE, 

And because FOCis a right angle, 

therefore OCFia an acute angle; (i. 17.) 

and to the greater angle the greater side is opposite : (l. 19.) 

therefore FC is greater than FG : 

but FC is equal to FB ; (I. def. 16.) 

therefore PB is greater than FG, 

the less than the greater, which is impossible : 

therefore FG is not perpendicular to DE, 

In the same manner it may be shewn, 

that no other line is perpendicular to DE besides FC, 

that is, FC is perpendicular to DE, 

Therefore, if a straight line, &c. Q. E. D. 
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PROPOSITION XIX. THEOREM. 

If a straight line touch a circle^ and from the point of eontaet a straight 
line be drawn at right angles to the touching line, the center of the circle shall 
be in that line. 

Let the straight line DE touch the circle ABCm C, 

and from C let CA be drawn at rieht angles to DE, 

Then the center of the circle snail be in CA, 




Fotf if not, let Fhe the center, if possible, and join CF, 

Because DE touches the circle ABC, 

and FC is drawn from the center to the point of contact, 

therefore FC is perpendicular to DE; (ill. 18.) 

therefore FCE is a right angle : 

but A CE is also a right angle ; (hyp.) 

therefbre the angle FCE is equal to the angle A CE, (ax. 1.) 

the less to the greater, which is impossible : 

therefore i^is not the center of the circle ABC. 

In the same manner it may be shewn, 

that no other point which is not in CA, is the center; 

that is, the center of the circle is in CA. 

Therefore, if a straight line, &c. Q. £. D. 

PROPOSITION XX. THEOREM. 

The angle at the center of a circle is double of the angle at the circumfeV' 
ence upon the same base, thad is, upon the same part of the circumference. 

Let ABC he a circle, and BEC an angle at the center, and BA C 
an angle at the circumference, which have J^Cthe same part of the 
circumference for their base. 

Then the angle BEC shall be double of the angle BA C, 




Join AE, and produce it to F. 
First, let the center of the circle be within the angle BA C. 

Because EA is eoual to EB, 

therefore the angle EBA is equal to the angle EAB ; (i. 5.) 

therefore the angles EAB, EBA are double of the angle EAB : 

but the angle BEFis equal to the angles EAB, EBA j (i. 32.) 
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therefore also the angle BEFi% double of the angle EAB: 

for the same reason, the angle FECIb double of the angle EACi 

therefore the 'whole angle BBC is double of the whole angle BA C, 

Secondly, let the center of the circle be without the angle BAC. 




It may be demonstrated, as in the first case, 
that the angle FEC is double of the angle FA C, 
and that FEB, a part of the first, is double of FAB^ a part of the other ; 
therefore the remaining angle BEC is double of the' remaining 
angle BA C, 

Therefore the angle at the center, &c. Q.E.D. 

PROPOSITION XXI. THEOREM. 
Th» angUx in the same segment of a circle are equal to one another. 

Let A BCD be a circle, 

and BAD, BED angles in the same segment BAED. 

Then the angles BAD, BED shall be equal to one another. 

First, let the segment BAED be greater than a semicircle. 

A E 




Take F, the center of the circle ABCD, (in. 1.) and join BF, FD. 
Because the angle BFD is at the center, and the angle BAD at 
the circumference, and that they have the same part of the circum- 
ference, viz. the arc BCD for their base ; 

therefore the angle BFD is double of the angle BAD: (in. 20.) 

for the same reason the angle BFD is double of the angle BED : 

therefore the angle BAD is equal to the angle BED, (ax. 7.) 

Next, let the segment BAED be not greater than a semicircle. 

AE 




Draw AF to the center, and produce it to C, and join CE. 

Because ^ C is a diameter of the circle, 

therefore the segment B ADC is greater than a semicircle ; 

and the angles in it BA C, BEC are equal, by the first case : 
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for the same reason, because CBED is greater than a semicirole^ 

the angles CAD, CED, are equal : 

therefore the whole angle BAD is equal to the whole angle BED. (ax. 2.) 

Wherefore the angles in the same segment, &o. Q. E.D. 

PROPOSITION XXII. THEOREM, 

The oppoaiie angles of any qtiadriUUeral figxire imeribed in a eireit, ar» 
together egttal to two right angles. 

Let ABCD be a quadrilateral figure in the circle ABCD. 

Then any two of its opposite angles shall together be equal to two 

right angles. 

D 

c 




Join A e, BD. 
And because the three angles of every triangle are equal to two 
right angles, (i. 32.) 

the three angles of the triangle CAB, viz. the angles CAB, ABC^ 

BOA, are equal to two right angles : 
but the angle CAB is equal to the angle CDB, (ill. 21.) 
because they are in the same segment CDAB; 
and the angle A CB is equal to the angle ADB, 
because they are in the same segment ADCB : 
therefore the two angles CAB, ACB are together equal to the whole 
angle ADC: (ax. 2.) 

to each of these equals add the angle ABC; 
therefore the three angles ABC, CAB, BCA are equal to the two 
angles ABC, ADC: fax. 2.) 
but ABC, CAB, BCA, are equal to two right angles; 
therefore also the angles ABC, ADCbxb equal to two right angles. 
In the same manner, the angles BAD, DCB, may be shewn to be 
equal to two right angles. 

Therefore, the opposite angles, && Q.E.I>. 

PROPOSITION XXm. THEOREM. 

Upon the same straight line, and upon the same side of it, there cannot 
be two similar segments of circles, not coinciding with one another. 

If it be possible, upon the same straight Une AB, and upon the 
same side of it, let there be two similar segments of circles, ACB, 
ADB, not coinciding with one another. 

D 
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Then, because the circumference A CB cuts the circumference ADB 
in the two points A, B, they cannot cut one another in any 
other point: (ill. 10.) 

therefore one of the segments must fall within the other : 

let A CB faU within ADB : 

draw the straight line BCD, and join CA, DA. 

Because the segment ACB is similar to the segment ADB, (hyp.) 

and that similar segments of circles contain equal angles ; (in. aef. 11.) 

therefore the angle A CB is equal to the angle ADB, 

the exterior angle to the interior, which is impossible. (l. 16.) 

Therefore, there cannot be two similar segments of circles upon the 

same side of the same line, which do not coincide. Q.E.D. 

PROPOSITION XXIV. THEOREM. 

Similar aegmefUs ofcirctea upon equal straight lines, are equal to one another. 

Let AEB, CFD be similar segments of circles upon the equal 
straight lines AB, CD. 

Then the segment AEB shall be equal to the segment CFD, 

E F 





For if the segment AEB be applied to the segment CFD, 

so that the point A may be on C, and the straight Ime AB upon CD, 

then the point B shall coincide with the point D, 

because AB is equal to CD : 

therefore, the straight line AB coinciding with CD, 

the segment AEB must coincide with the segment CFD, (ill. 23.) 

and therefore is equal to it. (l. ax. 8.) 

Wherefore similar segments, &c. Q.E.D. 

PROPOSITION XXV. PROBLEM. 

A segment of a circle being given, to describe the circle of which it is the 
segment. 

Let ^J^Cbe the given segment of a circle. 

It is required to describe the circle of which it is the segment. 

Bisect .^Cin D, (i. 10.) and from the point D draw DB at right 
angles to ^C, (l. 11.) and join AB. 

First, let the angles ABD, BAD be equal to one another : 

B 



^^ 



A D 

then the straight line DA is equal to DB, (l, 6.) and therefore, to DC; 
and because the three straight lines DA, DB, DCaie all equal, 

therefore D is the center of the circle, (in. 9.) 
From the center D, at the distance of any of the three DA, DB, 
DC, describe a circle ; 

this shall pass through the other points ; 
and the circle of which .^J^Cis a segment has been described: 
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and because the center D ib in AC, the segment ABC is a semicircle. 
But if the angles ABD, BAD are not equal to one another : 

B B 



'^ 



G 



E 




at the point A^ in the straight line AB, 
make the angle BAE equal to the angle ABD, (l. 23.) 
and produce BD, if necessary, to meet A^in E, and join EC 
Because the an^le AB^ is equal to the angle BAE, 
therefore the straight line EA is equal to EB : (l. 6.) 
and because AD is equal to DC, and DE common to the triangles 
ADE, CDE, 

the two sides AD, DE, are equal to the two CD, DE, each to each ; 

and the angle ADE is eq^ual to the angle CDE ; 

for each of them is a right angle ; (constr.) 

therefore the base EA is equal to the base EC: (L 4.) 

but EA was shewn to be equal to EB : 

wherefore also EB is equal to EC: (ax. 1.) 

and therefore the three straight lines EA, EB, EC^ie equal to one 

another : 

wherefore E is the center of the circle, (in. 9.) 
From the center E, at the distance of any of the three EA, EB, 
EC, describe a circle ; 

this shall pass through the other points ; 
and the circle of which ABC is a segment, is described. 
And it is evident, that if the angle ABD be greater than the angle 
BAD, the center E falls without the segment ABC, which therefore 
is less than a semicircle : 

but if the angle ABD be less than BAD, the center E falls within 
the segment AJSC, which is therefore greater than a semicircle. 

Wherefore a segment of a circle being given, the circle is described 
of which it is a segment. Q. £. F. 

PROPOSITION XXVI. THEOREM. 

In equal circles, equal angles stand upon equal arcs, whether the angles be 
at the centers or circumferences. 

Let ABC, DEFhe equal circles, 

and let the angles BGC, EHF2X their centers, 

and BAC, EDF&t their circumferences be equal to each other. 

Then the arc BKC shall be equal to the arc ELF, 
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Join BC, EF. 

And because the circles ABC, DBF are equal, 

the straight lines drawn from their centers are equal : (ill. def. 1.) 

therefore me two sides BG, OC, are equal to the two BIT, HF, each 

to each : 

and the angle at O is equal to the angle at H; (hyp.) 
therefore the base BCia equal to the base BF, (i. 4.^ 
And because the angle at A is equal to the angle at D, (nyp.) 
the segment BACis similar to the segment BDFi ^il. def. 11.) 
and they are upon equal straight lines BC^ BF: 
but similar segments of circles upon equal straight lines, are equal to 
one another, (ill. 24.) 

therefore the segment BACis equal to the segment BDF: 
but the whole circle ABC is equal to the whole DBF; (hyp.) 
therefore the remaining segment BKC is equal to the remaming seg- 
ment ELFy (i. ax. 3.) 

and the arc BKC to the arc ELF, 
Wherefore, in equal circles, &c. Q.E.D. 

PROPOSITION XXVII. THEOREM. 

In equal circles ^ the angles tohich stand upon equal arcs, art equal to one 
another f whether they be at the centers or circumferences. 

Let ABCf DEF he equal circles, 

and let the angles BGC, EHF&t their centers, 

and the anprles BAG, EDF&t their circumferences, 

stand upon the equal arcs BC, EF, 

Then the angle ^6rC shall be equal to the angle EHF, 

and the angle ^^C to the angle EDF, 





If the angle BGChe equal to the angle ERF, 
it is manifest that the angle BA C is also equal to EDF. (iH. 20. and 
I. ax. 7.) 

But, if not, one of them must be greater than the other : 

if possible, let the angle ^6rCbe greater than EHF, 

and at the point G, in the straight line BG, 

make the angle BGK equal to the angle EBCF, (I. 23.) 

Then because the angle BGK is equal to the angle EMF, 

and that equal angles stand upon equal arcs, when they are at the 

centers ; (iii. 26.) 

therefore the arc BK is equal to the arc EF; 
but the arc JSFis equal to the arc -BC; (hyp.) 
therefore also the arc BK is equal to the arc ^C, 
the less equal to the greater, which is impossible: (i. ax. 1.) 
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therefore the angle BOCis not unequal to the angle EHFi 

that is, it is equal to it : 

but the angle at A is half of the angle BGC, (ni. 20.) 

and the angle at D, half of the angle EHF\ 

therefore the angle at ^ is equal to the angle at D, (I. ax. 7.) 

Wherefore, in equal circles, &c Q.E.D. 

PROPOSITION XXVIII. THEOREM. 

In equal eircletf equal straight lines etU off equal arcSf the greater equal 
to the greater, and the lees to the leas. 

Let ABC, DBF he equal circles, 
and BC, EF equal straight lines in them, which cut off the two greater 
arcs BAG, EDF, and the two less BGC, EHF. 
Then the greater arc BA C shall be equal to the greater EDF, 
and the less arc BGC to the less EHF. 





Take K,Z, the centers of the circles, (iii. 1.) and join BK, KC, EL, LF. 

Because the circles ABC, DEFsire equal, 

the straight lines from their centers are equal : (iii. def. 1.) 

therefore BK, KC are equal to EL, LF, each to each : 

and the base ^C is equal to the oase EF, in the triangles B CK, EFL-, 

therefore the angle BKCh equal to the angle mLF: (i. 8.) 

but equal angles stand upon equal arcs, when they are at the 

centers : (iii. 26.) 

therefore the arc ^6? C is equal to the arc EHF: 

but the whole circumference ABCvr equal to the whole EJ)F; (hyp.) 

therefore the remaining part of the circumference, 

▼iz. the arc BA C, is equal to the remaining part EDF, (i. ax. 3.) 

Therefore, in equal circles, &c. q.£.d. 

PROPOSITION XXIX. THEOREM. 
In equal circlee, equal area are eubtended by equal straight lines. 

Let ABC, DEF he equal circles, 

and let the arcs BGC, EHF also be equal, 

and joined by the straight lines BC, EF. 

Then the straight line J? C shall be equal to the straight line EF, 

A D 





144 Euclid's elements. 

Take JT, X, (ni. 1.) the centers of the circles, and join BK, KC, EL^ L F. 

Because the arc BGCis equal to the arc EHF, 

therefore the angle BKC is equal to the angle ELF\ (ni. 27.) 

and because the circles ABC, DEF, are equal, 

the straight lines from their centers are equal ; (ill. def. 1.) 

therefore BK, KC, are eaual to EL, LF, each to each : 

and they contain equal angles in the triangles BCK, EFL\ 

therefore the base J5C is equal to the base EF. (I. 4.) 

Therefore, in equal circles, &c. Q.E.D. 

• 

PROPOSITION XXX. PROBLEM. 
To bisect a given arc, that is, to diyide it into two equal parts. 

Let ABB be the given arc : 

it is required to bisect it. 

D 




B 



Join AB, and bisect it in C; (l. 10.) 

from the point C draw CD at right angles to AB, (l. 11.) 

Then the arc ADB shall be bisected in the point D. 

Join AD, DB. 

And because ^ C is equal to CB, 

and CD common to the triangles A CD, BCD, 

the two sides A C, CD are equal to the two BC, CD, each to each ; 

and the angle A CD is equal to the angle BCD, 

because each of them is a right angle : 

therefore the base AD is equal to the base BD. (i. 4.) 

But equal straight lines cut off equal arcs, (ill. 28.) 

the greater arc equal to the greater, and the less arc to the less ; 

and the arcs AD, DB are each of them less than a semicircle ; 

because DC, if produced, passes through the center: (ill. 1. CtT.) 

therefore the arc ^Z> is equal to the arc DB. 

Therefore the given arc ADB is bisected in D, Q. e.f. 

PROPOSITION XXXI. THEOREM. 

In a circle, the angle in a semicircle is a right angle ; but the angle in a 
segment greater than a semicircle is less than a right angle ; and the angle 
in a segment less than a semicircle is greater than a right angle. 

Let ABCD be a circle, of which the diameter is ^C, and center E, 
and let CA be drawn, dividing the circle into the segments ABC, ADC. 

Join BA, AD, DC. 

Then the angle in the semicircle BA C shall be a right angle ; 

and the angle in the segment ABC, which is greater than a semicircle, 

shall be less than a right angle ; 
and the angle in the segment ADC, which fs less than a semicircle, 
shall be greater than a right angle. ' 
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Join ^^, and produce BA to F. 
First, because JEB is equal to JSA, (l. def. 15.) 
the angle JSAB is equal to JEBA ; (l. 5.) 
also, because ^^ is equal to Bu, 
the angle BCA is equal to BAC; 
wherefore the vhole angle BACla equal to the two angles BBA, 
BCA ; (I. ax. 2.) 
but FACt the exterior angle of the triangle ABC, is equal to the two 
angles BBA, BCA ; (l. 32.) 

therefore the angle BA C is equal to the angle FA C; (ax. 1.) 
and therefore each of them is a right angle : (l. def. 10.) 
wherefore the angle BA C in a semicircle is a right angle. 
Secondly, because the two angles ABC, BAC of the triangle 
ABCaie together less than two right angles, (l. 17.) 

and that BA C has been proved to be a right angle ; 
therefore ^^Cmust be less than a right angle : 
and therefore the angle in a segment ABC greater than a semicircle, 
is less than a right angle. 
And lastly, because A BCD is a quadrilateral figure in a circle, 
any two of its opposite angles are equal to two right angles : (ill. 22.) 
therefore the angles ABC, ADC, are equal to two right angles : 
and ^ J?C has been proved to be less than a right angle ; 
wherefore the other ^DC is greater than a right angle. 
Therefore, in a circle the angle in a semicircle is a right angle ; &c. Q.E.D. 
Cob. From this it is manifest, that if one angle of a triangle be 
equal to the other two, it is a right angle : because the angle adjacent 
to it is equal to the same two ; (L 32.) and when the adjacent angles 
are equal, they are right angles, (i. def. 10.) 

PROPOSITION XXXII. THEOREM. 

If a straight line touch a circle, and from the point of contact a straight 
line be draum meeting the circle; the angles which this line makes with the 
Une touching the circle shall be equal to the angles which are in the aUet' 
note segments of the circle. 

Let the straight line ^^ touch the circle A BCD in B, 
and from the point B let the straight line BD be drawn, meeting 
the circumference in D, and dividing it into the segments DCB, DAB^ 
of which DCB is less than, and DAB greater than a semcircle. 

Then the angles which BD makes with the touching line EF, 
shall be equal to the angles in the alternate segments of the circle ; 
that is, the angle DBF shall be equal to the angle which u in the 
segment DAB, 
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and the angle DBJE shall be equal to the angle in the alternate 
segment J)CB. 




From the point B draw BA at right angles to EF, (l. 11.) meeting 
the circumference in A ; 

take any point Cin the arc DB, and join AD, DC, CB. 
Because the straight line EF touches the circle A BCD in the 
point B, 

and BA is drawn at right angles to the touching line from the 
point of contact B, 

the center of the circle is-in BA : (m. 19.) 
therefore the angle ADB in a semicircle is a right angle: (in. 31.) 
and consequently the other two angles BAD, ABD, are equal to 
a right angle ; (i. 32.) 

but A BF is likewise a right angle; (constr.) 
therefore the angle ABF is equal to the angles BAD, ABD; (l.ax. 1.) 

take from these equals the common angle ABD: 

therefore the remaining angle DBFis equal to the angle J^^D, (l.ax.3.) 

which is in BDA, the alternate segment of the circle. 

And because A BCD is a quadrilateral figure in a circle, 

the opposite angles BAD, BCD are equal to two right angles: (III. 22.) 

but the angles DBF, DBF are likewise equal to two right angles ; 

(I. 13.) 
therefore the angles DBF, DBF are equal to the angles BAD, 
BCD, (I. ax. 1.) 

and DBFhdA been prored equal to BAD; 
therefore the remaining angle DBF is equal to the angle BCD in 
BDC, the alternate segment of the circle. (l. ax. 2.) 
Wherefore, if a straight line, &c. Q. E. D. 



PROPOSITION XXXin. PROBLEM. 

Upon a given straight line to describe a segment of a circle, which ahaU 
contain an angle equal to a given rectilineal angle. 

Let AB be the given straight line, 
and the angle C the given rectilineal angle. 
It is required to describe upon me given straight line AB,tL segment 
of a circle, which shall contain an angle equal to the angle C 

First, let the angle C be a right angle. 



a. 
A P B 
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Bisect AB in F, (l. 10.) 
and from the center JP, at the distance i^J^, describe the semicircle^ J7!B, 
and draw AS, BH to any point H in the circumference. 

Therefore the angle AHB in a semicircle is equal to the right 
angle C. (m. 31.) 

But if the angle Cbe not a right angle : 



V 





at the point A, in the straight line AB, 
make the angle BAD equal to the angle Q (l. 23.) 
and from the point A draw AE at right angles to AD; (l. 11.) 

bisect AB in F, (i. ID.) 
and from JPdraw FO at right angles to AB, (l. 11.) and join OB, 

Because AF is equal to FB, and FO common to the triangles 
AFO, BFO, 
the two sides AF, FO are equal to the two BF, FO, each to each, 
and the angle AFO is equal to the angle BFO ; (l. def. 10.) 

therefore the base ^6r is equal to the base OB; (i. 4.) 
and the circle described from the center O, at the distance OA, 
shall pass through the point B : 

let this be the circle A^B. 
The segment AHB shall contain an angle equal to the given rec- 
tilineal angle C. 

Because irom the point A the extremity of the diameter AE, 
AD ia drawn at right angles to AF, 

therefore AD touches the circle: (ill. 16. Cor.) 
and because AB, drawn from the point of contact A, cuts the circle, 
the angle DAB is equal to the angle in the alternate segment 
AHB : (III. 320 ^ 

but the angle DAB is equal to the angle C; (constr.) 
therefore the angle C is equal to the angle in the segment AHB. 
Wherefore, upon the given straight line AB, the segment AHB 
of a circle is described, which contains an angle equal to the given 
angle C. Q.E.F. 

PROPOSITION XXXIV. PROBLEM. 

From a given circle to cut off a segment, which thall contain an angle 
equal to a given rectilineal angle. 

Let ^J^Cbe the given circle, and D the given rectilineal angle. 
It is required to cut off from the circle ABC a, segment that shaU 
contain an angle equal to the given angle D, 

h2 
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B 

Draw the atraiglit line ^jP touching the circle ABC in any point B^ 
(m. 17.) 

and at the point B^ in the straight line BF, 
make the angle FBCewjoX to the angle D, (i. 23.) 
Then the segment B^C7 shall contain an angle equal to die given 
angle D. 

Because the straight line ^ J* touches the circle ABC, 
and J9C is drawn from the point of contact B, 
therefore the angle FBC is equal to the angle in the alternate 
segment BA C of the circle : (ill. 32.) 
but the angle FBC is equal to the angle D; (constr.) 
therefore the angle in the segment BAU is equal to the angle 

D. (I. ax. 1.) 
Wherefore from tne given circle ABC, the sefrment BAC is cut 
off, containing an angle equal to the given angle D. Q. E.F. 

PROPOSITION XXXV. THEOREM. 

If two straight lines cut one another within a circle, the rectangle contained 
by tfie segments of one of them, is equal to the rectangle contained by tfie 
segments of the other. 

Let the two straight lines A C, BD, cut one another in the point 
E, within the circle A BCD, 

Then the rectangle contained by AE, EC shall be equal to the 
rectangle contained by BE^ ED, 




First, if ^ C, BD pass each of them through the center, so that E 
is the center ; 

it is evident that since AE, EC, BE, ED, being all equal, (i. def. 15.) 
therefore the rectangle AE, EC is equal to the rectangle BE, ED, 

Secondly, let one of them BD pass through the center, and cut the 
other A C, which does not pass through the center, at right angles, in 
the point E. 

D 
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Then, if BB be bisected in F, 

Pis the center of the circle ABCD, 

Join AF, 

Because BD which passes through the center, cuts the straight 

line A C, which does not pass through the cenW, at right angles in J?, 

therefore ^^'is equal to EC*, (iii. 3.} 
and because the straight line BD is cut into two equal parts in the 

point Ff and into two unequal parts in the point E, 
therefore the rectangle BE^ ED, together with the square on EF^ 
is equal to the square on FB \ (ii. d.) 

that is, to the square on FA : 
but the squares on AE, EF, are equal to the square on FA i (L 47.) 
therefore the rectangle BE, ED, together with the square on EF, 
IB equal to the squares on AE, EFi (l. ax. 1.) 
take away the common square on EF, 
and the remaining rectangle BE, ED is equal to the remaining 
square on ^^; (i. ax. 3.) 

that is, to the rectangle AE, EC. 
Thirdly, let BD, which passes through the center, cut the other AC, 
which does not pass througn the center, in E, but not at right angles. 




Then, as before, if BD be bisected in F^ 

F is tiie center of the circle. 

Join AF, and from F draw FO perpendicular to ^ C7; (l. 12.) 

therefore AOia equal to 6? (7; (ill. 3.) 
wherefore the rectangle AE, EC, together with the square on EG, 
is equal to tiie square on AO: (ii. 6.) 

to each of these equals add the square on OF; 

therefore the rectangle AE, EC, together with the squares on EG, 

GF, is equal to the squares on A Q, OF; (i. ax. 2J 

but the squares on EG, GF, are equal to the square on EF; (i. 47.) 

and the squares on A G, GFare equal to the square on APi 

therefore the rectangle AE, EC, together with tne square on EF, 

is equal to the square on AF; 

that is, to the square on FB : 
but the square on FB is equal to the rectangle BE, ED, together 
with the square on EF; (ii. 5.) 
therefore the rectangle AE, EC, together with the square on EF, 
is equal to the rectangle BE, ED, together with the square on 
EF; (I. ax. 1.) 

take away the common square on EF, 
and the remaining rectangle AE, EC, is therefore equal to the re- 
maining rectangle BJE, ED. (ax. 3.) 
Lastly, let neither of the straight lines AQ BD pass through the 
center. 



ISO 
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Take the center F, (in. 1.) 
and through E the intersection of the straight lines ^C, DB, 

draw the diameter GEFR. 
And because the rectangle AEy FCis equal, as has been shewn, 
to the rectangle OF, EH\ 

and for the same reason, the rectangle BE^ ED is equal to the 
same rectangle QE^ EH; 
therefore the rectangle AE, EC is equal to the rectangle BE^ ED, 
(I. i»x, 1.) 

Wherefore, if two straight lines, &c. Q.E.D, 

PROPOSITION XXXVI. THEOREM. 

Jf from any point without a circle two ntraight line* be drawn, one ^f 
which cut* the circle, and the other touches it ; the rectangle contained by 
the whole line which cuts the circle, and the part of it without the circle, 
shall be equal to the square on the line which touches it. 

Let D be any point without the circle ABC, 

and let DCA^ DB be two straight lines drawn irom it, 

of which DCA cuts the circle, and i>J9 touches the same. 

Then the rectangle AD, DC shall be equal to the square on DB. 

Either DCA passes through the center, or it does not: 

first, let it pass through the center E* 

D 




Join EB, 
therefore the an^le EBD is a right angle, (m. 18.) 
And because the straight line ^ C is bisected in F!, and produced 
to the point 2), 
therefore the rectangle ADi DC, together with the square on .EC, is 
equal to the square on ED : (ii. 6.) 

but CE is equal to EB ; 
^erefore the rectangle AD, DC, together with the square on EB, 
is equal to the square on ED : 
but the square on ED is equal to the squares on EB, BD, (i. 47.) 

because EBD is a rignt angle : 
therefore the rectangle AD, DC, together with the square on EB^ 
is equal to the squares on EB, BDi Tax. l.> 
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take away the common square on \EB; 
therefore the remaining rectangle Ali, DCia equal to the square 
on the tangent DS. (ax. 3.) 
Next, UBCA does not pass through the center of the circle ABC. 




Take £ the center of the circle, (m. 1.) 
draw ^i»* perpendicular to AC, (i. 12.) and join JEB, EC, ED. 
Because the straight line EF, which passes through the center, 
cuts the straight line ^C, which does not pass through the center, at 
right angles; it also bisects AC, (iii. 3.) 

therefore AFib equal to FC; 

and because the straight line ^ C is bisected in F, and produced to D, 

the rectangle AD, DC, together with the square on FC, 

is equal to the square on FD : (ii. 6.) 

to each of these equals add the square on FE; 

therefore the rectangle AD, DC, together with the squares on CF, FE, 

is equal to the squares on DF, FE: (i. ax. 2.) 

but the square on ED is equal to the squares on DF, FE, (l. 47.) 

because JSFD is a right angle j 

and for the same reason, 

the square on J^Cis equal to the squares on CF, FE; 

therefore the rectangle AD, DC, together with the square on EC, 

is equal to the square on ED : (ax. 1.) 

but CE is equal to EB ; 

therefore the rectangle AD, DC, together with the square on EB, 

is equal to the square on ED : 
but the squares on EB, BD, are equal to the sauare on ED, (l. 47.) 

because EBD is a riffht angle : 
therefore the rectangle A]), DC, togeUier with the square on EB, 

is equal to the squares on EB, BD ; 
take away the common square on EB ; 
and the remaining rectangle AD, DC is equal to the square 
on DB. (i. ax. 3.) 

Wherefore, if from any point, &c. Q.E.D. 
Cor. If from any point without a circle, there be drawn two straight 
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lines euttinff it, as AB, AC, the rectangles contained by the whole 
lines and ue parts of them without the circle, are equal to one 
another, yiz. the rectangle BA, AJE, to the rectangle CA, AF: for 
each of them is equal to the square on the straight line AD, which 
touches the circle. 

PROPOSITION XXXVn. THEOREM. 

If from a point without a circle there be drawn two straight tines, one of 
which cuts the circle^ and the other meets it ; if the rectangle contained by the 
whole Une which cute the circle, and the part of it without the circle, be equal to 
the square on the line which meets it, the line which meets, shall touch the circle. 

Let any point 2) be taken without the circle ABC, 
and from it let two straight lines DCA and DB be drawn, of which 
DCA cuts the circle in the points C, A, and DB meeu it in 
the point B, 

If the rectangle AD, DC he equal to the square on DBi 
then DB shall touch the circle. 

D 




Draw the straight line DB, touching the circle ABC, in the point 
B; (in. 17.) 

find j^, the center of the circle, (in. 1.) 

and jom FB, FB, FD. 

Then FBD is a right angle : (in. lS^ 

and because i> J? touches the circle ABC, and JjCA cuts it, 

therefore the lectaxigle AD, DC is equal to the square on DB : (in. 36.) 

but the rectangle AD, DC, is, by hypothesis, 

equal to the square on DB : 

therefore the square on DB is equal to the square on DB ; (i. ax. 1.) 

and the straight line DB equal to the straight line DjB : 

and JP'J^ is equal to FB; (i. def. 15.) 

wherefore DB, BFaxe equal to DB, BF, each to each; 

and the base FD is common to the two triangles DBF, DBF\ 

therefore the ang:le DEF is equal to the angle DBF: (l. 8.) 

but DBF^ifM shewn to be a right angle; 

therefore also DBF is a right angle : (i. ax. 1.) 

and BF, if produced, is a diameter ; 

and the straight Hne which is drawn at right angles to a diameter, 

from the extremity of it, touches the circle ; (in. 16. Cor.) 

therefore jD^ touches the circle ABC, 

Wherefore, if from a point, &c. Q. E. D 
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Ik the Third Book of tlie Elements are demonstrated the most 
elementary properties of the circle, assuming all the properties of figures 
demonstrated in the First and Second Books. 

It may be worthy of remark, that the word circle will be found some- 
times taken to mean ths surface included within the circumference, and 
sometimes the circumference itself. Euclid has employed the word (trtpi^ 
tpipua) periphery, both for the whole, and for a part of the circumference 
of a circle. If the word eirciimferenoe were restricted to mean the whole 
circumference, and the word are to mean a part of it, ambiguity might 
be avoided when speaking of the circumference of a circle, where only 
a part of it is the subject under consideration. A circle is said to 
be given in position, when the position of its center is known, and 
in magnitude, when its radius is known. 

Def. I. And it may be added, or of which the circumferences are 
equal. And conversely: if two circles be equal, their diameters and 
radii are equal ; as also their circumferences. 

Def. X. states the criterion of equal circles. Simson calls it a theorem ; 
and Euclid seems to have considered it as one of those theorems, or 
axioms, which might be admitted as a basis for reasoning on the equality 
of circles. 

Def. II. There seems to be tacitly assumed in this definition, that a 
straight line, when it meets a circle and does not touch it, must necessarily, 
when produced, cut the circle. 

A straight line which touches a circle, is called a tangent to the circle ; 
and a straight line which cuts a circle is called a secant, 

Def. rv. The distance of a straight line from the center of a circle 
is the distance of a point from a straight line, which has been already 
explained in note to Prop.zi. page 63. 

Def. VI. X. An are of a circle is anv portion of the circumference ; 
and a chord is the straight line joining the extremities of an arc. Every 
chord except a diameter divides a circle into two unequal segments, 
one greater than, and the other less than a semicircle. And in the same 
manner, two radii drawn firom the center to the circumference, divide 
the circle into two unequal sectors, which become equal when ihe two 
radii are in the same straight line. As Euclid, however, does not notice 
re-entering angles, a sector of the circle seems necessarily restricted 
to the figure which is less than a semicircle. A quadrant is a sector 
whose rfwii are perpendicular to one another, and which contains a fourth 
part of the circle. 

Def. vn. No use is made of this definition in the Elements. 

Def. XI. The definition of similar segments of circles as employed in 
the ITiird Book is restricted to such segments as are also equal. Props, 
xxiii. and xxiv. are the only two instances, in which reference is made 
to similar segments of circles. 

Prop. I. ** lines drawn in a circle," always mean in Eudid, such 
lines only as are terminated at their extremities by the circumference. 

If the point G be in the diameter CE, but not coinciding with the 
point Ff the demonstration given in the text does not hold good. At 
the same time, it is obvious that O cannot be the centre of &e circle, 
because GC is not equal to OE, 

h5 



154 VUCLID's ELEMENTii. 

Indirect demonsirations are more frequently employed in the Third 
Book than in the First Book of the Elements. Of the demonstrations 
of the forty- eight propositions of the First Book, nine are indirect: but 
ofthe thirty-seven of the Third Book, no less than fifteen are indirect 
demonstrations. The indirect is, in general, less readily appreciated 
by the learner, than the direct form of demonstration. The indirect form, 
howerer, is equally satisfactory, as it excludes every assumed hypothesis 
as false, except that which is made in the enunciation of the proposition. 
It may be here remarked that Euclid employs three methods of de* 
monstrating converse propositions. First, by indirect demonstrations as 
m Euc. I. 6: iii. I, &c. Secondly, by shewing that neither side of a 
possible alternative can be true, and thence inferring the truth of the 
proposition, as in Euc. i. 19, 25. Thirdly, by means of a construction, 
thereby avoiding the indirect mode of demonstration, as in Euc. i. 47 • 
ni. 37. 

Prop. II. In this proposition, the circumference of a circle is proved 
to be essentially different from a straight line, by shewine that every 
straight line joining any two points in the arc falls entirely within the 
circle, and can neither coincide with any part of the circumference, nor 
meet it except in the two assumed points. It excludes the idea of the 
circumference of a circle being flexible, or capable under any circum- 
stances, of admitting the possibility of the line falling outside the circle. 
If the line could fall partly within and partly without the circle, the 
circumference of the circle would intersect the Une at some point between 
its extremities, and any part without the circle has been shewn to be 
impossible, and the part within the circle is in accordance with the 
enunciation of the Proposition. If the line could fall upon the cir- 
cumference and coincide with it, it would follow that a straight line 
coincides with a curved line. 

From this proposition follows the corollary, that *'a straight line 
cannot cut the circumference of a circle in more points than two. ' 

Commandine^s direct demonstration of Prop. n. depends on the fol- 
lowing axiom, ** If a point be taken nearer to the center of a circle than 
the circumference, that point falls within the circle." 

Take any point E in AB, and jom DA, DR, DB, (fig. Euc. ni. 2.) 

Then because DA is equal to DB in the triangle DAB ; 

therefore the angle DAB is equal to the angle DBA; (i. 5.) 

but since the side AB of the triangle DAE is produced to B, 

therefore the exterior angle DEB is greater than the interior and opposite 

angle DAE; (i. 16.) 

but the angle DAE is equal to the angle DBE, 

therefore the angle DEB is greater than the angle DBB. 

And in every triangle, the greater side is subtended by the greater angle; 

therefore the side DB ia greater than the side DE ; 

but DB from the center meets the circumference of the circle, 

therefore DE does not meet it. 

Wherefore the point E falls within the circle : 

and E is any point in the straight line AB : 

therefore the straight line AB falls within the circle. 

Prop. VTi. and Prop. viii. exhibit the same property ; in the former, 

the point is taken in the diameter, and in tne latter* in the diameter 

produced. 

Prop. Tin. An arc of a circle is said to be convex or eorteave with 
respect to a point, according as the straight lines drawn from the point 
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meet the outside or imide of tlie circular arc : and the two points found 
in the circumference of a circle by two straight lines drawn from a given 
point to touch the circle, diride the circumference into two portions, one 
of which is convex and the other concave^ with respect to the giyen point. 

Prop. IX. This appears to follow as a Corollary from Euc. iii. 7. 

Prop. XT. and Prop. xii. In the enunciation it is not asserted that 
the contact of two circles is confined to a single point. The meaning 
appears to be, that supposing two circles to touch each other in any 
point, the straight line which joins their centers being produced, shall 
pass through Uiat point in which the circles touch each other. In 
Prop. XIII. it is proved that a circle cannot touch another in more points 
than one, by assuming two points of contact, and proving that tiiis is 
impossible. 

Prop. XIII* The following is Euclid's demonstration of the case, in 
which one circle touches anotner on the inside. 

If possible, let the circle EBF touch the circle ABC on the inside, 
in more points than in one point, namely in the points B^ D, (fig. Euc 
III. 13.) Let P be the center of the circle ABC^ and Q the center of EBF, 
Join P, Q ; then PQ produced shall pass through the points of contact B, D, 
For since P is the center of the circle ABC^ PB is equal to PD, but PB 
is greater than QD^ much more then is QB greater than QD, Again, 
since tiie point Q is the center of the circle EBF, QB is equal to QD ; but 
QB has been shewn to be greater than QD, which is impossible. One circle 
therefore cannot touchanotheron the inside in more points than in one point. 

Prop. XVI. may be demonstrated directly by assuming the following 
axiom ; " If a point be taken further from the center of a circle than the 
circumference, that point falls without the circle." 

If one circle touch another, either internally or externally , the two 
circles can have, at the point of contact, only one common tangents 

Prop. XVII. When the given point is without the circumference of 
the given circle, it is obvious that two equal tangents may be drawn 
from the given point to touch the circle, as may be seen from the diagram 
to Prop. VIII. « 

The best practical method of drawing a tangent to a circle from a given 
point without the circumference, is the following : join the given point 
and the center of the circle, upon this line describe a semicircle cutting 
the given circle, then the line drawn from the given point to the inter- 
section will be the tangent required. 

Circles are called concentric circles when they have the same center. 

Prop. XVIII. appears to be nothing more than the converse to Prop. 
XVI., because a tangent to any point of a circumference of a circle is a 
straight line at right angles at the extremity of the diameter which meets 
the circumference in that point. 

Prop. XX. "This proposition is proved by Euclid only in the case in 
which the angle at the circumference is less than a right angle, atld the 
demonstration is free from objection. If, however, the angle at the jcir- 
cumference be a right angle, the angle at the center disappears, by the 
two straight lines £om the center to the extremities of the arc becoming 
one straight line. And, if the angle at the circumference be an obtuse 
angle, the angle formed by the two lines from the center, does not stand 
on the same arc, but upon the arc which the assumed arc wants of the 
whole circumference. 

If Euclid's definition of an angle be strictly observed, Prop. xx. is 
geometrically . true, only when the angle at the center is less than two 
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right angles. If* however, the defect of an angle from four right angles 
may be regarded as an angle, the proposition is imiversally true, as may 
be proved by drawing a line from the angle in the circumference through 
the center, and thus forming two angles at the center, in Euclid's strict 
sense of the term. 

In the first case, it is assumed that, if there be four magnitudes, such 
that the first is double of the second, and the third double of the fourth, 
then the first and third together shall be double of the second and fourth 
together : also in the second case, that if one magnitude be double of 
another, and a part taken from the first be double of a part taken from 
the second, the remainder of the first shall be double the remainder of 
the second, which is, in fact, a particular case of Prop. v. Book v. 

Prop. XXI. Hence, the locus of the vertices of all triangles upon the 
same base, and which have the same vertical angle, is a circular arc. 

Prop. xxiT. The converse of this Proposition, namely : If the oppo- 
site angles of a quadrilateral figure be equal to two right angles, a circle 
can be described about it, is not proved by Euclid. 

It is obvious from the demonstration of this proposition, that if any 
side of the inscribed figure be produced, the exterior angle is equal 
to the opposite angle of the figure. 

Prop. XXIII. It is obvious from this proposition that of two circular 
segments upon the same base, the larger is that which contains the 
smaller angle. 

Prop. XXV. l*he three cases of this proposition may be reduced to one, 
by drawing any two contiguous chords to the given arc, bisecting them, 
and from the points of bisection drawing perpendiculars. The point in 
which they meet will be the center of the circle. This problem is equi- 
valent to that of finding a point equally distant from three given points. 

Props. XXVI— XXIX. The properties predicated in these four proposi- 
tions with respect to equal cireleSf are also true when predicated of 
the same circle. 

Prop. XXXI. suggests a method of drawing a line at right angles to 
'another when the given point is at the extremity of the given line. And 
that if the diameter of a circle be one of the equal sides of an isosceles 
triangle, the base is bisected by the circumference. 

Prop. XXXV. The most general case of this Proposition might have 
been first demonstrated, and the other more simple cases deduced from it. 
But this is not Euclid's method. He always commences vrith the more 
simple case and proceeds to the more difficult afterwards. The following 
process is the reverse of Euclid's method. 

Assuming the construction in the last fig. toEuc. in. 85. Join FA^ FD^ 
and draw FK perpendicular to ^C, and FL perpendicular to BI>i 
Then (Euc. n. 5. ) the rectangle AE, EC with square on EK is equal to 
the square on AK: add to these equals the square on FK: therefore the 
rectangle AE, EC, with the squares on EK, FK, is equal to the squares 
on AK, FK, But the squares on EK, FKare equal to the square on J5F, 
and the squares on AK, FKttre equal to the square on JF. Hence the 
rectangle AE, EC, with the square on EF is equal to the square on AF, 

In a similar way may be shewn, that the rectangle BE, ED with the 
square on EF is equal to the square on FD, And the square on FD is 
equal to the square on AD, Wherefore the rectangle AE, EC with the 
square on EFis equal to the rectangle BE, ED with the square on EF, 
Take from these equals the square on EF, and the rectangle AEf EC 
is equal to the rectangle BE, ED, 
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The other more simple oases may easily be deduced from this general 
case. 

The conTerse is not prored by Euclid ; namely, — If two straight lines 
intersect one another, so that the rectangle contained by the parts of 
one is equal to the rectangle contained by the parts of the other ; then 
a circle may be described passing through the extremities of the two 
lines. Or, m other words :~If the diagonals of a quadrilateral figure 
intersect one another, so that the rectangle contained by the segments 
of one of them is equal to the rectangle contained by the segments of the 
other ; then a circle may be described about the quadrilateral. 

Prop. xxxYi. The conTerse of the corollary to this proposition may 
be thus stated :— If there be two straight lines, such that, when pro- 
duced to meet, the rectangle contained by one of the lines produced, and 
the part produced, be equal to the rectangle contained by the other 
line produced and the part produced; then a circle can be described 
passing through the extremities of the two straight lines. Or, If two 
opposite sides of a quadrilateral figure be produced to meet, and the 
rectangle contained by one of the sides produced and the part produced, 
be equal to the rectangle contained by the other side produced and the 
part produced ; then a circle may be described about the Quadrilateral 
ngure. 

Prop. xxxYii. The demonstration of this theorem may be made 
shorter by a reference to the note on Euclid iii. Def. 2 : for if DB meet 
the circle in B and do not touch it at that point, the line must, when 
produced, cut the circle in two points. 

It is a circumstance worthy of notice, that in this proposition, as well 
as in Prop, xlviii. Book i. Euclid departs from the ordinary ex abturdo 
mode of proof of conyerse propositions. 
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1. Define accurately the terms radius, are, circumference, chord, eeeant, 

2. How does a sector differ in form from a segment of a circle ? Are 
they in any case coincident ? 

3. What is Euclid's criterion of the equality of two circles? What 
is meant by a giren circle ? How many points are necessary to deter- 
mine the magnitude nnd position of a circle r 

4. When are segments of circles said to be similar ? Enunciate the 
propositions of the Third Book of Euclid, in which this definition is em- 
ployed. Is it employed in a restricted or general/orm ? 

6, In how many points can a circle be cut by a straight line and by 
another circle ? 

6. When are straight lines equally distant from the center of a circle? 

7. Shew the necessity of an indirect demonstration in Euc. in. I. 

8. Eind the centre of a giyen circle without bisecting any straight 
line. 

9. Shew that if the circumference of one of two equal circles pass 
through the center of the other, the portions of the two circles, each of 
which lies witiiout the circumference of the other circle, are equal. 

10. If a straight line passing through the center of a circle bisect a 
straight line in it, it shall cut it at ri^ht angles. Point out the excep- 
tion ; and shew that if a straight line bisect the arc and base of a segment 
of a circle^ it will, when produced, pass through the center. 
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11.^ If any point be taken within a circle, and a right line be drawn 
from it to the circumference,, how many lines can generally be drawn 
equal to it ? Draw them. 

12.^ Find the shortest distance between a circle and a given straight 
line without it. 

13. Shew that a circle can only have one center, stating the axioms 
upon which your proof depends. 

14. Why would not the demonstration of Euc. in. 9, hold good, if 
there were only two such equal straight lines ? 

15. Two parallel chords in a circle are respectively six and eight inches 
in length, and one inch apart ; how many inches is the diameter in length } 

16. Which is the greater chord in a circle whose diameter is 1 inches ; 
that whose length is 5 inches, or that whose distance from the center is 
4 inches ? 

17. What is the locus of the middle points of all equal straight lines 
in a circle ? 

18. The radius of a circle BCDGFt (fig. Euc. ni. 15.) whose center 
is E, is equal to five inches. The distance of the line FG from the center 
is four inches, and the distance of the line BC from the center is three 
inches, required the lengths of the lines FG^ BC. 

19. If the chord of an arc be twelve inches long, and be divided into 
two segments of eight and four inches by another chord : what is the 
length of the latter chord, if one of its segments be two inches ? 

20. What is the radius of that circle of which the chords of an arc 
and of double the arc are five and eight inches respectively } 

21. If the chord of an arc of a circle whose diameter is 8) inches, 
be five inches, what is the length of the chord of double the arc of the 
same circle ? 

22. State when a straight line is said to touch a circle, and shew 
from your definition that a straight line cannot be drawn to touch a circle 
from a point within it. 

23. Can more circles than one touch a straight line in the same 
point ? 

24. Shew from the construction, Euc. in. 17, that two equal straight 
lines, and only two, can be drawn touching a given circle from a given 
point without it : and one, and only one, from a point in the cir- 
cumference. 

25. What is the locus of the centers of all the circles which touch 
a straight line in a given point ? 

26. How may a tangent be drawn at a given point in the circum- 
ference of a circle, without knowing the center? 

27. In a circle place two chords of given length at right angles to 
each other. * 

28. Erom Euc. ni. 19, shew how many circles equal to a given 
circle may be drawn to touch a straight line in the same point. 

29. Enunciate Euc. in. 20. Is this true, when the base is greater 
than a semicircle ? If so, why has Euclid omitted this case ? 

30. The angle at the center of a circle is double of that at the circum- 
ference. How will it appear hence that the angle in a semicircle is a right 
angle ? 

31. What conditions are essential to the possibility of the inscription 
and circumscription of a circle in and about a quadrilateral figure ? 

32. What conditions are requisite in order that a parallelogram may 
be inscribed in a circle ? Are there any analogous conditions reqtusite 
that a parallelogram may be described aoout a circle ? 

33. Define the angle in a segment of a circle, and the angle on a seg- 
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ment ; and shew that in the same circle, they are together equal to two 
right angles. 

34. State and prove the conrerse of Euc. iit. 22. 

35. All circles which pass through two given points have their centers 
in a certain straight line. 

36. Describe the circle of which a given segment is a part. Give 
Euclid's more simple method of solving the same problem independently 
of the magnitude of the given segment. 

87. In the same circle equed straight lines cut off equal circumfer- 
ences. If these straight lines have any point common to one another, it 
must not be in the circumference. Is the enunciation given complete ? 

38. Enunciate Euc. iii. 3 1 , and deduce the proof of it from Euc. iii. 20. 

39 . What is the locus of the vertices of all right-angled triangles which 
can be described upon the same hypotenuse ? 

40. How may a perpendicular be drawn to a given straight line from 
one of its extremities wilhottt producing the line t 

41 . If the angle in a semicircle be a right angle ; what is the angle 
in a quadrant ? 

42. The sum of the squares of any two lines drawn from any point 
in a semicircle to the extremity of the diameter is constant. Express 
that conttant in terms of the radius. 

43. In the demonstration of Euc. iii. 30, it is stated that *' equal 
straight lines cut off equal circumferences, the greater equal to the greater, 
and the less to the less :" explain by reference to the diagram the meaning 
of this statement. 

44. How many circles may be described so as to pass through one, 
two, and three given points ? In what case is it impossible for a circle 
to pass through three given points ? 

45. Compare the circumference of the segment (Euc. ni. 33.) with 
the whole circumference when the angle contained in it is a right angle 
and a half. 

46. Include the four cases of Euc. iii. 35, in one general proof. 

47. Enunciate the propositions which are converse to Props. 32, 35 
of Book in. 

48. If the position of the center of a circle be known with respect 
to a given point outside a circle, and the distance of the circumference to 
the point be ten inches : what is the length of the diameter of the circle, 
if a tangent drawn from the given point be fifteen inches ? 

49. If two straight lines be drawn from a point without a circle, and 
be both terminated by the concave part of the circumference, and if 
one of the lines pass through the center, and a portion of the other 
line intercepted by the circle, be equal to the radius : find the diameter 
of the circle, if the two lines meet the convex part of the circumference, 
a, 5, units respectively from the given point. 

50. Upon what propositions depends the demonstration of Euc. in. 
35 ? Is any extension made of this proposition in the Third Book ? 

51. What conditions must be fulfilled that a circle may pass through 
four given points ? 

52. Why is it considered necessary to demonstrate all the separate 
cases of Euc. in. 35, 36, geometrically, which are comprehended in one 
formula, when expressed by Algebraic symbols } 

53. Enunciate the converse propositions of the Third Book of Euclid 
which are not demonstrated ex absurdo: and state the three method.^ 
which l^ucUd employs in the demonstration of converse propositions in 
the First and Third Books of the Elements. 
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PROPOSITION I. THEOREM. 



1/ AB, CD be chords of a circle at right angles to each other, prove thai the 
turn of the arcs AC, BD is equal to the sum of the arcs AD, BC. 

Draw the diameter i^6r J? parallel to AB, and cutting CD in J?. 

D 
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Then the arcs FDG and FCO are each half the circumference. 

Also since CD is bisected in the point H, 

the arc.jPD is equal to the arc FC, 

and the arc FD is equal to the arcs FA, AD, of which, AF is 

equal to BO, 

therefore the arcs AD, BGare equal to the arc FC; 

add to each CG, 
therefore the arcs AD, BCaie equal to the arcsjPC, (76r, which make 
up the half circumference. 
Hence also the arcs A C, DB are equal to half the circumference. 
Wherefore the arcs AD, BC are equal to the arcs A C, DB. 

PROPOSITION n. PROBLEM. 

The diameter of a circle having been produced to a given point, it is required 
to find in the part produced a point, from which if a tangent^ be' drawn to the 
circle, it shall be equal to the segment of the part produced, that is^ between the 

given point and the point found. 

■ 1 I ■ . t 

• ' • ■ I 

Analysis. Let AEB be a circle whose center is C,- and- whose dia- 
meter AB is produced to the given point D. ' ' *^L" ' 

Suppose that G is the point required, such that the segment GD 
is equal to the tangent GE drawn from G to touch the circle in F, 

F 

B 




Join DE and produce it to meet the circumference again in F\ 

join also CE and CF, 

Then in the triangle GDE, because GD is equal to GE, 

therefore the angle GED is equal to the angle GDE; 
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and because CE is equal to CF^ 
the angle C^jP is equal to the angle CFE\ 
therefore the angles CEF, QED are equal to the angles CFEt 
QDEx 

but since G'^is a tangent at E, 
therefore the angle CEG is a right angle, ^iii. 18.) 
hence the angles CEF, OEF sre equal to a right angle, 
and consequently, the angles CFE, EjjO are also equal to a right 

angle, 
wherefore the remaining angle FCD of the triangle CFD is a right 
angle, 

and therefore CJPis perpendicular to AD. 
S^thesis. From the center C, draw CF perpendicular to AD 
meetmg the circumference of the circle in F\ 

join 2>^ cutting the circumference in E, 
join also CE, and at E draw EO perpendicular to CE and inter* 
secting BD in O, 

Then O will be the point required. 
For in the triangle CFD, since FCD is a right angle, the angles 
CFDj CDF are together equal to a right angle ; 

also since CEO is a right angle, 
therefore the angles CEF, GED are together equal to a right 

angle; 
therefore the angles CEF, OED are equal to the angles CFD, 
CDF', 

but because CE is equal to CF, 
the angle CEF is equal to the angle CFD, 
wherefore the remaining angle OED is equal to ^e remaining 

angle CDF, 
and the side OD is equal to the side OE of the triangle EOD, 
therefore the point O is determined according to the required 
conditions. 

PROPOSITION III. THEOREM. 

If a chord of a circle be produced till the part produced be equal to the 
radius, and if from its Extremity a line be draum through the center and 
meeting the convex and concave circumferences, the convex is one-third of the 
concave circumference. 

Let AS any chord be produced to C, so that ^C7 is equal to the 
radius of the circle : 




and let CE be drawn from C through the center D, and meeting 
the convex circumference in F, and the concave in E, 
' Then the arc BF is one-third of the ai'c AE, 
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Draw EO parallel to AB, and join DB, DO. 

Since the angle DJEO is equal to the an^le DOJE\ (i. 5.) 

. and the angle ODFh equal to the angles DJEO, DOE\ (l. 82.) 

therefore the an^le GDC is double of the angle DEO. 

But the angle ^2>C is equal to the angle BCD, (i. 5.^ 

and the ansle CEO is equal to the alternate angle A CE ; (l. 29.) 

therefore the angle ODC is double of the angle CDB, 

add to these equals the angle CDB, 

therefore the whole angle UDB is treble of the angle CDB, 

but the angles ODB\ CDB at the center 2>, are subtended by the 

arcs BF, BO, of which B0\% equal to AE. 
Wherefore the circumference AE is treble of the circumference 
BE, and BF is one-third of AE. 

Hence may be solved the following problem : 
AE, BF&re two arcs of a circle intercepted between a chord and 
a given diameter. Determine the position of the chord, so that one 
arc shall be triple of the other. 

PROPOSITION IV. THEOREM. 

AB, AC and ED are iangentt to the circle CFB; at whatever point 
between C and B the tangent E F D m draum^ the three sidet of the triangle 
AKD are equal to twice AB or twice AC: also the angle subtenUed by the 
^gent EFD a/ the center of the circle^ is a constant quantity. 

Take O the center of the circle, and join OB, OE, OF, OD, OC 
Then EB is equal to EF, and DC to DF; (in. 37.) 




therefore ED is equal to EB and DC; 

to each of these add AE, AD, 

wherefore AD, AE, ED are equal to* AB, AC; 

and AB is equal to ^C, 

therefore AD, AE, ED are equal to twice AB, or twice A C; 

or the perimeter of the triangle A ED is a constant quantity. 

Again, the angle EOF is half of the angle BGF, 

and the angle DOFis half of the angle COF, 

therefore the angle DOE is half of the angle COB, 

or the angle subtended by the tangent ED&t O, is half of the angle 

contained between the two radii whicn meet the circle at the points 

where the two tangents AB, AC meet the circle. 

PROPOSITION V. PROBLEM. 

Given the base, the vertical angle, and the perpendicular in a plane triangle, 
to construct it. 
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Upon the giren base AB describe a segment of ft cirole containing 
an angle equal to the given angle, (m. 33.) 




A 

At the point ^ ^^v ^C perpendicular to AS, and equal to the 
altitude of the triangle. (l. 1 1, 8.) 

Through C, draw CDJE parallel to AB^ and meeting the circum- 
ference in D and JS. (i. 31.) 

Join DA, DB ; also EA, JEB j 
then JBAB or DAB is the triangle required. 
It is also manifest, that if CDJE touch the circle, there will be only 
one triangle which can be constructed on the base AB with the given 
altitude. 

PROPOSITION VI. THEOREM. 

If two chorda efa circle interseei each other at right anglet either within or 
without the circle, the turn of the tquaree described upon the four segments, it 
equal to the square described upon the diameter. 

Let the chords AB, CD intersect at right angles in JE. 

A 




B F 

Draw the diameter AF, and join A C, AD, CF, DB. 
Then the angle ACF in a semicircle is a right angle, (in. 31.) 

and equal to the angle AED : 
also the angle ADUis equal to the angle AFC, (iii. 21.^ 
Hence in the triangles ADE, AFC, there are two angles in tne one 
respectively equal to two angles in the other, 

consequently, the third angle CAF is equal to the third angle 
DAB; 

therefore the arc DB is equal to the arc CF, (in. 26.) 

and therefore also the chord DB is equalto the chora CF. (iii. 29.) 

Because AEC is a right-angled triangle, 

the squares on AE, EC are equal to the souare on AC; (I. 47.) 

similarly, the squares on DE, EB are equal to the square on DB ; 

therefore the squares on AE, EC, DE, EB, are equal to the squares 

on ^C,2>^; 

but DB was proved equal to FC, 
and the squares on A C, FC are equal to the square on y' ^ 
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therefore the squares on AE, EC, BE, EB, are equal to the square 

on AF, the diameter of ihe circle. 
When the chords meet without the circle, the property is proved 

in a similar manner. 



7. Through a ffiven point within a circle, to draw a chord which 
shall be bisected in mat point, and prove it to be the least. 

8. To draw that diameter of a given circle which shall pass at a 
given distance from a given point. 

9. Find the locus of the middle points of any system of parallel 
chords in a circle. 

10. The two straight lines which join the opposite extremities of 
two parallel chords, intersect in a point in that diameter which is 
perpendicular to the chords. 

11. The straight lines joining towards the same parts, the extre- 
mities of any two lines in a <urcle equally distant from the center, are 
parallel to each other. 

12. Af By Cy A\ B'tCtixe points on the circumference of a circle ; 
if the lines AB,AChe respectively parallel to A'B\ A'C\ shew that 
.BC is parallel to ^ a 

13. Two chords of a circle being given in position and magnitadey 
describe the circle. 

14. Two circles are drawn, one lying within the other ; prove that 
no chord to the outer circle can be bisected in the point in which it 
touches the inner, unless the circles are concentric, or the chord be 
perpendicular to the common diameter. If the circles have the same 
center, shew that every chord which touches the inner circle is bisected 
in the point of contact. 

15. Draw a chord in a circle, so that it may be double of its per- 
pendicular distance from the center. 

16. The arcs mtercepted between any two parallel chords in a circle 
are equal. 

17. K any point P be taken in the plane of a circle, and PA, 
PB, PC,.. be drawn to any number of points A, By C,.. situated 
symmetrically in the circumference, the sum of PA^ PB^.M least 
when P is at the center of the circle. 

n. 

18. The sum of the arcs subtending the vertical angles made by 
any two chords that intersect, is the same, as long as the angle of inter- 
section is the same. 

19. From a point without a circle two straight lines are drawn 
cutting the convex and concave circumferences, and also respectively 
parallel to two radii of the circle. Prove that the difference of the 
concave and convex arcs intercepted by the cutting lines, is equal to 
twice the arc intercepted by the radii, 

20. In a circle with center 0, any two chords, AB, CD are drawn 
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catting In J?, and OA, OB, OC, OD are joined ; prove that the angles 
A0C^B0D^2.AEC,BxAA0D^B0C^%AED. 

21. K from any point without a circle, lines be drawn cutting the 
circle and making equal angles with the longest line, they will cut off 
equal segments. 

22. If the corresponding extremities of two intersecting chords of 
a circle be joined, the triangles thus formed will be equiang^ular. 

23. Through a ^ven point within or without a circle, it is required 
to draw a straight Ime cutting off a segment containing a giyen angle. 

24. If on two lines containing an angle, segments of circles be 
described containing angles equal to it^ the lines produced will, touch 
the segments. 

25. Any segment of a circle being described on the base of a tri- 
angle ; to describe on the other sides segments similar to that on the 
base. 

26^ If an arc of a circle be divided into three equal parts by three 
straight lines drawn from one extremity of the arc, the angle con- 
tained by two of the straight lines is bisected by the third. 

27. li the chord of a giyen circular segment be produced to a 
fixed point, describe upon it when so produced a segment of a circle 
which shall be similar to the giyen segment, and shew that the two 
segments have a common tangent. 

28. If AD, CJS be drawn perpendicular to the sides BC, AB of 
the triangle ABC, and DE be joined, prove that the' angles ADJS, 
and A CJS are equal to each other. 

29. K from any point in a circular arc, perpendiculars be let fall 
on its bounding radii, the' distance of their feet is invariable. 

m. 

30. If both tangents be drawn, ffig. Euc. ni. 17.) and the points 
of contact joined by a straight line wnich cuts BA in I£, and on HA 
as diameter a circle be described, the lines drawn through B to touch 
this circle will meet it on the circumference of the given circle. 

31. Draw, (1) perpendicular, (2) parallel to a given line, a line 
touching a given circle. 

32. K two straight lines intersect, the centers of all. circles that 
can be inscribed between them, lie in two lines at right angles to each 
other. 

33. Draw two tangents to a given circle, which shall contain an 
angle equal to a given rectilineal angle. 

34. Describe a circle with a j!;iyen radius touching a given line, and 
so that the tangents drawn to it from two given points in this line 
may be parallel, and shew that if the radius vary, the locus of the 
centers of the circles so described is a circle. 

35. Determine the distance of a point from the center of a given 
circle, so that if tangents be drawn from it to the circle, the concave 
part of the circumference may be double of the convex. 

36. In a chord of a circle produced, it is required to find a point, 
from which if a straight line be drawn touching the circle, the Une so 
drawn shall be equal to a given straight line. 
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87. Find a point without a given circle, such that the sum of the 
two lines drawn from it touching the circle, shall be equal to the line 
drawn from it through the center to meet the circle. 

38. If from a point without a circle two tangents be drawn ; the 
straight line which joins the points of contact wul be iHsected at right 
angles by a line drawn from the center to the point without the circle. 

39. If tangents be drawn at the extremities of any two diameters 
of a circle, and produced to intersect one another; the straight lines 
joining the opposite points of intersection will both pass through 
the center. 

40. If from any point without a circle two lines be drawn touching 
the circle, and from the extremities of any diameter, lines be drawn to 
the point of contact cutting each other within the circle, the line drawn 
from the points without the circle to the point of intersection, shall be 
perpendicular to the diameter. 

41. If any chord of a circle be produced equally both ways, and 
tangents to tne circle be drawn on opposite sides of it irom its extre- 
mities, the line joining the points of contact bisects the giyen chord. 

42. AB is a chord, ana AD is a tangent to a circle at A. DPQ 
any secant parallel to AB meeting the circle in P and Q. Shew that 
the triangle PAD is equiangular with the triangle QAB, 

43. If from any pomt in the circumference of a circle a chord and 
tangent be drawn, the perpendiculars drooped upon them from the 
middle point of the subtended arc, are equal to one another. 

IV. 

44. In a given straight line to find a point at which two other 
straight lines being drawn to two given points, shall contain a right 
angle. Shew that if the distance between the two given points be 
greater than the sum of their distances from the given line, there will 
be two such points; if equal, there may be only one; if less, the 
problem may be impossible. 

45. Find the point in a given straight line at which the tangents 
to a given circle will contain the greatest angle. 

46. Of all straight lines which can be drawn from two given points 
to meet in the convex circumference of a given circle, the sum of those 
two will be the least, which make equal angles with tiie^ tangent at the 
point of concourse. 

47. DF is a straight line touching a circle, and terminated by 
AD, BF, the tangents at the extremities of the diameter AB, shew 
that the angle which 2>jP subtends at the center is a right angle. 

48. If tangents Am, Bn be drawn at the extremities of the dia- 
meter of a semicircle, and any line in mPn crossing them and touching 
the circle in P, and if AN, BM be joined intersecting in O and cutting 
the semicircle in E and F; shew tnat O, P, and the point of intersec- 
tion of the tangents at E and F, are in the same straight line. 

49. If from a point P without a circle, any straight line be drawn 
cutting the circumference in A and B, shew that the straight lines 
joining the points A and B with the bisection of the chord of contact 
of the tangents from P, make equal angles with that chord. 
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V. 

50. Describe a circle which shall pass through a given point and 
which shall touch a given straight line in a given point 

51. Draw a straight line which shall touch a given circle, and 
make a snven angle with a given straight line. 

52. Describe a circle the circumference of which shall pass through 
a given point and touch a given circle in a given point. 

53. l)escribe a circle with a given center, such that the circle so 
described and a given circle may touch one another internally. 

54. Describe the circles which shall pass through a given point 
and touch two given straight lines. 

55. Describe a circle with a given center, cutting a given circle in 
the extremities of a diameter. 

56. Describe a circle which shall have its center in a eiven straight 
line, touch another given line, and pass through a fixed point in the 
first given line. 

57. The center of a given circle is equidistant from two given 
straight lines ; to describe another circle which shall touch the two 
straight lines and shall cut off from the given circle a segment con- 
taining an angle equal to a given rectilineal angle. 

VI. 

58. If any two circles, the centers of which are given, intersect 
each other, the greatest line which can be drawn through either point 
of intersection and terminated by the circles, is independent of the 
diameters of the circles. 

59. Two equal circles intersect, the lines joininff the points in 
which any straight line through one of the pomts of secdoui which 
meets the circles with the other point of section, are equal. 

60. Draw throuffh one of the points in which any two circles cut 
one another, a strai^t line which shall be terminated oy their circum- 
ferences and bisected in their point of section. 

61. Describe two circles with given radii which, shall cut each 
other, and have the line between the points of section equal to a given 
line. 

62. Two circles cut each other, and from the points of intersection 
straight lines are drawn parallel to one another, the portions inter- 
cepted by the circumferences are equal. 

63. ACB, ADB are two segments of circles on the same base 
AB, take any point Cin the segment ACB\ join AQ BCt and pro- 
duce them to m^et the segment ADB in D ana B respectively : snew 
that the arc D£ is constant. 

64. ADB, ACB, are the arcs of two equal circles cutting one 
another in the straight line AB, draw the chord A CD cutting the 
inner circumference in C and the outer in D, such that AD and DB 
together may be double of AC and CB together. 

65. If from two fixed points in the circumference of a circle, 
straight lines be drawn intercepting a given arc and meeting without 
the circle, the locus of their intersections is a circle. 
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66. If two circles intersect, the common chord produced bisects 
the common tangent. 

67. Shew that, if two circles cut each other, and from any point 
in the straight line produced, which joins their intersections, two tan- 
gents be drawn, one to each circle, they shall be equal to one another. 

68. Two circles intersect in the points A and B ; through A and 
B any two straight lines CAD^ JSBF, are drawn cutting the circle& in 
the points C, D, JS, F; prove that CJS is parallel to DF, 

69. Two equal circles are drawn intersecting in the points A and 
B, a third circle is drawn with center A and any radius not greater 
than AB intersecting the former circles in 2> and C Shew that the 
three points, B, C, i> lie in one and the same straight line. 

70. If two circles cut each other, the straight line joining their 
centers will bisect their common chord at right angles. 

71. Two circles cut one another ; if through a point of intersection 
a straight line is drawn bisecting the angle between the diameters at 
that point, this line cuts off similar segments in the two circles. 

72. ACB, APB are two equal circles, the center of APB being 
on the circumference of ACB, AB being the common chord, if any 
chord A C of ACB be produced to cut AFB in P, the triangle PBC 
is equilateral. 

vn. 

73. If two circles touch each other externally, and two parallel 
lines be drawn, so touching the circles in points A and B respectiyelv 
that neither circle is cut, then a straight line AB will pass through 
the point of contact of the circles. 

74. A common tangent is drawn to two circles which touch each 
other externally ; if a circle be described on that part of it which lies 
between the points of contact, as diameter, this circle will pass through 
the point of contact of the two circles, and will touch the line which 
joins their centers. 

75. If two circles touch each other externally or internally, and 
parallel diameters be drawn, the straight line joining the extremities 
of these diameters will pass through the point of contact. 

76. If two circles touch each other internally, and. any circle be 
described touching both, prove that the sum of the distances of its 
center from the centers of the two given circles will be invariable. 

77. If two circles touch each other, any straight line passing 
through the point of contact, cuts off similar parts of their circumfe- 
rences. 

78. Two circles touch each other externally, the diameter of one 
being double of the diameter of the other ; through the point of con- 
tact any line is drawn to meet the circumferences of both ; shew that 
the part of the line which lies in the larger circle is double of that in 
the smaller. 

79. If a circle roll within another of twice its size, any point in 
its circumference will trace out a diameter of the first 

80. With a given radius, to describe a circle touching two given 
circles. 
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81. Two equal circles touch one another externally, and through 
the point of contact chords are drawn, one to each circle, at ri^^t 
angles to each ; prove that the straight line joining the other extre- 
mities of tliese chords is equal and parallel to the straight line joining 
tiie centres of the circles. 

82. Two circles can be described, each of which shall touch a 
given circle, and pass through two given points outside the circle ; 
shew that the angles which the two ^ven points subtend at the two 
points of contact, are one greater and the other less than that which 
they subtend at any other point in the given circle. 



vm. 

83. Draw a straight line which shall touch two given circles; 
(1) on the same side ; (2) on the alternate sides. 

84. If two circles do not touch each other, and a segment of the 
line joining their centers be intercepted between the convex circum- 
ferences, any circle whose diameter is not less than that segment may 
be so placed as to touch hoik the circles. 

85. Given two circles : it is required to find a point from which 
tangents may be drawn to each, equal to two given straight lines. , 

86. Two circles are traced on a plane ; draw a straight line 
cutting them in such a manner that the chordJs intercepted within the 
circlea shall have given lengths. 

87. Draw a straight line which shall touch one of two given circles 
and cut off a given segment from the other. Of how many solutions 
does this problem admit P 

88. If from the point where a common tangent to two circles 
meets the line joining their centers, any line be drawn cutting the 
circles, it will cut off similar segments. 

89. To nnd a point P, so ^t tangents drawn from it to the out- 
sides of two equal circles which touch each other, may contain an angle 
equal to a given angle. 

90. Describe a circle which shall touch a given straight line at a 
given point, and bisect the circumference of a given circle. 

91. A circle is described to pass through a given point and cut a 
given circle orthogonaUyi shew that the locus of the center is a certain 
straight line. 

92. Through two given points to describe a circle bisecting the 
circumference of a^iven circle. 

93. Describe a circle through a ^iven point, and touching a ^iven 
straight line, so that the chord joining the given point and pomt of 
contact, may cut off a segment containing a given angle. 

94. To describe a circle through two given points to cut a straight 
line given in position, so that a diameter of the circle drawn through 
the point of intersection, shall make a given angle with the line. 

95. Describe a circle which shall pass through two given points 
and cut a given circle, so that the chord of intersection may be of a 
given length. 
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IX. 

96. The circumference of one circle is wholly within that of an^ 
other. Find the greatest and the least straight lines that can be drawn 
touching the former and terminated by the latter. 

97. Draw a straight line through two concentric circles, so that the 
chord terminated by the exterior circumference may be double that 
terminated by the interior. What is the least value of the radius of 
the interior circle for which the problem is possible ? 

98. If a straight line be drawn cutting any number of concentric 
circles, shew that the segments so cut off are not similar. ■ 

99. If from any point in the circumference of the exterior of two 
concentric circles, two straight lines be drawn touching the interior 
and meeting the exterior ; the distance between the points of contact 
will be half that between the points of intersection. 

100. Shew that all equal straight lines in a circle will be touched 
by another circle. 

101. Through a given point draw a straight line so that the part 
intercepted by the circumference of a circle, shall be equal to a given 
straight line not greater than the diameter. 

102. Two circles are described about the same center, draw a chord 
to the outer circle, which shall be divided into three e^ual parts by the 
inner one. How is the ])ossibility of the problem limited ? 

103. Find a point without a given circle firom which if two tan- 
gents be drawn to it, they shall contain an angle equal to a given 
angle, and shew that ^e locus of this point is a circle concentric with 
the given circle. 

104. Draw two concentric circles such that those chords of the 
outer circle which touch the inner, may be equal to its diameter. 

105. • Find a point in a given straight line from which the tangent 
drawn to a given circle, is of given length. 

106. K any number of chords be drawn in the inner of two con- 
centric circles, from the same point A in its circumference, and each 
of the chords be then produced beyond A to the circumference of the 
outer circle, the rectangle contained by the whole line so produced 
and the part of it produced, shall be constant for all the cases. 

X. 

107. The circles described on the sides of any triangle as diameters 
will intersect in the sides, or sides produced, of the triangle. 

108. The circles which are dtsscribed upon the sides of a ri^ht- 
angled triangle as diameters, meet the hypotenuse in the same point ; 
and the line drawn from the point of intersection to the center of either 
of the circles will be a tangent to the other circle. 

109. K on the sides of a triangle circular arcs be described contain- 
ing angles whose sum is equal to two right angles, the triangle formed 
by the lines joining their centers, has its angles equal to those in the 
segments. 

110. The perpendiculars let fall from the three angles of any tri- 
angle upon the opposite sides, intersect each other in the same point 

111. If AD, CE be drawn perpendicular to the sides BC, AB of 
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the triangle ABC, prove that the rectangle contained by -^Cand BD^ 
is equal to the rectangle contained by BA and BE. 

112. The lines which bisect the vertical angles of all triangles on the 
same base and with the same vertical angle, all intersect in one point. 

113. Of all triaifgles on the same base and between the same 
parallels, the isosceles has the greatest vertical angle. 

114. It is required within an isosceles triangle to find a point such, 
that its distance from one of the equal angles may be double its dis- 
tance from the vertical angle. 

115. To find within an acute-angled triangle, a point from which, 
if straight lines be drawn to the three angles of the triangle, they shall 
make equal angles with each other. 

116. A flag-statf of a given height is erected on a tower whose 
height is also given : at what i)oint on the horizon will the flag-stafi 
appear under tne greatest possible angle ? 

117. A ladder is gradually raised against a wall ; find the locus of 
its middle point. 

118. The triangle formed by the chord of a circle (produced 
or not), the tangent at its extremity, and any line perpendicular 
to the diameter through its other extremity, will be isosceles. 

119. AD, BE are perpendiculars from the angles A and B 
on the opposite sides of a triangle, BF perpendicular to ED or ED 
producea ; shew that the angle FED = EBA. 

XL 

120. If three equal circles have a common point of intersection, 
prove that a straight line loining any two of the points of intersection, 
will be perpendicular to tne straight line joining the other two points 
of intersection. 

121. Two equal circles cut one another, and a third circle touches 
each of these two equal circles externally ; the straight line which joins 
the points of section will, if produced, pass through the center of the 
third circle. 

122. A number of circles touch each other at the same point, and a 
straight line is drawn from it cutting them : the straight lines joining 
each point of intersection with the center of the circle will be all parallel- 

123. If three circles intersect one another, two and two, the three 
chords joining the points of intersection shall all pass through one 
point 

124. If three circles touch each other externally, and the three 
common tangents be drawn, these tangents shall iiftersect in a point 
equidistant from the points of contact of the circles. 

125. If two equal circles intersect one another in A and B, and 
from one of the points of intersection as a center, a circle be described 
which shall cut both of the equal circles, then will the other point of 
intersection, and the two points in which the third circle cutu the 
other two on the dame side of AB, be in the same straight line. 

xn. 

126. Given the base, the vertical angle, and the difference, of the 
sides, to construct ^e triangle. 

t2 
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127. Describe a triangle, having given the vertical angle, and 
the segments of the base made by a line bisecting the vertical ansle. 

128. Given the perpendicular height, the vertical angle and the 
sum of the sides, to construct the triangle. 

129. Construct a triangle in which the vertical angle and the 
difference of the two angles at the base shall be respectively equal to 
two given angles, and whose base shall be equal to a given straight 
line. 

130. Given the vertical angle, the difference of the two sides con- 
taining it, and the difference of the segments of the base made by a 
perpendicular from the vertex ; construct the triangle. 

131. Given the vertical angle, and the lengths of two lines drawn 
from the extremities of the base to the points of bisection of the sides, 
to construct the triangle. 

132. Given the base, and vertical angle, to find the triangle whose 
area is a maximum. 

133. Given the base, the*altitude, and the sum of the two re- 
maining sides ; construct the triangle. 

134. Describe a triangle of given base, area, and vertical angle. 
185. Given the base and vertical angle of a triangle, find the 

locus of the intersection of perpendiculars to the sides from the ex- 
tremities of the base. • 

xm. 

136. Shew that the perpendiculars to the sides of a quadrilateral 
inscribed in a circle from their middle points intersect in a fixed point. 

137. The lines bisecting any angle of a quadrilateral figure in- 
scribed in a circle, and the opposite exterior angle, meet in the cir- 
cumference of the circle. 

138. If two opposite sides of a quadrilateral figure inscribed in a 
circle be equal, prove that the other two are parallel. 

139. Tne angles subtended at the center of a circle by any two 
opposite sides of a quadrilateral figure circumscribed about it, are 
together equal to two right angles. 

140. Four circles are described so that each may touch internally 
three of the sides of a quadrilateral figure, or one side and the aci- 
jacent sides produced ; shew that the centers of these four circles will 
all lie in the circumference of a circle. 

141. One side of a trapezium capable of being inscribed in a given 
circle is given, the sum of the remaining three sides is given ; and also 
one of the angles opposite to the given side : construct it. 

142. If the sides of a quadrilateral figure inscribed in a circle be 
produced to meet, and from each of the points of intersection a 
straight line be drawn, touching the circle, the squares on these tan- 
gents are together equal to the square on the straight line joining the 
points of intersection. 

143. If a quadrilateral figure be described about a circle, the 
sums of the opposite sides are equal ; and each sum equal to hatf the 
perimeter of the figure. 

144. A quadruateral ABCD is inscribed in a circle, BC and DC 
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are produced to meet AT} and AB produced in B and F, The angles 
^^Cand AJDQ are together equal to AFCy ABB, and twice the 
angle BA C, 

145. Kthe hypotenuBe AB of a ri^ht-angled triangle ABC be 
bisected in D, and BDF drawn perpendicular to AB, and DB, DF 
out off each equal to DA, and CE, CF joined, prove that the last two 
lines will bisect the angle at C and its supplement respectively. 

146. ABCD is a quadrilateral figure inscribed in a circle. 
Throufi;h its angular points tangents are drawn so as to form another 

Suadrilateral figure FBLCMJDEA circumscribed about the circle, 
'ind the relation which exists between the angles of the exterior and 
the angles of the interior figure. 

147. The angle contained by the tangents, drawn at the extremi« 
ties of any obord in a circle is equal to the difference of the angles in 
segments made by the chord : and also equal to twice l^e angle con- 
tained by the same chord and a diameter drawn from either of its 
extremities. 

148. JfABVD be a ouadrilateral figure, and the lines AB, AC, 
AD be equal, shew that tne angle BAD is double of CBD and CDB 
together. 

149. Shew that the four lines which bisect the interior angles of 
A quadrilateral figure, form by their intersections, a quadrilateral figure 
which can be inscribed in a circle. 

150. In a quadrilateral figure ABCD is inscribed a second 

auadrilateral by. joining the middle points of its adjacent sides ; a 
lird is similarly inscribed in the second, and so on. Shew that each 
of the series of quadrilaterals will be capable of being inscribed in a 
circle if the first three are so. Shew also that two at least of the 
opposite sides of A B CD mu&t be equal, and that the two squares upon 
these sides are together equal to the sum of the squares upon the 
other two. 

XIV. 

151. If from any point in the diameter of a semicircle, there be 
drawn two strai^fht lines to the circumference, one to the bisection of 
the circumference, the other at' right angles to the diameter, the 
squares upon these two lines are together double of the square upon 
the semi-diameter. 

152. If from any point in the diameter of a circle, straight lines 
be drawn to the extremities of a parallel chord, the squares on these 
lines are together equal to the squares on the segments into which the 
diameter is divided. 

153. From a given point without a circle, at a distance frt)m the 
circumference of the circle not greater than its diameter, draw a 
straight line to the concave circumference which shall be bisected by 
the convex circumference. 

154. K any two chords be drawn in a circle perpendicular to 
each other, the sum of their squares is equal to twice the square on 
the diameter diminished by four times the square on the Hne joining 
the center with their point of intersection. 
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155. Two points are taken in the diameter of a circle at itny 
equal distances from the center; through one of these draw any chord, 
and join its extremities and the other point The triangle so formed 
has the sum of the squares of its sides invariable. 

156. If chords drawn from any fixed point in the circumference 
of a circle, be cut by another chord which is parallel to the tangent 
at that point, the rectangle contained by each chord, and the part of 
it intercepted between the given point and the given chord, is constant. 

157. If ^^ be a chord of a circle Inclined by half a right angle to 
the tangent at A, and AC, AD be any two chords equally inclined to 
AJ3,AC*^AI)'^2.AB'. 

158. A chord POQ cuts the diameter of a circle in Q, in an angle 
equal to half a right angle ; PO* + OQ" = 2 (rad.]». 

159. Let ACDB be a semicircle whose diameter ia AB\ and 
ADf BCsiny two chords intersecting in P; prove that 

AB'^DA.AP^CB.BP. 

160. JfABDChe any parallelogram, and if a circle be described 
passing through the point A^ and cutting the sides AB^ AC, and the 
diagonal AD, in the pointy F, G, J? respectively, shew that 

AB.AF+AC.AO^AD.Air. 

161. Produce a given straight line, so that the rectangle under the 
given line, and the whole line produced, may equal the square of the 
part produced. 

162. If ^ be a point within a circle, B C the diameter, and through 
Af AD be drawn perpendicular to the diameter, and BAJE meeting 
l^e circumference m F, tlien BA.BJB-BC.BD, 

163. The diameter A CD of a circle, whose center is (7, is pro- 
duced to P, determine a point F in the line A P such that the rectangle 
PF.PC m&y be equal to the rectangle PD.PA. 

164. To produce a given straight line, so that the rectangle con- 
tained by the whole line thus produced, and the part of it produced, 
shall be eoual to a given square. 

165. Two straight lines stand at ri^ht angles to each other, one of 
which passes through the center of a given circle, and from any point 
in the other, tangents are drawn to the circle. Prove that the chord 
joining the points of contact cuts the first line in the same point, what- 
ever be the point in the second from which the tangents are drawn. 

166. A, B, C, 2), are four points in order in a straight line, find 
a point j& between B and C, such that AE.EB^ED.EC, by a 
geometrical construction. 

167. If any two circles touch each other in the point O, and lines 
be drawn through O at right angles to each other, the one line cutting 
the circles in P, P, the other in Q, Q ; and if the line joining the 
centers of the circles cut them in ^, ^' ; then 

P'P'^Q(^^AA\ 
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DEFINITIONS. 



I. 



A BECTILINEAL figure IS said to be inscribed in another rectilineal 
figure, when all the angular points of the inscribed figure are upon 
the sides of the figure in which it is inscribed, each upon each. 




In like manner, a figure is said to be described about another figure, 
when all the sides of the circumscribed figure pass through the angular 
points of the figure about which it is describedi each through eadu 

IIL 

A rectilineal figure is said to be inscribed in a circle, when all the 
angular points of the inscribed figure are upon the circumference of 
the circle* 




IV. 

A rectilineal figure is said to be described about a circle, when each 
side of the circumscribed figure touches the circumference of the circle 




In like manner, a circle is said to be inscribed in a rectilineal figure« 
when the circumference of the circle touches each side of the figure. 

.VI. 

A circle is said to be described about a rectilineal figure, when the 
circumference of the circle passes through all the angular points of 
the figure about which it is described. 
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vn. 

A straight line is said to be placed in a circle, when the extremities 
of it are in the circumference of the circle. 



PROPOSITION L PROBLEM. 

In a given circle to place a straight line, equal to a given straight line 
which M not greater than the diameter of the circle. 

Let ABC he the given circle, and D the given straight line, not 
greater than the diameter of the circle. 

It is required to place in the circle ABCa, straight line equal to D. 




Draw ^Cthe diameter of the circle ABC. 

Then, ifBCia equal to 2), the thing required is done; 

for in the circle ABC& straight, line Buib placed equal to D. 

But, if it is not, BCh greater than D ; (hyp.) 

make CE equal to D, (i. 3.) 

and from the center C, at the distance CJS, describe the circle AJSF, 

and join CA» 

Then CA shall be equal to 2>. 

Because C is the center of the curcle AJEF, 

therefore CA is equal to CE : (i. def. 15.) 

but CE is equal to 2) ; (constr.) 

therefore D is equal to CA. (az. 1.) 

Wherefore in the circle ABC, a straight line CA is placed equal to 

the given straight line 2>, which is not greater than the diameter of the 

circle. Q.E.F. 

PROPOSITION n. PROBLEM. 
In a given circle to inscribe a triangle equiangular to a given triangle. 

Let ABC he the given circle, and DEF the given triangle. 
It is required to inscribe in the circle ABC a triangle equiangular 
to the triangle DEF. 




E F 

Draw the straight line 6?-42rtouching the circle in the point A, (in. 17.) 
and at the point A, in the straight line AH, 
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make the angle HA C equal to the anele DJBF; (l. 23.) 

and at the point At in the straignt line A Oj 

make the angle OAB equal to the angle DFE\ 

' and join BC\ then ABC shall be the triangle required. 

Because HAG touches the circle ABC, 

and ^C is drawn from the point of contact, 

therefore the angle HA C is equal to the angle ABC in the alternate 

segment of the circle : (iii. 32.) 

but MAC 18 equal to the angle DEF; (eonstr.) 

therefore also the angle ABC is equal to DjEF: (ax. 1.) 

for the same reason, the angle ACB is equal to the angle DFFi 

therefore the remaining angle BAC is equal to the remaining angle 

EDFi (I. 32. and ax. 3.) 

wherefore the triangle ABCi& equiangular to the triangle DEF, 

and it is inscribed in the circle ABC» Q.E.F. 

PROPOSITION ni. PROBLEM. 
About a given circle to describe a triangle equiangular to a given triangle. 

Let ABC he the given circle, and Dj&l^the given triangle. 
It is required to describe a triangle about the circle ABC equian- 
gular to the triangle DEF, 




Produce J^jPboth ways to the points Q, H\ 

find the center ^ of the circle ABC, (lii. 1.) 

and from it draw any straight line KB ; 

at the point K in the sUaight line KB, 

make the angle BKA equal to the angle DEG, (l. 23.) 

and the angle jBJTCequal to the angle BFm-, 

and through the points A, B, C, (fraw the straight lines LAM, MBN, 

NCL, touchmg the circle ABC (ill. 17.) 

Then LMN shall be the triangle required. 
Because LM, MN, NL touch the circle ABC in the points A, B, 
C, to which from the center are drawn KA, KB, KC, 
therefore the angles at the points -4, B, C are right angles : (ill. 18.) 
and because the four angles of the quadrilateral figure AMBK are 
equal to four right angles, 

for it can be divided into two triangles ; 
and that two of them KAM, KBMsxe right angles, 
therefore the other two AKB, AMB are equal to two right angles : 
Tax. 3.) 

but tne angles DEG, DEF are likewise equal to two right angles ; 
(I. 13.) s 

15 
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tlierefoTe the angles AKBf AMB are equal to the angles DEO, DEF\ 
(ax. 1.) 

of which AKB is equal to DEO ; (constr.) 
wherefore the remaining angle AMB is equal to the remaining^ angle 
DEF, (ax. 3.) 
In like manner, me angle LJ^M may be demonstrated to be equal 
to DFE] 
and therefore the remaining angle MLN is equal to the remaining 

angle EDFi (i. 32 and ax. 3.) 
tlierefbre the triangle LMN\s equiangular to the triangle DEF: 
and it is described about the circle u^J9Cl q.e.7, 

PROPOSITION rV. PROBLEM. 
To inscribe a circle in a given triangle. 

Let the given triangle he ABC, 
It is required to inscribe a circle in ABC 




Bisect the ancles ABC^ BCA by the straight lines BD, CD meeting 
one another in the point Z), (i. 9.) 

from which draw DE, DF, l>6?perpendioular8 to AB, BC, CA. (l. 12.) 
And because the angle JSBI) is equal to the angle FBD, 
for the an^e ^^C is bisected by BD, 
and that the right angle BIsD is equal to the right angle BFD ; (ax. 11.) 
therefore the two triangles EBD, FBD have two angles of the one 
equal to two ancles of the other, each to each ; 
and the side BD, whicn is opposite to one of the equkl angles in each, 
is conmion to both ; 

therefore their other sides are equal ; (I. 26.) 
wherefore DE is equal to DFi 
for the same reason, 2)6^ is equal to DFi 
therefore DE is equal to 2) 6r: (ax. 1.) 
therefore the three straight lines DE, DF, DG are equal to one 
another; 
and the circle described from the center D, at the distance of anv 
of them, will pass through the extremities of the other two, and 
touch the straight lines ABy BC, CA, 

because the angles at the points E, F, O are ri^ht angles, 
and the straight line which is drawn from the extremity of a diameter 

at right angles to it, touches the circle : (iii. 16.) 
therefore the straight lines AB, BC, CA do each of them touch the 

circle, 
and therefore the circle EFQ is inscribed in the triangle ABC. Q.E.F. 
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PROPOSITION V. PROBLEM. 
To describe a circle about a given triangle. 

Let the given triangle h% ABC. 
It is required to describe a circle about ABO, 

A ^ A 






Bisect AB, ^ C in the poinU 2>, E, (i. 10^ 
and from these points draw DF, EF at right angles to AB, A C\ (l. 11.) 

DFf EF produced meet one another : 
for, if they do not meet, they are parallel, 
wherefore AB, A C, which are at right angles to them, are parallel ; 
which is absurd : 

let them meet in JP, and join FA ; 
also, if the point F be not in i?C7, join BF, CF. 
Then, because AD is equal to DB, and BF common, and at right 
angles to ^^, 

therefore the base ^JPis equal to the base FB, (l. 4.) 

In like manner, it may be shewn that CjPiS equal to FA ,* 

and therefore BFia equal to FC; (ax. 1.) 

and FAt FB, FC are equal to one another : 

wherefore the circle described from the center F, at the distance of 

one of them, will pass through the extremities of the other two, and 

be described about the triangle ABC Q.E.F. 

Cob. — ^And it is manifest, that when the center of the circle falls 
within the triangle, each of its angles is less than a ri^ht angle, (ill. 31.) 
each of them being in a segment greater than a semicircle ; but, when 
the center is in one of the sides of the triangle, the angle opposite to 
this side, being in a semicircle, (ill. 31.) is a right angle; and, if the 
center falls without the triangle, the angle opposite to the side beyond 
which it is, being in a segment less than a semicircle, (ill. 31.) is greater 
than a right angle : therefore, conversely, if the given triangle be 
acute-angled, the center of the circle falls within it; if it be a right- 
angled triangle, the center is in the side opposite to the right angle ; 
and if it be an obtuse-angled triangle, the center falls without the tri- 
angle, beyond the side opposite to the obtuse angle. 

. PROPOSITION VI. PROBLEM. 
To inscribe a square in a given circle. 

Let A BCD be the given circle. 
It is required to inscribe a square in ABCD. 

A 




I 
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Draw the diameters, A C, BD, at right angles to one another, (in. 1. 
and I. 11.) 

and jmin AB, BC, CD, DA. 
The figure A BCD shall be the square required. 
Because BS is equal to JEDy for JS is the center, and that JBA is 
common, and at right angles to BD ; 

the base BA is equal to the base AD : (l. 4.) 
and, for the same reason, BC, CD are each of them equal to BA^ 
or AD; 
therefore the quadrilateral figure ABCD is equilateral. 

It is also rectangular ; 
for the straight line BD being the diameter of the circle ABCD, 

BAD is a semicircle ; 
-wherefore the angle BAD is a right an^le : (m. 31.) 
for the same reason, each of the angles ABC, BCD, CD A is a right 
• angle : 

merefore the quadrilateral figure ABCD is rectangular : 

and it has been shewn to be equilateral, 

therefore it is a square : (i. def. 30.) 

and it is inscribed in the circle ABCD, Q.E.F. 

PROPOSITION Vn. PROBLEM. 
To describe a square about a given circle. 

Let ABCD be the given circle. 
It is required to describe a square about it. 

OAF 



B 



H 

Draw two diameters AC, BD of the circle ABCD, at right angles 
to one another, 
and through the points A, B, C, D, draw FO, OB, HK, KF touch- 
ing the circle. (lii. 17.) 

The figure GJSKF shall be the square required. 
Because FO touches the circle ABCD, and EA is drawn from the 
center E to the point of contact A, 
therefore the angles at A are ri^ht angles : (ill. 18.) 
for the same reason, the angles at the points B, C, D are ri^ht angles ; 
and because the angle AEB is a right angle, as likewise is EBO, 
therefore G^-ffis parallel to ^C: (i. 28.) 
for the same reason ^ C is parallel to FKi 
and in like manner OF, HK may each of them be demonstrated to 
be parallel to ^^2): 
therefore the figures OK, OC, AK, FB, BKare parallelograms; 

and therefore OF is equal to JOT, and OH it FKx (I. 34.) 
and because ^ C is equal to BD, and that ^ C is equal to each of the 
two OH, FK\ 



f E ^ 
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and BD to each of tlie two QF, HKi 
OH, FK are each of them equal to OF, or HK\ 
therefore the quadrilateral figure FGHK is equilateral. 

It is also rectangular ; 
for OBEA being a parallelo^^ram, and AEB a right angle, 
therefore A GB is likewise a right angle : (l. 34.) 
and in the same manner it may be shewn that the angles at J?*, K, F 
are right angles : 

therefore the quadrilateral figure FOHK is rectangular : 

and it was demonstrated to be equilateral ; 

therefore it is a square ; (l. def. 30.) 

and it is described about the circle ABCD, Q.E.F. 



PROPOSITION Vra. PROBLEM. 
To itucribe a circle in a given $gitare. 

Let A BCD be the given square. 
It is required to inscribe a circle in ABCD. 

A E D 



K> 



B H C 

Bisect each of the sides AB, AD in the points JP, Ff (l. 10.) 
and through F draw j&JT parallel to AB or DC, (i. 31.) 
and through F draw FK parallel to AD or BCi 
therefore each of the figures AK, KB, AM, HD, AQ, QC, BQ, OD 
is a right-angled parallelogram ; 

and their opposite sides are eoual : (i. 34.) 

and because AD is equal to AB, (i. def. 30.) 

and that AF is the balf of AD, and AF the half of AB, 

therefore AE is equal to AF; (az. 7.) 

wherefore the sides opposite to these are eoual, viz. FG to GE : 

in the same manner it may be demonstratea that GH, GK are each 

of them equal to FG or GEi 
therefore the four straight lines GE, GF, GH, GK are equal to one. 

another ; 
and the circle described from the center G at the distance of one of 
them, will pass through the extremities of the other three, and touch 
the straight lines AB, BC, CD, DA ; 

because the angles at the points E, F, H, K, are right angles, (i. 29.) 

and that the straight line which is drawn from the extremity of a 

diameter, at right angles to it, touches the circle : Till. 16. Cor.) 

therefore each of the straight lines AB,BC, CD, DA toucnes the circle, 

which therefore is inscribed in the square ABCD, Q.E.F. 





J 
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PBOPOSmON IX. PROBLEM. 

To describe a eirele about a given square. 

Let A BCD be the given square. 
It is required to describe a circle aoout A BCD* 




Join ^C, PD, cutting one another in ^: 

and because DA is equal to AB, and AC common to the triangles 

DA C, BA C, (L def. 30.) 

the two sides DA, AC axe equal to the two BA, A C, each to each ; 

and the base DC is equal to the base BC; 

wherefore the angle DA C is equal to the angle BAC; (l. 8.) 

and the angle DAB is bisected by the straight line A C: 
in the same manner it may be demonstrated that the angles ABC^ 
BCD, CD A are severally bisected b^ the straight lines BD,AC: 
therefore, because the angle DAB is equal to the angle ABC, 
(I. def. 30.) 
and that the angle j&^ -B is the half of DAB, and EBA the half of ABC; 
therefore the angle EAB is equal to the angle JEBA ; (ax. 7.) 

wherefore the side EA is equal to the side EB : (l. 6.) 
in the same manner it may be demonstratedi that the straight lines 

UC, ED are each t)f them equal to EA or EB : 
therefore the four straight lines EA, EB, EC, ED are equal to one 

another ; 
and the circle described from the center E, at the distance of one 
of them, will pass through the extremities of the other three, and be 
described about the square AB CD, Q. e. f. 

PROPOSITION X. PROBLEM. 

To describe an isosceles triangle, having each of the angles ai the base 
dovble of the third angle. 

Take any straight line AB, and divide it in the point C, (n. 11.) 

so that the rectangle AB,BC may be equal to the square on CA ; 

and from the center A, at the distance AB, describe the circle BDE, 

in which place the straight line BD equal to A C, which is not greater 

than the diameter of the circle BDE; (iv. 1.) 

and join DA, 
Then the triangle ABD shall be such as is reouured, 
that is, each of the angles ABD, ADB shall be douole of the angle 
BAD, 
Join DC, and about the triangle ^DCdescribe the circle A CD, (iT. 5.) 
And because the rectangle ^jS, J9Cis equal to the square on AC, 
and that ^ C is equal to BD, (constr.) 
the rectangle AB, BC is equal to the square on BD: (ax. 1.) 
and because from the point B, without the circle A CD, two straight 
lines BCA, BD are drawn to the circumference, one of which cuts, and 
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the other meets the circle, and that the rectangle AB, SC, contained 
hy the whole of the cutting line, and the part of it without the circle, 
is equal to the square on BD which meets it ; 
therefore the straight line BD touches the circle -4 CD: (m. 37.) 
and because BD touches the circle, and DC is drawn from the 

point of contact D, 
the angle BDC ia equal to the angle DA C in the alternate segment 
otthe circle : (ill. 32.) 

to each of these add the angle CDA ; 
therefore the whole angle BDA is equu to the two angles CDA, 
DAC: (ax. 2.) 
but.the exterior angle JBCDis ec^ual to the angles CDA, DA C; (l. 32.) 
therefore also BDA is equal to BCD : (ax. 1.) 
but BDA is equal to the angle CBD, (i. 5.) 
because the side .^D is equal to the side AB ; 
therefore CJ9D, or DBA, is equal to BCD ; (ax. 1.) 
and consequently the three angles BDA, DBA, BCD wee equal to 
one another : 

and because the ansle DBC is equal to the angle BCD, 
the side BD is equal to the side iC: (i. 6.) 
but BD was made equal to CA ; 
therefore also CA is equal to CD, (ax. 1.) 
and the angle CDA equal to the angle DAC; (I. 5.) 
therefore the angles CDA, 1)AC togeiheT, are double of the angle 
DAC: 
but BCD is equal to the angles CDA, DAC; (i. 32.) 
therefore also BCD is double of DAC: 
and J? CD was proved to be equal to each of the angles BDA, DBA ; 
therefore each of the angles BDA, DBA is double of the angle DAB, 
Wherefore an isosceles triangle ABD has been described, haying 
each of the angles at the base double of the third angle. Q.E.F. 

PROPOSITION XI. PROBLEM. 
. To inacrtbe an egtiilateral and equiangular pentagon in a given circle* 

Let ABCDE be the given circle. 
It ia required to inscribe an equilateral and equiangular pentagon 
in the circle ABCDE. 

Describe an isosceles triangle FOH, having each of the angles at 
G, JT double of the angle at Jrj (iv. 10.) 

and in the circle ABCDE inscribe the triangle ACV equiangular 
to the triangle FQH, (iv. 2.) 

so that the angle CAD may be equal to the angle at F, 
and each of the angles ACD, CDA equal to the angle at G or JT; 
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wherefore each of the angles A CD, CD A ifl double of the angle CAB. 
Bisect the angles -4 CZ>, CD A by the straight lines CE, DB; (i. 9.) 

and join AB, BC, DJS, EA. 

P 

A 

G H 

Then ABCDE shall be the pentagon required. 
Because each of the angles A CD, CD A is douole of CAD, 
and ^t they are bisected by the straight lines CE, DB ; 
therefore the five angles DAC, ACE, BCD, CDB, BDA are 

equal to one another : 
but equal angles stand upon equal circumferences ; (in. 26.) 
therefore ^e five circumierences AB,BC, CD, DE, EA are equal 
to one another: 
and equal circumferences are subtended by equal straight lines ; (m. 29.) 
^erefore the five straight lines AB, BC, CD, DE, EA are equal 
to one another. 
Wherefore the pentagon ABCDE is equilateral. 
It is also equiangular : 
for, because the droumference AB is equal to the circumference DE, 

if to each be added BCD, 

the whole ABCD is equal to the whole EDCB\ (ax. 2.) 

but the angle AED stands on the circumference ABCD ; 

and \hR angle BAE on the circimiference EDCB ; 

therefore the angle BAE is equal to the angle AED : (in. 27.) 

lor the same reason, each of the angles .^L&C, BCD, CDE is equal 

to the angle BAE, or AED : 

therefore the pentagon ABCDE in equiangular; 
and it has been shewn that it is equilateral : 
wherefore, in the given circle, an equilateral ana equiangular pentagon 
has been described. Q.E.F. 

PROPOSITION Xn. PROBLEM. 
To describe an equilateral and equiangidar pentagon about a given eirele. 

Let ABCDE be the given circle. 
It is required to describe an equilateral and equiangular pentagon 
about the circle ABCDE. 

Let the angular points of a pentagon, inscribed in the circle, by the 
last proposition, be m the points A, B, C, D, E, 
so that the circumferences AB, BC, CD, DE, EA are equal ; (TV. 11.) 
and through the points A, B, C, D, E draw OH^HK, KB, LM, 
MO touching the circle; (in. 17.) 
the figure GHKLM^hdXL be the pentagon required. 
Take the center F, and join FB, FK, FC, FL, FD, 
And because the straight line KL touches the circle ABCDE m 
the point C, to which FC is drawn from the center F, 

FCis perpendicular to KL, (m. 18.) 
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therefore each of the angles at C k a right angle : 
for the same reason, the angles at the points B, D are right angles : 

G 




and hecanse FCK is a right angle, 
the square on FK is equal to the squares on FC^ CKi (l. 47.) 
for the same reasbn, the square on FX is equal to the squares on 

FB, BK: 
therefore the squares on FC, CK are equal to the squares on FB, 
BK; (ax. 1.) 

of which the s(juare on FCib equal to the square on FB; 
therefore the remaining square on CK is equal to the remaining square 
on BK, (ax. 3.) and the straight line CJST equal to BK: 
and because FB is equal to FC, and FK common to the triangles 

BFK, CFK, 

the two BF, FK are equal to the two CF, FK, eacTi to each : 

and the base BK was proved equal to the base KCi 

therefore the angle BFK is equal to the angle KFC, (i. 8.) 

and the angle ^jO' to J^JTC: (i. 4.) 

wherefore the angle BFC is double of the angle KFC, 

and BKC double of FKC\ 

for the same reason, the angle CFD is double of the angle CFL, 

and CLD double of CLF\ 

and because the circumference ^C is equal to the circumference CD, 

the angle BFC is equal to the angle CFD ; (m. 27.) * 

and ^i^Cis double of the angle KFC, 

and CFD double of CFL ; 

therefore the angle KFCh equal to the angle CFLi (ax. 7.) 

and the right angle FCK is equal to the right angle FCL ; 

therefore, in the two triangles FKU, FLC, there are two angles of the 

one equal to two angles of the other, each to each ; 
and the side FC which is adjacent to the equal angles in each, is com- 
mon to both ; * 
therefore the other sides are equal to the other sides, and the third 

angle to the third angle : (i. 26.) 
therefore the straight line KC is equal to CL, and the angle FKC 
to the angle FLC: 

and because ^Cis equal to CL, 

KL is double of KC 

In the same manner it may be shewn that HK is double of BK\ 

and because BK is equal to KC, as was demonstrated, 

and that KL is double of KC, and HK double of BK, 

therefore HK is equal to KL : (ax. 6.) 

in like manner it may be shewn that QH, GM, ML are each of them 

equal to HK, or KL : 
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therefore the pentagon OHKLM ifl equilateraL 

It is also equiangular : 

for, since the angle FKCis equal to the angle FLC, 

and that the angle HKL is double of the angle FKC, 

and JTXJf double of JFXC, as was before demonstrated; 

therefore the angle JSKZ is equal to KLMi (ax. 6.) 

and in like manner it may be shewn, 

that each of the angles KHO^ HGM^ GML is equal to the angle 

HKL or KLMi 
therefore the five angles QHK, HKL, KLM, LMO, MOH heing 
equal to one another, 

the pentagon QHKLM\s equiangular : 

and it is equilateral, as was deiuons€rated ; 

and it is described about the circle ABODE. Q.E.F. 

PROPOSITION Xin. PROBLEM. 
To inscribe a circle in a given equiUxterai and equiangular pentagtm. 

Let ABODE be the given equilateral and equiangular penta^fon. 
It is required to inscribe a circle in the pentagon ABODE, 

A 




Bisect the angles BCD, ODE by the straight lines CF, DF, (l 9.) 
^d from the point F, in which they meet, draw the straight lines jF^, 
FA,FE\ 

therefore since BC\a equal to CA (hyp.) 

and CF common to the triangles J?C!F, i>CF, 

the two sides BO, OF are equal to the two DO, OF, each to each ; 

and the angle BCFU e(}uai to the angle DOF; (constr.) 

therefore the base BFis equal to the base FD, (i. 4.) 

and the other angles to the other angles, to which the equal sides are 

opposite : ^ 

therefore the angle OB Fib equal to the angle ODFi 

and because the angle ODE is double of ODF, 
and that ODE is equad to CBA, and CDF to OBF-, 

OB A is also double of the angle OBF; 

therefore the angle ABFis equal to the angle CBF; 

therefore the angle ^J?Cis bisected by the straight line BF: 

in the same manner it may be demonstrated, 

that the angles BAE, A ED, are bisected by the straight lines AF, FE, 

From the point F, draw FO, FH, FK, FL, Filf perpendiculars to 

the straight lines AB, BO, OD, DE, EA : (i. 12.) 

and because the angle HOF is equal to' Jl CF, and the right angle 
FRO equal to the right angle FKO\ 
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therefore in the triangles FHC^ FKCj there are two angles of the one 

equal to two angles of the other, each to each ; 
and the side* J^C, which is opposite to one of the equal angles in eacht 
is common to both ; 
therefore the other sides are equal, each to each ; (l. 26.) 
wherefore the perpendicular FH\s equal to the perpendicular FK\ 
in the same manner it may be demonstrated, that pL, FM, FO are 
each of them equal to FH, or FKi 

therefore the five straight lines FO, Fff, FK, FL, FMoxe equal 
to one another : 
wherefore the circle described from the center F, at the distance of 
one of these five, will pass through the extremities of the other four, 
and touch the straight lines AB, BC, CD, DE, FA, 

because the angles at the points G, M, K, L, M are right angles, 
and that a straight line drawn from the extremity of the diameter of 
a circle at right angles to it, touches the circle ; (ill. 16.) 
therefore each of the straight lines AB,BC, CD, DE, EA touches 
the circle : 
wherefore it is inscribed in the pentagon ABCDE. Q.E.F. 

PROPOSITION XIV. PROBLEM. 
To deaeribe a circle about a given e^ilateral atid equtangular pentagon. 

Let ABCDE be the given equilateral and equiangular pentagon. 
It is required to describe a circle about ABCDE, 




Bisect the angles BCD, CDE by the straight lines CF, FD, (i. 9.) 
and from the point F, in which they meet, draw the straight lines FB, 
FA, FE, to the points B, A, E. 
It may be demonstrated, in the same manner as the preceding pro- 
position, 
that the angles CBA, BAE, AED are bhectedby the straight lines 
FB, FA, FE. 

And because the angle BCD is equal to the angle CDE, 

and that FCD is the half of the angle BCD, 

and CDF the half of CDE ; 

therefore the angle FCD is equal to FDC; (ax. 7.) 

wherefore the side ClFis equal to the side FD: (l. 6.) 

in like manner it may be demonstrated, 
that FB, FA, FE, are each of them equal to FC or FD : 
therefore the five straight lines FA, FB, FC, FD, FE, are equal to 

one another ; 
and the circle described from the center F, at the distance of one of 
them, will pass through the extremities of the other four, and be de- 
scribed about the equilateral and equiangular pentagon ABCDE 

Q.E.P. 
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PROPOSITION XV, PROBLEM. 

To inscribe an equilateral and equiangular hexagon in a given circle, 

m 

Let ABCDEFh^ the given circle. 
It is required to inscribe an equilateral and equiangular hexagon in it. 

A 




Find the center O of the circle ABCDEF, 

and draw the diameter AGD; (ill. 1.) 

apd from 2), as a center, at the distance DG, describe tJie circle EOCHj 

join EO, CQ, and produce them to the points E, E; 

and join AB, BC, CD, DE, EF, FA : 

the hexagon .^^CD^J* shall be equilateral and equiangular. 

Because O is the center of the circle ABCDEF, 

QE is equal to OD : ^ 
and because D is the center of the circle EGCH^ 
DE is equal to DG' : 
wherefore GE is equal to ED, (ax. 1.) 
and the triangle EGD is equilateral ; 
and therefore its tliree an^es EGD, GDE, DEG, are equal to one 
another: (i. 5. Cor.) 
but the three angles of a triangle are equal to two right angles ; (l. 32.) 
therefore the angle EGD is the third part of two right angles : 

in the same manner it ma^ be demonstrated, 
that the angle DGCia also the third part of two right angles : 
and because the straight line (t^C makes with EB the adjacent angles 
EGC, CGB equal to two right angles; (i. 13.) 
the remaining angle CGB is the third part of two right angles: 
therefore the angles EGD, DGC, CGB are equal to one another : 
and to these are equal the vertical opposite angles BGA, A GF, FGE : 
(L 16.) ' 

therefore the six angles EGD, DGC, CGB, BGA, AGF, FGE, 
are equal to one another : 
but equal angles stand upon equal circumfi^ences ; (iii. 26.) 
therefore tne six circumferences AB, BC, CD, DE, EF, FA are equal 
to one another : 
and equal circumferences are subtended by equal straight lines : 
(in. 29.) . 

therefore the six straight lines are equal to one another, 
and the hexagon ABCDEFis equilateral. 
It IS also equiangular : 
for, since the circumference AF is equal to ED, 
to each of these equals add the circumference A BCD ; 
therefore the whole circumference FABCD is equal to the whole 
EDCBA: 
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and the angle FED stands upon the circumference FAB CD, 
and the angle AFF upon FDCBA'^ 
therefore the angle AFE is equal to FED : (liL 27.) 
in the same manner it may be demonstrated, 
that the other angles of the hexagon ABCDEF are each of them 
equal to the angle AFE or FED : therefore the hexagon is equi- 
angular ; and it is equilateral, as was shewn ; 
and it is inscribed in the ^ven circle ABCDEF, Q.E.F. 
CoR. — ^From this <it is manifest, that the side of the hexagon is 
eaual to the straight line from the center, that is, to the semi-diametet 
of the circle. 

And if through the points ^, ^, C, 2>, Ey F there be drawn straight 
lines touching the circle, an equilateral and equiangular hexagon will 
be described about it, which may be demonstrated from what has been 
said of the pentagon: and likewise a circle maybe inscribed in a given 
equilateral and equiangular hexagon, and circumscribed about it, by a 
method like to that used for the pentagon. 

PROPOSITION XVI. PROBLEM. 
To imeribe an equilaterai and equiangular qtundeeagon in a given circle. 

Let A BCD be the given circle. 
It is required to inscribe an equilateral and equiangular quindeca- 
gon in the circle ABCD, 




Let^ Cbe thesideof an equilateral triangle inscribed in the circle, (iy.2.) 
and AB the side of an equilateral and equiangular pentagon inscribed 
in the same ; (lY. 11.) 
therefore, of such equal parts as the whole circumference ABCDF 
contains fifteen, 
the circumference ABC, being the third part of the whole, contains five ; 
and the circumference AB, which is tne fifth part of the whole, con- 
tains three ; 

therefore BC, their difierence, contains two of the same parts: 

bisect ^Cin ^; (iii. 30.) 
therefore BE, EC are, each of them, the fifteenth part of the whole 

circumference ABCD : 
therefore if the straight lines BE, EC he drawn, and straight lines 
equal to them be placea round in die whole circle, (iv. 1.) an equi- 
lateral and equiangular quindecflgon will be inscribed in it Q.E.F. 

And in the same manner as was done in the pentagon, if tiirough 
the points of division made by inscribing the q;iin decagon, straight 
lines be drawn touching the circle, an equilateral and equiangular 
quindecagon will be described about it : and likewise, as in the pen- 
tagon, a circle may be inscribed in a given equilateral and equiangular 
quindeca^n, and circumscribed about it. 
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Trb Fourth BqoIl of the Elements contains some particular cases of 
four general problems on the inscription and the circumscription of tri- 
angles and regular figures* in and about circles. Euclid has not given 
any instance of the inscription or circumscription of rectilineal figures 
in and about other rectilineal figures. 

Any rectilineal figure, of five sides and angles, is called a pentagon ; 
of seven sides and angles, a heptagon ; of eight sides and angles, an octa- 
gon ; of nine sides and angles, a nonagon ; of ten sides and angles, a 
decagon ; of eleven sides and angles, an undecagon ; of twelve sides and 
angles, a duodecagon ; of fifteen sides and angles, a quindecagon, &c. 

These figures are included under the general name of polygons ; and 
are called equilateral, when their sides are equal ; and equiangular, when 
their angles are equal ; also when both their sides and angles are equal, 
they are called regular polygons. 

Prop. III. An objection has been raised to the construction of this 
problem. It is said that in this and other instances of a similar kind, 
the lines which touch the circle at A, B, and C, should be proved to meet 
one another. This may be done by joining JB^ and then since the angles 
K/tM, KBM 2ixc equal to two right angles (in. 18.), therefore the angles 
BAM, >4B3f are less than two right angles, and consequently (ax. 12;), 
A M and BM must meet one another, when produced far enough. Similarly, 
it may be shewn that AL and CL, as also CN and BN meet one another. 

Prop. y. is the same as '* To describe a circle passing through three 
given points, provided that they are not in the same straight line." 

The corollary to this proposition appears to have been already de« 
monstrated in Prop. 31. Book in. 

It is obvious that the square described about a circle is e(^ual to 
double the square inscribed in the same circle. Also that the curcum- 
scribed square is equal to the square on the diameter, or four times the 
square on the radius of the circle. 

Prop. VII. It is manifest that a square is the only right-angled paral- 
lelogram which can be circumscribed about a circle, but that both a 
rectangle and a square may be inscribed in a circle. 

Prop. X. By means of this proposition, a right angle may be divided 
into five equal parts. 

Reference has already been made to the distinction between analysis 
and synthesis, and that aU Euclid's direet demonstrations are synthetic, 
properly so called. There is however a single exception in Prop. 16. 
Book IV, where the analysis only is given of the Problem. The two 
methods are so connected in all processes of reasoning, that it is very 
difficult to separate one from the other, and to assert that this process is 
really synthetic, and that is really analytic. In every operation performed 
in the construction of a problem, there must be in the mind a knowledge 
of 3ome properties of the figure which suggest the steps to be taken in 
the construction of it. Let any Problem be selected from Euclid, and at 
each step of the operation, let the question be asked, *' Why that step 
is taken }^ It vrill be found that it is because of some known property 
of the required figure. As an example will make the subject more clear 
to the learner, the Analysis of Euc iv. J^O, is taken from the "AnalyBis of 
Problems" in the larger edition of the Euclid, and to which the learner 
is referred for more complete information. 

In Euc. nr. 10, there are five operations specified in the construc- 
tion: — 

(I) Take any straight line AB, 
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(2^ Diyide the line A Bin C, eo that the rectangle AB, BCf may be 
equal to the square on AC, 

!3) Describe the circle BDE with center A and radius AB, 
4) Place the line BD in that circle, equal to the line AC, 

(5) Join the points A, D. 

Why ehodld either of these operations be performed rather than any 
others ? And what will enable us to forsee that the result of th^m will 
be such a triangle as was required } The demonstration affixed to it by 
Euclid does undoubtedly prove that these operations must, in conjunction, 
produce such a triangle : but we are furnished in the Elements with no 
obvious reason for the adoption of these steps, unless we suppose them 
accidental. To suppose that all the constructions, even the simpler ones, 
are the result of accident only, would be supposing more than could be 
ahewn to be admissible, l^o construction of the problem could have 
been devised without a previous knowledge of some of the properties of 
the figure. In fact, in directing the figure to be constructed, we assume 
the possibility of its existence; and we study the properties of such a 
figure on the hypothesis of its actual existence. It is this study of the 
properties of the figure thai constitutes the Analyeia of the problem. 

Let then the existence of a triangle BAD be admitted, which has each 
of the angles ABD, ADB double of the angle BADt in order to ascertain 
any properties it may possess which would assist in the construction of 
such a triangle. 

Then, since the angle ADB is double of BAD, if we draw a line DC 
to bisect ADB and meet A Bin C, the angle ADC will be equal to CAD ; 
aind hence (£uc. i. 6.) the sides AC, CD are equal to one another. 

Again, since we have three points A, C, D, not in the same straight 
line, let us examine the effect of describing a circle through them : that 
ia, describe the circle A CD about the triangle A CD, (£uc. iv. 5.) 

Then, since the angle ADB has been bisected by DC, and since ADB 
is double of DAB, the angle CDB is equal to the angle D AC in the alter- 
nate segment of the circle ; the line BD therefore coincides with a tangent 
to the circle at D, (Converse of £uc. in. 32.) 

Whence it follows, that the rectangle contained by AB, BC, is equal 
to the square on BD, (Euc. in. 36.) 

But the angle BCD is equal to the two interior opposite angles CAD, 
CD A ; or since these are equal to each another, BCD is the double of 
CAD, that is, of BAD, And since ABD is also double of BAD, by the 
conditions of the triangle, the angles BCD, CBD are equal, and BD is 
equal to DC, that is, to AC, 

It has been proved that the rectangle AB, BC, is equal to the square 
on BD ; and hence the point C in AB, found by the intersection of the 
bisecting line DC, is such, that the rectangle AB, BC is equal to the 
square on AC, (Euc. ii. II.) 

Finally, since the triangle ABD is isosceles, having each of the angles 
ABD, ADB double of the same angle, the sides AB, AD are equal, and 
hence the points B, D, are in the circumference of the circle described 
about A with the radius AB, And since the magnitude of the triangle 
is not specified, the line AB may be of any length whatever. 

From this " Analysis of the problem," which obviously is nothing 
more than an examination of the properties of such a figure supposed to 
exist already, it will be at once apparent, why those steps which are 
prescribed by Euclid for its construction, were adopted. 

The line AB is taken of any length, because the problem does not 
prescribe any specific magnitude to any of the sides of the triangle. 
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The circle BDE is described about A with the distance AB, because 
the triangle is to be isosceles, haying AB for one side, and therefore the 
other extremity of the base is in the circumference of that circle. 

The line AB is divided in C, so that the rectangle AB, BC shall be 
equal to the square on AC^ becatue the base of the triangle must be equal 
to the segment AC, 

And the line AD is drawn, because it completes the triangle, two of 
whose sides, AB, BD are already drawn. 

Whenever we have reduced the construction to depend upon problems 
which have been already constructed, our analysis may be terminated ; 
as was the case where, in the preceding example, we arrived at the 
division of the line ^B in C; this problem having been already con- 
structed as the eleventh of the second book. 
- Prop. xvT. I'he arc subtending a side of the quindecagon, may be 
found by placing in the circle from the same point, two lines respectively 
equal to the sides of the regular hexagon and pentagon. 

The centers of the inscribed and circumscribed circles of any regular 
polygon are coincident. 

Besides the circumscription and inscription of triangles and regular 
polygons about and in circles, some very important problems are solved 
in the constructions respecting the division of the circumferences of 
circles into equal parts. 

By inscribing an equilateral triangle, a square, a pentagon, a hex- 
agon, &c. in a circle, the circumference is divided into three, four, five« 
six, &c. equal parts. In Prop. 26, Book iii, it has been shewn that equal 
angles at die centers of equal circles, and therefore at the center of the 
same circle, subtend equal arcs ; by bisecting the angles at the center, 
the arcs which are subtended by them are also bisected, and hence, a 
sixth, eighth, tenth, twelfth, &c. part of the circumference of a circle 
may be found. 

If the right angle be considered as divided into 90 degrees, each degree 
into 60 minutes, and each minute into 60 seconds, and so on, according 
to the sexagesimal division of a degree ; by the aid of the first corollary 
to Prop. 32, Book t, may be found the numerical magnitude of an interior 
angle of any regular polygon whatever. 

Xet 6 denote the ma^tude of one of the interior angles of a regular 
polygon of n sides, 

then nB is the sum of all the interior angles. 

But all the interior angles of any rectilineal figure together with four 
right angles, are equal to twice as many right angles as the figure has sides, 
that is, if ir be assumed to designate two right angles, 

/. n6 + 2ir = nir, 
and »6 8= »ir — 2ir = (n — 2) , ir, 

the magnitude of an interior angle of a regular polygon of n sides. 

By taking ti e= 3, 4, 5, 6, &c. may be found the magnitude in terms of 
two right angles, of an interior angle of any regular polygon whatever. 

Pythagoras was the first, as Proclus informs us in his commentary, 
who discovered that a multiple of the angles of three regular figures only, 
namely, the trigon, the square, and the hexagon, can fill up space round 
a point in a plane. 

It has been shewn that the interior angle of any regular polygon of n 
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sides in terms of two right angles, is expressed by the equation 

A n-2 

n 

"Let B» denote the magnitude of the interior angle of a regular figure 
of three sides, in which case, n b 3. 

Then 6m = — t — •«-&--•&: one third of two right angles, 

/. 36* « », 
and 60s - Sv, 
that is, six angles, each equal to the interior angle of an equilateral tri- 
angle, are equal to four right angles, and therefore six equilateral triangles 
may be placed so as completely to fill up the space round the point at 
which they meet in a plane. 

In a similar way, it may be shewn that four squares and three hexagons 
may be placed so as completely to fill up the space round a point. 

Also it will appear from the results deduced, that no other regular 
figures besides these three, can be made to fill up the space round a poiut; 
for any multiple of the interior angles of any other regular polygon, will 
be found to be in excess aboye, or in defect from four right angles. 

The equilateral triangle or trigon, the square or tetragon, the penta- 
gon, and the hexagon, were the only regular polygons known to the 
Greeks, capable of being inscribed in circles, besides those which may 
be derived from them. 

M. Gauss in his Disqmsitiones Arithmeticss, has extended the number 
by shewing that in general, a regular polygon of 2" + 1 sides is capable 
of being inscribed in a circle by means of straight lines and circles, in 
those cases in which 2" + 1 is a prime number. 

The case in which n h 4, in 2** + 1, was proposed by Mr. Lowry of the 
Royal Military CoUege, to be answered in the seventeenth number of 
Leyboum's Mathematical Repository, in the following form : — 

Required a geometrical demonstration of the following method of 
constructing a regular polygon of seventeen sides in a circle. 

Draw the radius CO at right ansles to the diameter AB ; on OO and 
OBf take OQ equal to the half, and OD equal to the eighth part of the 
radius ; make DE and DF each equal to i)Q, and EG and FH respectively 
equal to EQ and FQ; take OK a mean proportional between OH and 
OQ, and through K, draw KM parallel to AB, meeting the semicircle 
described on OG in if, draw MN parallel to OC cutting the given circle 
in N, the arc AN is the seventeenth part of the whole circumference. 

A demonstration of the truUi of this construction has been given by 
Mr. Lowry himself, and will be found in the fourth volume of Leyboum's 
Repository. The demonstration including the two lemmas occupies 
more than eight pages, and is by no means of an elementary character. 



QUESTIONS ON BOOK IV. 

1. What is the general object of the Fourth Book of Euclid ? 

2. What consideration renders necessary the first proposition of the 
Fourth Book of Euclid ? 

3. When is a circle said to be inscribed within, and circumacribed 
about a rectilineal figure i 
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4. When it one rectilineftl figure said to be inscribed in, and cixeom* 
scribed about another rectilineal figure i 

6, Modify the construction of £uc. nr. 4, so that the circle may 
touch one side of the triangle and the other two sides produced. 

6. The sides of a triangle are 5, 6, 7 units respectively, find the radii 
of the inscribed and circumscribed circle. 

7. Give the constructiona by which the centers of circles described 
about, and inscribed in triangles are found. In what triangles will they 
coincide ? 

8. How is it shown that the radiUs of the circle inscribed in an 
equilateral triangle is half the radius described about the same triangle ? 

9. The equilateral triangle inscribed in a circle is one*fourth of the 
equilateral triangle circumscribed about the same circle. 

, 10. What relation subsists between the square inscribed in, and the 
square circumscribed about the same circle } 

■ 1 1 . Enunciate £uc. in, 22 : and extend this property to any inscribed 
polygon having an even number of sides. 

12. Trisect a quadrantal arc of a circle, and show that every arc 

t^hich is an --^ th part of a quadrantal arc may be trisected geometrically : 

m and n being whole numbers: 

13. If one side of a quadrilateral figure inscribed in a circle be pro- 
duced, the exterior angle is equal to the interior and opposife angle of the 
figure. Is this property true of any inscribed polygon having an even 
number of sides ^ 

14. In what parallelograms can circles be inscribed } 

16. Give the analvsis and synthesis of the problem: to describe 
an isosceles triangle, naving each of the angles at the base double of 
the third angle ? 

16. Shew that in the figure Euc. tv. 10, there are two triangles pos- 
sessing the required property. 

17. How is it made to appear that the line BD is the side of a regular 
decitffon inscribed in the larger circle, and the side of a regular ^mto^on 
inscribed in the smaller circle ? fig. Euc iv. 10. 

18. In the construction of Euc. iv. 3, Euclid has omitted to shew 
that the tangents drawn through the points A and B will meet in some 
point M. How may this be shewn } 

19. Shew that u the points of intersection of the circles in Euclid's 
figure, Book rv. Prop. 10, be joined with the vertex of the triangle and 
with each other, another triangle will be formed equiangular and equal 
to the former. 

20. Divide a right angle into five equal parts. How may an isosceles 
triangle be described upon a given base, having each angle at the base 
one-mird of the angle at the vertex } 

21. What regular figures may be inscribed in a circle by the help of 
Euc. IV. 10 ? 

22. What is Euclid's definition of a regular pentagon } Would the 
stellated figure, which is formed by joining the alternate angles of a 
regular pentagon, as described in the Fourth Book, satisfy this definition ? 

23. Shew that each of the interior angles of a regular pentagon, in- 
scribed in a circle, is equal to three-fifths of two right angles. 

24. If two sides not adjacent, of a regular pentagon, be produced to 
meet : what is the magnitude of the ang& contained at the point where 
they meet ? 

25. Is there any method more direct than Euclid-s for inscribing 
a regular pentagon in a circle i 
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'2B; In what sense is a regular hexagon also a parallelogram? Would 
the same observation apply to all regular figures with an even number of 
sides } 

27. Why has Buclid not shewn how to inscribe an equilateral triangle 
in a circle, before he requires the use of it in Prop. 16, Book ly. ? 

28. An equilateral triangle is inscribed in a circle by joining the first, 
third, and fifth angles of the inscribed hexagon. 

29. If the sides of a hexagon be' produced to meet, the angles formed 
by these lines will be equal to four right angles. 

30. Shew that the area of an equilateral triangle inscribed in a circle 
is one-half of a regular hexagon inscribed in the same circle. 

31. If a side of an equilateral triangle be six inches : what is the 
radius of the inscribed circle } 

32. Find the area of a regular hexafton inscribed in a circle whose 
diameter is twelve inches. What is the oifierence between the inscribed 
and the circumscribed hexagon i 

33. Which is the greater, the difierence between the side of the si^uare 
and the side of the regular hexagon inscribed in a circle whose radius is 
unity ; or the difierence between the side of the equilateral triangle and 
the side of the regular pentagon inscribed in the same circle ? 

34. The regular hexagon inscribed in a circle, is tliree-fourths of the 
regular circumscribed hexagon. 

35. Arethe interior angles of an octagon equal to twelve right angles? 
86. What figure is formed by the production of the alternate sides of 

a regular octagon i 

37. How many square inches are in the area of a regular octagon 
whose side is eight inches ? 

38. If an irregular octagon be capable of having a circle described 
about it, shew that the sums of the angles taken alternately are equal. 

39. Pind an algebraical formula for the number of degrees contained 
by an interior angle of a regular polygon of n sides. 

40. What are the three regular figures which can be used in paving 
a plane area ? Shew that no other regular figures but these will fill up 
the space round a.point in a plane. 

41. Into what number of equal parts may a right angle be divided 
geometrically ? What connection has the solution of this problem with 
the possibility of inscribing regular figures in circles ? 

42. Assuming the demonstrations in £uc. iv, shew that any equila- 
teral figure of 3.2*', 4.2**, 6.2**, or 15.2*' sides may be inscribed in a 
circle, when n is any of the numbers, 0, 1,2, 3, &c. 

43. With a pair of compasses only, shew how to divide the circum- 
ference of a given circle into twenty-four equal parts. 

44. Shew that if any polygon inscribed in a circle be equilateral, it 
must also be equiangtdar. Is the converse true ? 

45. Shew that if the circumference of a circle pass through three 
angular points of a regular polygon, it will pass through all of them. 

46. Similar polygons are always equiangular : is uie converse of this 
proposition true ? 

47. What are the limits to the Geometrical inscription of regular 
figures in circles ? What does Geometrical mean when used in this way ? 

48. What is the difficulty of inscribing geometrically an equilateral 
and equiangular undecagon in a circle ? Why is the solution of this pro- 
blem said to be beyond the limits of plane geometry } Whj is it so difficult 
to prove that the geometrical solution of such problems is impossible ) 

K2 



GEOMETEICAL EXERCISES ON BOOK IV. 



PROPOSITION L THEOREM. 

If on equikUeral triangle be inscribed in a circle, the square on the side 
of the triangle is triple of the square on the radius, or on the side rf the 
regular hexagon inscribed in the same circle. 

Let ABD be an equilateral triangle inscribed in the circle ABD^ 
of whidi the center is C* 

A 




Join BC, and produce BC to meet the circumference in S, also 
join AJE. 
And because ABD is an equilateral triangle inscribed in the circle ; 
therefore AJED is one-third of the whole circumference, 
and therefore AJS is one-sixth of the circumference, 
and consequently, the straight line AJS is the side of a regular hexagon 
(lY. 15.), and is equal to EC. 

And because BE is double of EC or AE, 

therefore the square on BE is quadruple of the square on AS, 

but the square on BE is equal to the squares on AB, AE ; 

therefore the squares on AB, AE are quadruple of the square on AE, 

and taking from these equals the souare on AE, 

therefore the square on AB is triple of the square on AE. 



PROPOSITION n. PROBLEM. 

To describe a circle which shall touch a straight line given in position, and i 
pass through two given points. 

Anal^rsis. Let AB be the given straight line, and C, D the two , 
given points. 

Suppose the circle required which passes through the points C, D 
to toucn the line AB in the point E. 

A E F B 




Join C, 2), and produce DC to meet AB in F, 

and let the circle be described having the center L, 

join also Z^, and draw ilT perpendicular to CD. 

Then CD is bisected in JET, and LE is perpendicular to AB, 
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AIbo, since fh>m the point F without the circle, are drawn two 
straight lines, one of whicn FE touches the circle, and the other FDC 
cuts it ; the rectangle contained by FC, FD^ is equal to the square on 
FE. (III. 36.) 

Synthesis. Join C, D, and produce CD to meet AB in JF*, 
take the point E in FB^ such toat the square on JPJ?, shall be equal 
to the rectangle FD, FC, 

Bisect CD in H, and draw SK perpendicular to CD ; 
then JJ^ passes through the center, (in. 1, Cor. 1.) 
At E draw EO perpendicular to FB, 
then E& passes through the center, (m. 19.) 
consequently X, the point or intersection oi these two lines, is 
the center of the circle. 
It is also manifest, that another circle may be described passing 
through C, Df and touching the line AB on the other side of the 
point Fi and this circle will be equal to, greater than, or less than the 
other circle, according as the angle CFB is equal to, greater than, or 
less thflji the angle CFA, 

PROPOSITION ni. PROBLEM, 
Itueribe a eircls in a given »eetor of a eirele. 

Analysis. Let CAB be the given sector, and let the required circle 

whose center is O, touch the radii in P, Q, and the arc of the sector 

in2>. 

c 




ED F 

Join OPf OQ, these lines are equal lb one another. 

Join also CO, 
Then in the triangles CPO, CQO, the two sides PC, CO, are equal 
to QC, CO, and the base OP is equal to the base OQ ; 

therefore the angle PCO is equal to the angle QCO ; 
and the angle A CB is bisected by CO ; 
also CO produced will bisect the arc AB m D. (ni. 26.) 
If a tangent EDFhe drawn to touch the arc AB in D ; 
and CA, CB be produced to meet it in ^, i^: 
the inscription of the circle in the sector is reduced to the inscrip- 
tion of a circle in a triangle. (lY. 4.) 

PROPOSITION IV. PROBLEM. 

ABCD M a rectangular parailehgram. Required to draw EG, FG 
pnrallel to AD, DC, so that the rectangle EF fnay be equal to the figure 
£MD, and EB equal to FD. 

Analysis. Let EQ, FG be drawn, as required, bisecting the rect- 
angle ABCD, 
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Draw the diagonal BD cntdng BO in IT and FO in 
Then BD also bisects the rectangle ABCD ; 
and therefore the area of the triangle KOH ia equal to that of the 
two triangles EHB, FKB. 



B B 




Draw OL perpendicular to BD, and join QB^ 
also produce FO to M, and EO to N, 
If the triangle LuHhe supposed to be equal to the triangle EMB, 
by adding HOB to each, 

the triangles LOB, OEB are equal, and they are upon the same 
base OB, and on tJie same side of it; 

therefore they are between the same parallels, 
that is, if X, j^ were joined, LE would be parallel to OB ; 
and if a semicircle were described on OB as a diameter, it would 
pass through the points E, L\ for the angles at E, L are right 
angles: 

also LE would be a chord parallel to the diameter 0B\ 
therefore the arcs intercepted between the parallels LE, OB are 
equal, 
and consequently the chords EB, LO are also equal ; 

but EB is equal to OM, and OMXjq 0N\ 
wherefore LO, OM, ON, are equal to one another; 
hence O is the center of the circle inscribed in the triangle BDC 
Synthesis. Draw the diagonal BD. 
Find O the center of the circle inscribed in the triangle BDC; 
through O draw J^G'JV parallel to BC, and Jli^Jf parallel to AB. 
Then EO and FO bisect the rectangle ABCD. 
Draw (?X perpendicular to the diagonal BD. 
In the triangles OLH, EHB, the angles OLHy HEB are equal, 
each bein^ a right angle, and the vertical angles LHO, EHB, also the 
side LOiA equal to the side EB ; 

therefore the triangle LHO is equal to the triangle EHB. 
Similarly, it may be proved, that the triangle OLK is equal to the 

triangle KPD , 
therefore the whole triangle KOH is equal to the two triangles 
EHB, KFD\ 
and consequently EO, FO bisect the rectangle ABOD* 
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I. 

1. In a given circle, place a straight line equal and parallel to h 
given straight line not greater than the diameter of the circle. 

2. Trisect a given circle by dividing it into three equal sectors. 

3. The centers of the circle inscribed in, and circumscribed about 
an equilateral triangle coincid!e ; and the diameter of one is twice the 
diameter of the other. 

4. K a line be drawn from the vertex of an equilateral triangle, 
perpendicular to the base, and intersecting a line drawn from either of 
the angles at the base perpendicular to the opposite side ; the distance 
from the vertex to the point of intersection, shall be equal to the radius 
of the circumscribing circle. 

5. If an equilateral triangle be inscribed in a circle, and a straight 
line be drawn from the vertical angle to meet the circumference, it 
will be equal to the sum or difference of the straight lines drawn from 
the extremities of the base to the point where the line meets the cir- 
cumference, according as the line does or does not cut the base. 

6. The perpendicular from the vertex on the base of an equi* 
lateral triangle, is equal to the side of an equilateral triangle inscribed 
in a circle whose diameter is the base. Required proof, 

7. If an equilateral triangle be inscribed in a circle, and ihe 
adjacent arcs cut off by two of its sides be bisected, the line joining 
the points of bisection shall be trisected by the sides. 

8. If an equilateral triangle be inscribed in a circle, any of its 
sides will cut on one-fourth part of the diameter drawn through the 
opposite angle. ' 

9. The perimeter of an equilateral triangle inscribed in a circle is 
greater than the perhneter of any other isosceles triangle inscribed in 
the same circle. 

10. If anv two consecutive sides of a hexagon inscribed in a circle 
be respectively parallel to their opposite sides, the remaining sides are 
parallel to each other. 

11. Prove that the area of a regular hexagon is greater than that 
of an equilateral triangle of the same perimeter. 

12. If two equilateral triangles be inscribed in a circle so as to 
have the sides oif one parallel to the sides of the other, the figure 
common to both will be a regular hexagon, whose area and perimeter 
will be equal to the remainder of the area and perimeter of the two 
triangles. 

13. Determine the distance between the opposite sides of an equi<* 
lateral and equiangular hexagon inscribed in a circle. 

14. Inscribe a regular hexagon in a given equilateral triangle. 

15. To inscribe a regular duodeca^n in a given circle, and shew 
that its area is equal to the square on the side of an equilateral triangle 
inscribed in the circle* 

n. ^ I 

16. Describe a circle touching three straight lines. 

17. Any number of triangles having the same base and the same 
vertical angle, will be circumscribed bv one circle. 

18. Find a point in a triangle DX>m which two straight line9 
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drawn to the extremities of the base shall contain an axigle ecjual to 
twice the vertical angle of the triangle. Within what limitations is 
this possible P 

19. Given the base of a triangle, and the point from which the 
perpendiculars on its three sides are e<iual; construct the triangle. 
To what limitation is the position of this point subject in order that 
the triangle may lie on the same side of the base ? 

20. From an^ point B in the radius CA of a given circle whose 
center is C, a strai^t line is drawn at right angles to CA meeting the 
circumference in 2) ; the circle described round the_ triangle UBD 
touches the given circle in D. 

21. If a circle be described about a triangle ABC, and perpen- 
diculars be let fall from the angular points A, B, C, on the opposite 
sides, and produced to meet the circle in D, JE, F, res])ectively, the 
circumferences JEF, FD, DE, are bisected in the points A,B, C, 

22. K from the angles of a triangle, lines be drawn to the points 
where the inscribed circle touches the sides ; these lines shall intersect 
in the same point. 

23. The straight line which bisects any angle of a triangle in- 
scribed in a circle, cuts the circumference in a point which is equi- 
distant from the extremities of the side opposite to the bisected angle, 
and from the center of a circle inscribed in the triangle. 

24. Let three perpendiculars from the angles of a triangle ABC 
on the opposite sides meet in P, a circle described so as to pass through 
P and anv two of the points A, B, C, is equal to the circumscribing 
circle of the triangle. 

25. If perpendiculars Aa, Bb, Co be drawn from the angular 
points of a triangle ^J9(7upon the opposite sides, shew that they will 
bisect the angles of the triangle a be, and thence prove that the peri- 
meter of abc will be less than that of any other triangle which csm 
be inscribed in ABC, 

26. Find the least triangle which can be circumscribed about a 
given circle. 

27. If ABC he 9L plane triangle, GCF its circumscribing circle, 
and OFF a diameter perpendicmar to the base AB, tlien if CF be 
joined, the angle GFC is equal to half the diference of the angles at 
the base of the triangle. 

28. The line joining the centers of the inscribed and circumscribed 
circles of a triangle, subtends at any one of the angular points an angle 
equal to the semi-difference of the other two angles. 

m. 

29. The locus of the centers of the circles, which are inscribed 
in all right-angled triangles on the same hypotenuse, is the quadrant 
described on the hypotenuse. 

30. The center of the circle which touches the two semicircles 
described on the sides of a right-angled triangle is the middle point of 
the hypotenuse. 

31. If a circle be inscribed in a right-angled triangle, the excess 
of the sides containing the right ansle above the hypotenuse is equal 
to the diameter of the inscribe cirote. 
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32. Having ^yen the hypotenuse of a right-angled triangle, and 
the radius of the inscribed circle, to construct the triangle. 

33. ABC is a triangle inscribed in a circle, the line joining the 
middle points of the arcs AB, AC, will cut off equal portions <n the 
two contiguous sides measured from the angle A, 

IV. 

34. Having given the vertical angle of a triangle, and the radii of 
the inscribed and circumscribed circles, to construct the triangle. 

35. Given the base and vertical angle of a triangle, and also the 
radius of the inscribed circle, required to construct it. 

36. Given the three angles of a triangle, and the radius of the 
inscribed circle, to construct the triangle. .% 

37. K the base and vertical angle of a plane triangle be given, 
prove that the locus of the centers of the inscribed circle is a circle, 
and find its position and magnitude. 

V. 

38. In a given triangle inscribe a parallelogram which shall be 
equal to one-liAlf the triangle. Is there any limit to the number of 
such parallelograms P 

39. In a given triangle to inscribe a triangle, the sides of which 
shall be parallel to the sides of a given triangle. 

40. If any number of parallelograms be inscribed in a given 
parallelogram, the diameters of all the figures shall cut one another 
in the same point. 

41. A square is inscribed in another, the difference of the areas 
is twice the rectangle contained by the segments of the side which 
are made at the angular point of the inscribed square. 

42. Inscribe an equilateral trianele in a square, (1) When the 
vertex of the triangle is in an angle of the square. (2) When the ver- 
tex of the triangle is in the point of bisection of a side of the square. 

43. On a given straight line describe an equilateral and equi- 
angular octagon. 

VI. 

44; Inscribe a circle in a rhombus. 

45. Having given the distances of the centers of two equal circles 
which cut one another, inscribe a square in the space included between 
the two circumferences. 

46; The square inscribed in a circle is equal to half the square 
described about the same circle. 

47. The square is greater than any oblong inscribed in the same 
circle. 

48. A circle having a square inscribed in it being given, to find a 
circle in which a regular octagon of a perimeter equal to that of the 
square, may be inscribed. 

49. Describe a circle about a figure formed by constructing an 
equilateral triangle upon the base of an isosceles triangle, the vertical 
angle of which is four times the anffle at the base. 

60. A regular octagon inscribed in a circle is equal to the rectangle 

K5 
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contained hj the rides d the squares inscribed in, and eircumscribed 
about the circle. 

51. If in any circle the ride of an inscribed hexagon be produced 
till it becomes equal to the side of an inscribed square, a tangent 
drawn from the extremity, without the circle, shall be equal to the 
ride of an inscribed octagon. 

vn. 

52. To describe a circle which shall touch a given circle in a given 
pointy and also a given straight line. 

53. Describe a circle touching a given straight line, and also two 
given circles. 

54. Describe a circle which shall touch a given circle, and each of 
two given straight lines. 

65m Two points are given, one in each of two given circles ; describe 
a circle passing through both points and touching one of the circles. 

56. Describe a circle toucning a straight line in a given point, and 
also touching a given circle. When the line cuts the given circle, 
shew that your construction will enable you to obtain six circles 
touching the given* circle and the given line, but not necessarily in the 
given point. 

57. Describe a circle which shall touch two rides and pass through 
one angle of a given square. 

58. If two circles touch each other externally, describe a circle 
which shall touch one of them in a given point, and also touch the 
other. In what case does this become impossible P 

59. Describe three circles touching each other and having their 
centers at three given points. In how many different ways may this 
be done ? 

vm. 

60. Let two straight lines be drawn from any point within a circle 
to the circumference : describe a circle, which shall touch them both, 
and the arc betwe^. them. 

61. In a given triangle having inscribed a circle, inscribe another 
circle in the space thus intercepted at one of the angles. 

62. Let AJBi ACf be the bounding ra(}ii of a quadrant; complete 
the square ^J^jDC and draw the diagonal AD; then the part of tiie 
diagonal without the quadrant will be equal to the radius of a circle 
inscribed in the quadrant 

63. If on one of the bounding radii of a quadrant, a semicircle be 
described, and on the other, anotner semicircle be described, so as to 
touch the former and the quadrantal arc; find the center of the circle 
inscribed in the figure bounded by the three curves. 

64. In a given segment of a circle inscribe an isosceles triangle, 
such that its vertex may be in the middle of the chord, and the base 
and perpendicular together equal to a given line. 

65. Inscribe three circles in an isosceles triangle touching each 
other, and each of them touching two of the three sides of the triangle. 

IX. 

66. In the &g. Prop. 10, Book iv, shew that the base B-D is th^ 
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side of a regular decagon inscribed in the 1^^ cmslej fixid the dd9 of 
a regular pentagon inscribed in the smaller circle. 

67. In the fig. Prop. 10, Book iv, produce DC to meet the circle 
In F, and draw BF; then the angle .^^2^ shall be equal to three times 
the angle JBFD. 

68. If the alternate angles of a regular pentagon be joined, tlie 
figure formed by the intersection of the joining lines will itself be a 
regular pentagon. 

69. u ABODE be any pentagon inscribed in a circle, and AC, 
BD, CE, DA,EBhe joined, then are the angles ABE, BCA, CDB, 
DEC, EAD, together equal to two right angles. 

70. A watch-ribbon is folded up into a fiat knot of fiye edges, shew 
that the sides of the knot form an equilateral pentagon. 

71. If from the extremities of the side of a re^ar pentagon 
inscribed in a circle, straight lines be drawn to the middle of the arc 
subtended by the adjacent side, their difference is equal to the radius ; 
the sum of their squares to three times the square of the radius ; and 
the rectangle contained by them is equal to the square of the radius. 

72. Inscribe a regular pentagon in a given square so that four 
asigles of the pentagon may touch respectively the four sides of the 
square. 

73. Inscribe a regular decagon in a given circle. 

74. The square described upon the side of a regular pentagon in- 
a circle, is equal to the square on the side of a regular hexagon, together 
with the square upon the side of a regular decagon in the same circle. 

X. 

75. In a given oirole inscribe three equal circles touching each 
other and the given circle. 

76. Shew that if two circles be inscribed in a third to touch one 
another, the tangents of the points of contact will all meet in the same 
point. 

77. If there be three concentric circles, whose radii are 1,2,3; 
determine how many circles may be described round the interior one, 
having their centers in the circumference of the circle, whose radius is 
2, ana tquching the interior and exterior circles, and each other. 

78. Shew that nine equal circles may be placed in contact, so that 
a square whose side is three times the diameter of one of them will 
oircumscribe them. 

79. Produce the sides of a given heptagon both ways, till they 
meet, forming seven triangles; required the sum of their vertical 
angles. 

80. To convert a given regular polygon into another which shall 
have the same perimeter, but double the number of sides. 

81. In any polygon of an even number of si^es, inscribed in a 
circle, the sum of the 1st, 3rd, 5th, &c. angles is equal to the sum of 
the 2nd, 4th, 6th, &o. 

82. Of all polygons having equal perimeters^ and the same number 
of sides, the equibitsral polygon has tne greatest area. 
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8. This IB a partlcnlar case of Eue. i. 22. The triangle however may 
be described by means of Euc. 1. 1. Let AB be the given base, produce 
AB both ways to meet the circles in D, £ (iig. Euc. i. U) ; with center A, 
and radius AE, describe a circle, and with center B and radius BD, de- 
scribe another circle cutting tiie former in G. Join GA, GB. 

9. Apply Euc. I. 6, 8. 

10. This is proved by Euc. i. 32, 13, 5. 

11. Let fall also a perpendicular from the vertex on the base. 

12. Apply Euc. I. 4. 

18. Let GAB be the triangle (fig. Euc. 1. 10.) CD the line bisectiog 
the angle AGD and the base AB. Produce CD, and make DE equal to 
CD, and join AE. Then CB may be proved equal to AE, also A£ to AC. 

14. Let AB be the given line, and C, D the given points. From C 
draw CE perpendicidar to AB, and produce it making EF equal to C£, 
join FD, and produce it to meet the given line in G, which will be the 
point required. 

15. Make the construction as the enunciation directs, then by Euc. 
I. 4, BH is proved equal to CK: and by Euc. i. 13, 6, OB is shewn 
to be equal to OC. 

16. This proposition requires for its proof the case of equal triangles 
omitted in Euclid : — ^namely, when two sides and one angle are given, 
but not the angle included by the given sidles. 

1 7. The angle BCD may be shewn to be equal to the sum of the 
angles ABC, ADC. 

18. The angles ADE, AED may be each proved to be equal to the 
complements of the angles at the base of the triangle. 

19. The angles CAB, CBA, being equal, the angles CAD, CBE are 
equal, Euc. i. 13. Then, by Euc. i. 4, CD is proved to be equal to CE. 
ibid by Euc. i. 5, 32, the angle at the vertex is shewn to be four times 
either of the angles at the base. 

20. Let AB, CD be two straight lines intersecting each other in 
E, and let P be the given point, within the angle AED. Draw EF 
bisecting the angle AED, and through P draw FGH parallel to EF, 
and cutting ED, EB in G, H. Then EG is equal to EH. And by 
bisecting the angle DEB and drawing through P a line parallel to this 
line, another solution is obtained. It will to found that the two lines 
are at right angles to each other. 

21. Let the two given straip;ht lines meet in A, and let P be the 
given point. Let PQK be the Ime required, meeting the lines AQ, AR 
m Q and B, so that PQ is equal to QH. Through P draw PS parallel 
to AR and jom RS. Then APSR is a parallelogram and AS, PR the 
diagonals. Hence the construction. 

22. Let the two straight lines AB, AC meet in A. In AB take 
any point D, and from AC cut off AE equal to AD, and join DE. On 
DE, or DE produced, take DF equal to the given line, and through 
F draw FG parallel to AB meeting AC in G, and tlurough G draw GH 
parallel to DjB meeting AB in H. Then GH is the line required. 
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23. The two ffiven points may be both on the same side, or one point 
may be on each side of the line. If the point required in the line be supposed 
to be found, and lines be drawn joining this point and the given points, 
an isosceles triangle is formed, and if a perpendicular be cbrawn on the 
base from the point in the line : the construction is obvious. 

24. The problem is simply this— to find a point in one side of a 
triangle from which the pei^pendiculars drawn to the other two sides 
shall be equal. If all the positions of these lines be considered, it will 
readily be seen in what case the problem is impossible. 

25. If the isosceles triangle be obtuse-angled, by Euc. i. 5, 32, the 
truth will be made evident. If the triangle be acute-angled, the entm* 
ciation of the proposition requires some modification. 

26. Construct the figure and apply Euc. i. 5, 32, 15. 

If the isosceles triangle have its vertical angle less than two-thirds of 
a right- angle, the line ED produced, meets AB produced towards the 
base, and tiien 3 . AEF = 4 right angles + AFE. If the vertical angle be 
greater than two-thirds of a right angle, ED produced meets AB produced 
towards the vertex, then 3 . AEF = 2 right angles + AFE. 

27. Let ABC be an isosceles triangle, and from any point D in the 
base BC, and the extremity B, let three lines D£, DF, BG be drawn to 
the sides and making equal angles with the base. Produce ED and make 
DH equal to DF and join BH. 

28. In the isosceles triangle ABC, let the line DFE which meets 
the side AC in D.and AB produced in E, be bisected by the base 
in the point E. Then DC may be shewn to be equal to BE. 

29. If two equal straight lines be drawn terminated by two lines 
which meet in a point, they will cut off triangles of equal area. Hence 
the two triangles have a common vertical angle and their areas and bases 
equal. By Euc. i. 32 it is shewn that the angle contained by the bisecting 
Imes is equal to the exterior angle at the base. 

30. There is an omission in wis question. After the words" making 
equal angles with the sides,*' add, **and be equal to each other re- 
spectively." (1), (3^ Apply Euc. T. 26, 4. (2) The equal lines which 
bisect the sides may be snewn to make equal angles with the sides. 

31. At C make the angle BCD equal to the angle ACB, and produce 
AB to meet CD in D. 

32. By bisecting the hypotenuse, and drawing a line from the vertex 
to the point of bisection, it may be shewn that this line forms with the 
shorter side and half the hypotenuse an isosceles triangle. 

33. Let ABC be a triangle, bavins the right angle at A, and the angle 
at C greater than the angle at B, also let AD be perpendicidar to the base, 
and AE be the line drawn to E the bisection of the base. Then AE may 
be proved equal to BE or EC independently of Euc. iii. 31. 

34. Produce EG, FG to meet the perpendiculars C£, BF, produced 
if necessary. The demonstration is obvious. 

35. If the given triangle have both of the angles at the base, acute 
angles ; the difference of the angles at the base is at once obvious from 
Euc. I. 32. If one of the angles at the base be obtuse, does the property 
tioid good? 

36. Let ABC be a triangle having the angle ACB double of the angle 
ABC, and let the perpendicular AD be drawn to the base BC. Take DB 
equal to DC and join AE. Then AE may be proved to be equal to EB. 

If ACB be an obtuse angle, then AC is equal to the sum of the seg- 
ments of the base, made by the perpendicular from the vertex A. 

37. Let the sides AB, AC of any triangle ABC be produced, the ex- 
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tenor angles bisected by two lines which meet in D, and let AD be joined, 
then AD bisects the angle BAC. For draw D£ perpendicular on BC, 
also DF, DG perpendiculars on AB, AC produced, if necessary. Then DF 
may be proved equal to DG, and the squares on DF, DA are equal to the 
squares on FG, G A, of which the squareon FD is equ al to the square on DG; 
hence AF is equal to AG, and Euc. i. 8, the angle BAC is bisected by AD. 

38. The line required will be found to be equal to half the sum 
of the two sides of the triangle. 

39. Apply Euc. i. 1, 9. 

40. The angle to be trisected is one-fourth of a right angle. If an 
equilateral triangle be described on one of the sides of a triangle which' 
contains the given angle, and a line be drawn to bisect that angle of the 
equilateral triangle which is at the given angle, the angle contained 
between this line and the other side of the triangle will be one- twelfth 
of a right angle, or equal to one-third of the given angle. 

It may be remarked, generally, that any angle which is the half, fourth, 
eighth, &c. part of a right angle, may be trisected by Plane Geometry. 

41. Apply Euc. I. 20. 

42. Let ABC, DEC be two equal triangles on the same base, of which 
ABC is isosceles, fig. Euc. i. 37. By producing AB and making AG equal 
to AB or AC, and joining GD, the perimeter of the triangle A3C may be 
shewn to be less than the perimeter of the triangle DBC. 

43. Apply Euc. i. 20. 

44. For the first case, see Theo. 32, p. 76 : for the other two oases, 
apply Euc. i. 19. * • 

46. This is obvious from Euc. i. 26. 

46. By Euc. i. 29, 6, FC may be shewn equal to each of the lines 
EF, FG. 

47. Join GA and AF, and proye GA and AF to be in the same 
straight line. 

48. Let the straight line drawn through D parallel to BC meet 
the side AB in E, and AC in F. Then m the triangle EBD, £B is 
equal to ED, by Euc. i. 29, 6. Also, in the triangle EAD, the angle 
EAD may be shewn equal to the angle EDA, whence EA is equal 
to EP, and therefore AB is bisected in E. In a similar way it may 
be shewn, by bisecting the angle C, that AC is bisected in F. Or 
the bisection of AC in F may be proved when AB is shewn to be 
bisected in E. 

49. The triangle formed will be found to have its sides respectively 
parallel to the sides of the original triangle. 

50. If a line equal to the given line be drawn from the point where 
the two lines meet, and parallel to the other given line ; a parallelogram 
may be formed, and the construction effected. 

61, Let ABC be the triangle; AD perpendicular to BC, AE drawn 
to the bisection of BC, and AF bisecting the angle BAC. Produce AD 
and make DA' equal to AD : join FA', EA. 

52. If the point in the base be supposed to be determined, and lines 
drawn from it parallel to the sides, it will be found to be in the line which 
bisects the vertical angle of the triangle. 

53. Let ABC be the triangle, at C draw CD perpendicular to CB and 
equid to the sum of the required lines, through D draw DE parallel to CB 
meeting AC in E, and draw EF parallel to DC, meeting BC in F. Then 
EF is equal to DC. Next produce CB, making CG equal to CE, and join 
EG cutting AB in H. From H draw HK perpendicular to EAC, and 
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HL perpendicular to BC. Then HK and HL together are equal to DC, 
The proof depends on Theorem 27, p. 75. 

54. Let C" be the intersection of the circles on the other side of the 
base, and join AC, BC. Then the angles CBA, ^'BA being equal, the 
angles CBP, CBP are also equal, Euc. i. 13 : next by Euc. i. 4, CP, PC 
are proved equal ; lastly prove CC to be equal to CP or PC. 

55. In the fig. Euc. i. 1, produce AB both ways to meet the circles 
in D and E, join CD, CE, then CDE is an isosceles triangle, having each- 
of the angles at the base one-fourth of the angle at the vertex. At £ 
draw EG perpendicular to DB and meeting DC produced in G. Then 
CEG is an equilateral triangle. 

66» Join CC, and shew that the angles CCF, CCG are equal to two 
right angles ; also that the line FCG is equal to the diameter. 

57. Construct the figure and by Euc. i. 32. If the angle BAC be 
a right angle, then the angle BDC is half a right angle. 

58. Let the lines which bisect the three exterior angles of the tri- 
angle ABC form a new triangle A'B'C. Then each of the angles at 
A', B\ C may be shewn to be equal to half of the angles at A and B, 
B and C, C and A respectively. And it ^ill be found that half the 
sums of every two of three unequal numbers whose sum is constant, 
have less differences than the three numbers themselves. 

59. Tlie firHt case may be shewn by Euc. i. 4 : and the second by 
Euc. 1. 32, 6, 15. 

60. At D any point in a line EF, draw DC perpendicular to EF and 
equal to the given perpendicular on the hypotenuse. With centre C and 
radius equal to the given base describe a circle cutting EF in B. At C 
draw CA perpendicular to CB and meeting EF in A. Then ABC is the 
triangle required. 

61. Let ABC be the required triangle having the angle ACB a right 
angle. In BC produced, take CE equal to AC, and with center B and 
radius BA describe a circular arc cutting CE in D, and join AD. Then 
D£ is the difference between the sum of the two sides AC, CB and the 
hypotenuse AB ; also one side AC the perpendicular is given. Hence 
the construction. On any line EB take EC equal to the p4ven side, ED 
equal to the given difference. At C, draw CA perpendicular to CB, and 
equal to EC, join AD, at, A in AD make the angle DAB equal to ADB, 
and let AB meet EB in B. Then ABC is the triangle required. 

62. (1) Let ABC be the triansle required, having ACB the right 
angle. Produce AB to D making AD equsl to AC or CB : then BD is . 
the sum of the sides. Join DC : then the angle ADC is one-fourth of a. 
right angle, and DBC is one-half of a right angle. Hence to construct : 
at B in BD make the angle DBM equal to ha& a right angle, and at D' 
the angle BDC equal toone^fourth of a right angle, and let DC meet BM 
in C. At C draw CA at right angles to BC meeting BD in A : and ABC 
is the triangle required. 

(2) Let ABC be the triangle, C the right angle : from AB cut off 
AD equal to AC ; then BD is the difference of the hypotenuse and one. 
side. Join CD ; then the angles ACD, ADC are equal, and each is half 
the supplement of DAC, wluch is half a right angle. Hence the con- 
struction. 

63. Take any straight line terminated at A. Make AB equal to 
the difference oi the sides, and AC equal to the hypotenuse. At B 
make the angle CBD equal to half a right angle, and with center A 
and radius AC describe a circle cutting BD in D : join AD, and draw 
D£ perpendicular to AC« Then AD£ is the requiredtriangle. 
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64. Let BC the given base be bisected in D. At D draw DE at 
)righ.t angles to BC and' equal to the sum of one side of the triangle 
and the perpendicular from the vertex on the base : join DB, and at B 
in BE make the angle ^B A equal to the angle BED, and let BA meet 
D£ in A : join AG, and ABC is the isosceles triangle. 

65. This construction may be effected by means of Prob. 4, p. 71* 

66. The perpendicular from the vertex on the base of an equilateral 
triangle bisects the angle at the vertex which is two-thirds of one right 
angle. 

67. Let ABC be the equilateral triangle of which a side ib required 
to be found, having given BD, CD the lines bisecting the angles at B, C. 
Since the angles DbC, DCB are equal, each being one-third of a right 
angle, the sides BD, DC are equal, and BDC is an isosceles triangle 
having the angle at the vertex the supplement of a third of two right 
angles. Hence the side BC may be found. 

68. Let the given angle be taken, (1) as the included angle between 
the given sides ; and (2) as the opposite angle to one of the given sides. 
Li the latter case, an ambiguity will arise if the angle be an acute angle, 
and opposite to the less of the two given sides. 

69. Let ABC be the required triangle, BC the* given base, CD the 
given difference of the sides AB, AC : join BD, then DBC by Euc. i. 18, 
can be shewn to be half the difference of the angles at the base, and AB 
is equal to AD. Hence at B in the given base %C, make the angle CBD 
equal to half the difference of the angles at the base. On CB take CE 
equal to the difference of the sides, and with center C and radius CE, 
describe a circle cutting BD in D : join CD and produce it to A, making 
DA equal to DB. Then ABC is the triangle required. 

70. On the line which is equal to the perimeter of the required tri- 
angle describe a triangle having its angles equal to the given angles. 
Then bisect the angles at the base ; and from the point where these Hnes 
meet, draw lines parallel to the sides and meeting the base. 

71. Let ABC be the required triangle, BC Sie given base, and the 
side AB greater than AC. Make AD equal to AC, and draw CD. 
Then the angle BCD may be shewn to be equal to half the difference, 
and the angle DCA equal to half the sum of the angles at the base. 
Hence ABC, ACB the angles at the basts of the triangle are known. 

72. Let the two given lines meet in A, and let B be the given point. 
If BC, BD be supposed to be drawn making equal angles with AC, 

and if AD and DC be joined, BCD is the triangle required, and the figure 
ACBD may be shewn to be a parallelogram. Whence the construction. 

73. It can be shewn that Imes drawn from the angles of a triangle to 
.bisect the opposite sides, intersect each other at a point which is two- 
thirds of their lengths from the angular points from which they are drawn. 
Let ABC be the triangle required, AD, BE, CF the given lines from the 
angles drawn to the bisections of the opposite sides and intersecting in G. 
Produce GD, making DH equal to DG, and join BH, CH : the figure 
GBHC is a parallelogram. Hence the construction. 

74. Let ABC (fig. to Euc. i. 20.) be the required triangle, having 
the base BC equal to the given base, the angle ABC equal to the given 
an^le, and the two sides BA, AC together equal to the given line BD. 
Jom DC, then since AD is equal to AC, the triangle ACD is isosceles, 
and therefore the angle ADC is equal to the angle ACD. Hence the 
construction. 

75. Let ABC be the required triangle (fig. to Euc. 1. 18), having the 
angle ACB equal to the given angle, and the base BC equal to the given 
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line, also CD equal to the diiference of the two sides AB, AG. If BD 
be joined, then ABD is an isosceles triangle. Hence the synthesis. 
Does this construction hold good in all cases ? 

76. Let ABC be the required triangle, (fig. £uc. 1. 18), of which the 
side BC is given and the angle BAC, also CD the difference between the 
sides AB, AC. Join BD ; then AB is equal to AD, because CD is their 
difference, and the triangle ABD is isosceles, whence the angle ABD is 
equal to the angle ADB; and since BAD and twice the angle ABD 
are equal to two I'ight angles, it follows that ABD is half the supplement 
of the given angle SaC. Hence the construction of the triangle. 

77. Let AB be the given base : at A draw the line AD to which 
the line bisectine the vertical angle is to be parallel. At B draw BS 
parallel to AD ; firom A draw AE equal to the given sum of the two 
sides to meet BE in E. At B make the angle EBC equal to the angle 
BEA, and draw CF parallel to AD. Then ACB is the triangle required. 

78. Take any point in the ^ven line, and apply Euc. i. 23, 81. 

79. On one of the parallel hnes take EF equal to the given line, and 
witii center E and radius EF describe a circle cutting the other in O. 
Join EG, and through A draw ABC parallel to EG. 

80. This will appear from Euc. i. 29, 15, 26. 

81. Let AB, AC, AD, be the ^ee lines. Take any point £ in AC, 
and on EC make EF equal to EA, through F draw FG parallel to AB» 
join GE and produce it to meet AB in H. Then GE is equal to GH. 

82. Apply Euc. i. 82, 29. 

83. From E draw EG perpendicular on the base of the triangle, 
then ED and EF may each be proved equal to EG, and the figure shewn 
to be equilateral. Tnree of the angles of the figure are right angles. 

84. The greatest parallelogram which can be constructed with given 
sides can be proved to be rectangular. 

85. Let AB be one of the diagonals : at A in AB make the angle 
BAC less than the required angle, and at A in AC make the angle CAD. 
equal to the required angle. Bisect AB in £ and with center E and 
radius equal to half the other diagonal describe a circle cutting AC, AD 
in F, G. Join FB, BG : then AFBG is the parallelogram required. 

86. This problem is the same as the following ; having given the 
base of a triangle, Oie vertical angle and the sum of the sides, to construct 
the triangle. This triangle is one half oi the required parallelogram. 

87. Draw a line AB equal to the given diagonal, and at the point A 
make an angle BAC equal to the given angle. Bisect AB in D, and 
through D curaw a line parallel to the given fine and meeting AC in C. 
This will be the position of the other diagonal. Through B draw BE 
parallel to CA, meeting CD produced in £ ; join AE, and BC. Then 
ACBE is the parallelogram required. 

88. Construct the figures and by Euc. i. 24. 

89. By Euc. i. 4, the opposite sides mav be proved to be equal. 

90. Iiet ABCD be the given parallelogram; construct the other 
parallelogram A'B'C'D' by cu-awing the lines required, also the dia- 
gonals AC» A'C\ and shew that the triangles ABC, A'B C are equi- 
angular. 

9 1 . AT)' and B'C may be proved to be parallel. 

92. Apply Euc. i. 29, 32. 

93. The points D, D', are the intersections of the diagonals of two 
rectangles : if the rectangles be completed, and the Unes CD, OD' be 
produced, they will be the other two diagonals. 

94. Let the line drawn .from A fall without the parallelogram, and 
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let CC, BB', Diy, be the perpendiculars from C, B, D, on the line draivn 
from A ; from B draw BE parallel to AC, and the truth is manifest. 
Next, let the line from A be drawn so as to fall within the parallelogram. 

95. Let the diagonals intersect in E. In the triangles DCB, CD A, 
two angles in each are respectively equal and one side DE : wherefore 
the diagonals DB, AC are equal : also since DE, EC are equal, it follows 
that EA, £B are equal. Hence DEC, AEB are two isosceles triangles 
having ^eir vertical angles equal, wherefore the angles at their bases 
are equal respectively, and therefore the angle CDB is equal to DBA. 

96. (1 ) By supposing the point P found in the side AB of (he paral- 
lelosram ABCD, such that the angle contained by AP, PC may be bisected 
by the line PD ; CP may be proved equal to CD ; hence the solution. 

(2) By supposing the point P found in the side AB produced, so that 
PD may bisect the angle contained by ABP and -PC ; it may be shewn 
that the side AB must be produced, so that BP is equal to BD. 

97. This may be shewn by Euc. i. 35. 

98. Let D, E, F be the bisections of the sides AB, BC, CA of the 
triangle ABC : draw DE, EF, PD ; the triangle DEF is one-fourth of the 
triangle ABC. The triangles DBE, FBE are equal, each being one-fourth 
of the triangle ABC : DF is therefore paiallel to BE, and DBEFis a 
parallelogram of which DE is a diagonal. 

. . 99. This may be proved by applying Euci. 38. 

100. Apply Euc. I. 37, 38. 

101. On any side BC of the given triangle ABC, take BD equal to the 
given base ; join AD, through C draw CE parallel to AD, meeting B A pro- 
duced if necessary in E, join £D ; then BDE is the triangle required. 
By a process somewhat similar the triangle may be formed when the al» 
tiiude is given.. 

102. Apply the preceding problem (101) to make a triangle equal to 
one of the given triangles and of the same altitude as the other given tri- 
angle. Then the sum or difference can be readily found. 

103. First construct a triangle on the given base equal to the given 
triangle ; next form an isosceles triangle on the same base equal to this 
triangle. 

104. Make an isosceles triangle equal to the given triangle, and 
then this isosceles triangle into an equal equilateral triangle. 

105. Make a triangle equal to the given parallelogram upon the 
given line, and then a triangle equal to this triangle, having an angle 
equal to the given angle. 

106. If the figure ABCD be one of four sides ; join the opposite 
angles A, C of the figure, through D draw DE parallel to AC meeting 
BC produced in E, join AE : ~the triangle ABE is equal to the four- 
sided figure ABCD. 

If the figure ABCDE be one of five sides, produce the base both ways, 
and the figure may be transformed into a triangle, by two constructions 
similar to that employed for a figure of four sides. If the figure consists 
of six, seven, or any number of sides, the same process must be repeated. 

107. Draw two lines from the bisection of the base parallel to the 
two sides of the triangle. 

108. This may be shewn ex absurdo. 

109. On the same base AB, and on the same side of it, let two triangles 
ABC, ABD be constructed, having the side BD equal to BC, the angle 
ABC a right angle, but the angle ABD not a right angle ; then the triangle 
ABC is greater than ABD, whether the angle ABD be acute or obtuse. 

110. liCt ABC be a triangle whose vertical angle is A, and whose 
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base BC is bisected in D ; let any line EDG be drawn through D, meet- 
ing AC the greater side in G and AB produced in E, and forming a triangle 
AEG having the same vertical angle A. Draw BH parallel to AC, and 
the triangles BDH, GDC are equal. Euc. i. 26. 

111. Itet two triangles be constructed on the same base with equal 
perimeters, of which one is isosceles. Through the vertex of that which 
18 not isosceles draw a line parallel to the base, and intersecting the 
perpendicular drawn from the vertex of the isosceles triangle upon the 
common base. Join this pointof intersection and the extremities of the base. 

112. (1) DF bisects the triangle ABC (fig. Prop. 6, p. 73.) On each 
side of the point F in the line BC, take FG, FH, each equal to one-third 
of BF, the lines DG, DH shall trisect the triangle. Or, 

Let ABC be any triangle, D the given point in BC. Trisect BC in E, 
F. Join-AD, and draw EG. FH parallel to AD. Join DG, DH ; these 
lines trisect the triangle. Draw AE, AF and the proof is manifest. 

(2) Let ABC be any triangle ; trisect the base BC in D, E, and join 
AD, AE. From D, E, draw DP, EP parallel to AB, AC and meeting 
in P. Join AP, BP, CP ; these three lines trisect the triangle. 

(3) Let P be the given point within the triangle ABC. Trisect the* 
base BC in D, E. From the vertex A draw AD, AE, AP. Join PD, 
draw AG parallel to PD and join PG. Then BGPA is one-third of the 
triangle. The problem may be solved by trisecting either of the other 
two sides and making a similar construction. 

113. The base may be divided into nine equal parts, and lines may 
be drawn from the vertex to the points of division. Or, the sides of the 
tsiangle may be trisected, and the points of trisection joined. 

114. It j^ proved, Euc. i. 34, that each of the diagonals of a parallelo- 
gram bisects Uie ^ure, and it may be shewn that they also bisect each 
other. It is hence manifest that any straight line, whatever may be its 
position, which bisects a parallelogram, mtut pass through the intersec- 
tion of the diagonals. 

115. See the remark on the preceding problem 114. 

116. Trisect the side AB in E, F, and draw EG, FH parallel to AD 
or BC, meeting DC in G and H. If the given point P be in £F, the two 
lines drawn from P through the bisections of EG and FH will trisect the 
parallelogram. If P be in FB, a line from P through the bisection of 
FH will cut off one-third of the parallelogram, and the remaining trape- 
zium is to be bisected by aline from P, one of its angles. If P coindde 
with E or F, the solution is obvious, 

117. Construct a right-angled parallelogram by Euc. i. 44, equal to 
the given quadrilateral figure, and from one of the angles, draw a line 
to meet the opposite side and equal to the base of the rectangle, and a 
line from the adjacent angle parallel to this line will complete the rhombus. 

118. Bisect BC in D, and through the vertex A, draw AE parallel to 
BC, with center D and radius equal to half the sum of AB, AC, describe 
a circle cutting AE in E. 

119. Produce one side of the square till it becomes equal to the di- 
agonal, the line drawn from the extremity of this produced side and pa- 
rallel to the adjacent side of the square, and meeting the diagonal produced, 
determines the point required. 

1 20. Let fall upon the diagonal perpendiculars from the opposite angles 
of the parallelogram. These perpendiculars are equal, and each pair of 
titudes. If the point be not on the dia^^onal, draw through the given 
point, a line parallel to a side of the parallelogram. 
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121. One case is included in Theo. 120. The other case, when the 
point is in the diagonal nrodnced, is obrioas from the same principle. 

122. The tziangles BCP, ABF may be prored to be equal to half 
of the paralldogram by Enc. i. 41. 

123. Applj Enc. t. 41, 38. 

124. If a line be drawn pualld to AD throogh the point of intersec- 
tion of the diagonal, and the line drawn through O parallel to AB ; then 
by Euc. I. 43, 41, the truth of the theorem is manifest. 

12d. It may be remarked that parallelograms, are divided into pairs 
of equal triangles by the diagonals, and therefore by taking the triangle 
ABD equal to the triangle J^C, the property may be easily shewn. 

126. The triangle ABD is one half of the parallelogram ABGGD, 
Enc. I. 34. And the triangle DRC is one half of the parallelogram 
CDHG, Euc I. 41, also for the same reason the triangle AKB is one 
half of the parallelogram AH6B : therefore the two triangles DKC, 
AKB are together one half of the whole parallelogram ABCD. Hence 
the two triangles DKC, AKB are equal to the triangle ABD : take from 
these equals the equal parts which are common, Uierefore the triangle 
CKF is equal to the triangles AHK, KBD ; wherefore also taking AHK 
from these equals, then die difference of the triangles CKF, AHK is 
equal to the triangle KBC : and the doubles of these are equal, or the 
difference of the parallelograms CFKO, AHKK is equal to twice the 
triangle KBD. 

127. First prove that the perimeter of a square is less than the peri- 
meter of an equal rectangle : next, that the perimeter of the rectangle is 
less than the perimeter of any other equal parallelogram. 

128. This may be proved by shewing that the area of the isosceles 
triangle is greater than the area of any other triangle which has the same 
▼ertical angle, and the sum of the sides containing that angle is equal to 
the sum of the equal sides of the isosceles triangle. 

129. Let ABC be an isosceles triangle (fig. Euc. i. 42), AE perpen- 
dicular to the base BC, and AECQ- the equivedent rectangle. Then AC 
is greater than AE, &c. 

180. Let the diagonal AC bisect the quadrilateral figure ABCD. 
Bisect AC in E, join BE, ED, and prove BE, ED in the same straight 
line and equal to one another. 

131. Apply Euc. I. 15. 

182. Apply Euc. i. 20. 

133. This may be shewn by Euc. i. 20. 

1 84. Let AB be the longest and CD the shortest side of the rectangular 
figure. Produce AD, BC to meet in E. Then by Euc. i. 32. 

136. Let ABCD be the quadrilateral figure, and E, F, two points in 
the opposite sides AB, CD, join EF and bisect it in 6 ; and through 
O draw a straight Ime HGK terminated by the sides AD, BC ; and 
bisected in the pomt G. Then EF, HK are the diagonals of the required 
parallelogram. 

136. After constructing the figure, the proof offers no difficidty. 

137. If any line be assumed as a diagonal, if the four given lines 
taken two and two be always greater than this diagonal, a four-sided 
figure may be constructed having the assumed line as one of its diagonals : 
and it may be shewn that when the quadrilateral is possible, the sum 
of every three given sides is greater than the fourth. 

138. Draw the two diagonals, then four triangles are formed, two on 
one side of each diagonal. Then two of the lines drawn through the points 
of bisection of two sides may be proved parallel to one diagonal, and two 
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parallel to the other diagonal, in the same wa^ as Theo. d7f supra. The 
other property is manifest from the relation ot the areas of the triangles 
made 07 the unes drawn through the bisections of the sides. 

139. It is sufficient to suggest, that triangles on equal bases, and of 
equal altitudes, are equal. 

140. Let the side AB be parallel to CD, and let AB be bisected in £ 
and CD in F, and let £F be drawn. Join AF, BF, then Euc. i. 38. 

141. Let BC£D be a trapezium of which DC, BE are the diagonals 
intersecting each other in G. If the triansle DB G be equal to the triangle 
£GC, the side DE may be proved paralld to the side BC, by Euc. i. 39. 

142. Let ABCD be the quadrilateral figure having the sides AB, 
CD, parallel to one anrther, and AD, BC equal. Through B draw BE 
parallel to AI>f then ABED is a parallelogram. 

143. Let ABCD be the quadrilateral having the side AB parallel 
to CD. Let E, F be the points of bisection of the diagonals BD, AG« 
and join ]^F and produce it to meet the sides AD, BC in G and H. 
Through H draw LHK parallel to DA meeting DC in L and AB pro- 
duced in K. Then BK is half the difference of DC and AB. 

144. (1) Reduce the trapezium ABCD to a triangle BAE by Prob. 
106, supra, and bisect the triangle BAE by a line AF from the vertex. 
If F fall without BC, through F draw FG parallel to AC or DE, and 
join AG. 

Or thus. Draw the diagonals AC, BD : bisect BD in E, and join AE, 
EC. Draw F£G parallel to AC the other diagonal, meeting AD in F, 
and DC in G. AG being joined, bisects the trapezium. 

(2) Let E be the given point in the side AD. Join EB. Bisect the 
quadrilateral EBCD by EF. Make the triangle EFG equal to the tri- 
angle EAB, on the same side of £F as the triangle AB. Bisect the tri- 
angle EFG by EH. EH bisects the figure. 

145. If a straight line be drawn from the given point through the in- 
tersection of the diagonals and meeting the opposite side of the square ; 
the problem is then reduced to the bisection of a trapezium by a line drawn 
from one of its angles. 

1 46. If the four sides of the figure be of different lengths, the truth of 
the theorem may be shewn. If, however, two adjacent sides of the figure 
be equal to one another, as also the other two, the lines drawn from the 
angles to the bisection of the longer diagonal, will be found to divide the 
trapezium into four triangles which are equal in area to one another. 
Euc. I. 38. 

147. Apply Euc. I. 47, observing that the shortest side is one half 
of the longest. 

148. Find by Euc. x. 47, a line the square on which shall be sevea 
times the square on the given line. Then the triangle which has these 
two lines containing the right angle shall be the triangle required. 

149. Apply Euc. i. 47. 

150. Let the base BC be bisected in D, and DE be drawn perpendicu* 
lar to the hypotenuse AC. Join AD : then Euc. i. 47. 

151. Construct the figure, and the truth is obvious from Euc. i. 47. 

152. See Theo. 32, p. 76, and apply Euc. i. 47. 

153. Draw the lines required and apply Euc. i. 47. 

154. Apply Euc. i. 47. 
165. Apply Euc. i. 47. 

156. Apply Euc. i. 47, observing that the square on any line is four 
times the square on half tilie line. 
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157. Apply Euc. i. 47. to express the squares of the three sides hi 
terms of the squares on the perpendiculars and on the segments of AB. 

158. By Euc. i. 47. bearing in mind tfiat the square described on any 
line is four times the square described upon half the line. 

159. The former part is at once manifest by Euc. i. 47. I^et the dia- 
gonals of the square be drawn, and the given point be supposed to coincide 
with the intersection of the diagonals, the minimnm is obyious. Find its 
value in terms of the side. 

160. (a) This is obyious from Eue. I. 13. 
(6) Apply Euc. I. 32, 29. . 
(c) Apply Euc. 1. 5, 29. 

(ct) Let AL meet the base BC in P, and let the perpendicolara from 
*F, K meet BC produced in M and N respectively ; then the triangles 
APB, FMB may be proved to be equal in all respects, as also APC, CKN. 

(e) Let fall DQ perpendicular on FB produced. Then the triangle 
DQB may be proved equal to each of the triangles ABC, DB]^ ; v^hencc 
the triangle DBF is equal to the triangle ABC. 

Perhaps however the better method is to prove at once that the tri- 
angles ABC, FBD are equal, by shewing that they have two sides equal 
in each triangle, and the included angles, one the supplement of the other. 

(/) If DQ be drawn perpendicular on FB produced, FQ may be 
proved to be bisected in the point B, and BQ equal to AC. Then the 
square on FD is found by the right-angled triangle FQD. Similarly, the 
square on KE is found, and the sum of the squares on FD, EE, GH will be 
found to be six times the square on the hypotenuse. 

(g) Through A draw PAQ parallel to BC and meeting DB, EC 
produced in P, Q. Then by the right angled triangles. 

161. Let any parallelograms be described on any two sides AB, AC 
of a triangle ABC, and the sides parallel to AB, AC be produced to meet 
in a point P. Join PA. Then on either side of the base BC, let a paral- 
lelogram be described having two sides equal and parallel to AP. Pro- 
duce AP and it will divide the parallelogram on BC into two parts re- 
spectively equal to the parallelograms on the sides. Euc. i. 35, 36. 

1 62. Let the equilateral triangles ABD, BCE, CAF be described on 
AB, BC, CA, the sides of the triangle ABC having the right angle at A. 

Join DC, AK : then the triangles DBC, ABE are equed. Next draw 
DO perpendicular to AB and join CG : thuv the triangles BDG, DAG, 
DGU are equal to one another. Also draw AH, EK perpendicular to 
BC ; the triangles EEH, EKA are equal. Whence may be shewn that 
the triangle ABD is equal to the triangle BHE, and in a similar way may 
be shewn that CAF is equal to CHE. 

The restriction is unnecessary : it only brings AD, A£ into the same 
line. 
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HINTS, &c. 

6. See the figure Euc. ii. 5. 

7. This Problem is equivalent to the following : construct an isosceles 
right-angled triangle, having given one of the sides which contains the 
right angle. 

8. In the question for E read D. Construct the square on AB, and 
the property is obvious. 
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9. The sum of the squates on the two parts of any line is least 
when the two parts are equal. 

10. A line may be found the square on which is double the square 
on the given line. The problem is then reduced to: — having given the 
hypotenuse and the sum of the sides of a right-angled triangle, con* 
struct the triangle. 

11. This follows from Euc. ii. 6, Cor. 

12. This problem is, in other words, Given the sum of two lines and 
.the sum of their squares, to find the lines. Let AB be the given straight 
line, at B draw BC at right angles to AB, bisect the angle ABC by BB. 
On AB take AE equal to the side of the given square, and with center A 
and radius AE describe a circle cutting BD in D, from D draw DF per- 
pendicular to AB, the line AB is divided in F an was required. 

13. Let AB be the given line. Produce AB to C making BC equal 
to three times the square on AB. From BA cut off BD equal to BC ; 
then D is the point of section such that the squares on AB and BD are 
double of the square on AD. 

14. In the tig. Euc. n. 7. Join BF, and draw FL perpendicular on 
GD. Half the rectangle DB, BG, may be proved equal to the rectangle 
AB. BC. 

Or, join KA, CD, KD, CK. Then CK is perpendicular to BD. And 
the triangles CBD, KBD are each equal to ^e triangle ABK. Hence, 
twice the triangle ABK is equal to the figure CBKD; but twice the 
triangle ABK is equal to the rectangle AB, BC ; and the figure CBKD 
is equal to half the rectangle DB and CK, the diagonals of the squares 
on AB, BC. Wherefore, &c. 

15. The difference between the two unequal parts may be shewn to 
be equal to twice the line between the points of section. 

16. This proposition is only another form of stating Euc. n. 7. 

17. In the figure, Theo. 7, p. 69, draw PQ, PR, PS perpendiculars on 
AB, At), AC respectively : then since the triangle PAC is equal to the 
two triangles PAB, FAp, it follows that the rectangle contained by 
PS, AC, is equal to the awn of the rectangles FQ, AB, and PR, AD. 
When is the rectangle PS, AC equal to the diff&refice of the other two 
rectangles ? 

18. Through E draw EG parallel to AB, and through F, draw FHK 
parallel to BC and cutting EG in H. Then the area of the rectangle is 
made up of the areas of four triangles ; whence it may be readily shewn 
that twice the area of the triangle AFE, and the figure AGHK is equal to 
the area ABCD. 

19. Apply Euc. n. 11. 

20. The vertical angles at L may be proved to be equal, and each of 
them a right angle. 

21. Apply Euc. II. 4, 11. I. 47. 

22. Produce FG, DB to meet in L, and draw the other diagonal 
IrHC, which passes through U, because the complements AG, BK are 
equal. Then LH may be shevni to be equal to Ff, and to Dd. 

23. The common mtersection of the three lines divides each into two 
parts, one of which is double of the other, and this point is the vertex of 
three triangles which have lines drawn from it to the bisection of the 
bases. Apply Euc. ii. 12, 13. 

24. Apply Theorem 3, p. 104, and Euc. i. 47. 

25. This will be found to be that particular case of Euc. n. 12, in 
which the distance of the obtuse angle from the foot of the perpendicular. 
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is half of the Bide subtended by the right angle made by the perpendicular 
and the base produced. 

26. (1) Let the triangle be acute-angled, (Euc. it. 13, fig. 1.) 

Let AC be bisected in £, and BE be joined ; also EE be drawn per- 
pendicular to BC. £F is equal to EC. Then the square on BE may be 
proved to be equal to the square on BC and the rectangle BD, BC. 

(2 ) If the triangle bp obtuse-angled, the perpendicular EF falls within 
or without the base accordmg as the bisecting line is drawn from the oUuse 
or the (tcute angle at the base. 

27. This may be shewn from theorem 3. p. 1 14. 

28. Let the perpendicular AD be drawn from A on the base BC. It 
may be shewn that the base BC must be produced to a point £, such 
that C£ is equal to the difference of the segments of the base made by 
the perpendicular. 

29. Since the base and area are given, the altitude of the triangle is 
known. Hence the problem is reduced to ;— Given the base and altitude 
of a triangle, and the line drawn from the vertex to the bisection of the 
1>ase, construct the triangle. 

30. This follows immediately from Euc. x. 47« 

31. Apply Euc. II. 13. 

32. The truth of this property depends on the fiict that the rectangle 
contained by AC, CB is equal to that contained by AB, CD. 

33. Let r the required point in the base AB be supposed to be known. 
Join CP. It may then be shewn that the property stated in the Prob- 
lem is contained in Theorem 3. p. 114. 

34. This may be shewn from Euc. i. 47 ; ii- 5, Cor. 

35. Prom C let fall CF perpendicular on AB. llien ACE is an ob- 
tuse-angled, and B£C an acute-angled triangle. Apply Euc. ii. 12, 13 ; 
and by £uc. i. 47, the squares on AC and CB are equal to the square 
on AB. 

36. Apply Euc. i. 47, ii. 4 ; and the note p. 102, on Euc. ii. 4. 

37. Draw a perpendicular from the vertex to the base, and apply 
Euc. I. 47 ; II. 6, Cor. Enimciate and prove the proposition when the 
straight line drawn from the vertex meets the base produced. 

38. This follows directly from Euc. n. 13, Case 1. 

39. The truth of this proposition may be shewn from Euc. i. 47 ; n. 4. 

40. Let the square on the base of the isosceles triangle be described. 
Draw the diagonals of the sf^uare, and the proof is obvious. 

4U Let ABC be the triangle required, such that the square on AB 
is three .times the square on AC or BC. Produce BC and draw AD per- 
pendicular to BC. Then by Euc. ii. 12, CD may be shewn to be equal 
to one half of BC. Hence the construction. 

42. Apply Euc. ii. 12, and Theorem 38, p. 118. 

43. Draw EF parallel to AB and meeting the base in F ; draw also 
EG perpendicular to the base. Then by Euc. i. 47 ; ii. 5, Cor. 

44. Bisect the angle B by BD meeting the opposite side in D, and 
draw BE perpendicular to AC. Then by Euc. i. 47 ; ii. 5, Cor. 

45. This follows directly from Theorem 3, p. 114. 

46. Draw the diagonals intersecting each other in P, and join OP. 
ByTheo. 3, p. 114. 

47. Draw from any two opposite angles, straight lines to meet in the 
bisection of the diagonal joining the other angles. Then by Euc ii. 12, 13. 

48. Draw two unes from Uie point of bisection of either of the bi- 
sected sides to the extremities of the opposite side ; and three triangles 
will be formed, two on one of the bisected sides and one on the other, in 
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each of which is a line drawn from the vertex to the bisection of the base. 
Then by Theo. 3, p, 114. 

49. If the extremities of the two lines which bisect the opposite sides 
of the trapezium be joined, the figure formed is a parallelogram which 
has its sides respectively parallel to, and equal to, half the diagonals of 
the trapezium. The sum of the squares on the two diagonals of the tra- 
pezium mav be easily shewn to be equal to the sum of the squares on 
the four sides of the parallelogram. 

50. Draw perpendiculars from the extremities of one of the parallel 
Bides, meeting the other side produced, if necessary. Then from the four 
right-angled triangles thus formed, may be shewn the truth of the pro- 
position. 

51. In the problem, for triangle read rectangle. Let ABCD be any 
trapezium having the side AD parallel to BC. Draw the diagonal A(5, 
then the sum of the triangles ABC, ADC may be shewn to be equal to 
the rectangle contained by the altitude and hidf the sum of AD and BC. 

52. Let ABCD be the trapezium, having the sides AB, CD, parallel, 
and AD, BC equal. Join AC and draw A£ perpendicular to DC. Then 
by Euc. n. 13. 

53. Let ABC be any triangle ; AHKB, AGFC, BDEC, the squares 
upon their sides ; EF, GH, KL the lines joining the angles of the squares. 
Produce GA, KB, EC, and draw HN, DQ, FR perpendiculars upon them 
respectively : also draw AP, BM, CS perpendiculars on the sides of the 
triangle. Then AN may be proved to be equal to AM ; CR to CP ; and 
BQ to BS ; and by Euc. ii. 12, 13. 

54. Convert the triangle into a rectangle, then Euc. n. 14. 

55. Find a rectangle equal to the two figures, and apply Euc. ii. 14. 

56. Find the side of a square which shall be equal to the given 
rectangle. See Prob. i. p. 113. 

57. On any line PQ take AB equal to the given difference of the 
sides of the rectangle, at A draw AC at right angles to AB, and equal to 
the side of the given square ; bisect AB in O and join OC ; with center 
O and radius OC describe a semicircle meeting PQ in D and E. Then 
the lines AD, AE have AB for their difference, and the rectangle con- 
tained by them is equal to the square on AC. 

58. Apply Euc. ii. 14. 
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HINTS, &c. 

7. Euc. in. 3, suggests the construction. 

8. The given point may be either within or without the circle. Find 
the center of the circle, and join the given point and the center, and upon 
this line describe a semicircle, a line equal to the given distance may be 
drawn from, the given point to meet the arc of the semicircle. When 
the point is without the circle, the given distance may meet the diameter 
produced. 

9. This may be easily shewn to be a straight line passing through 
the center of the circle. 

10. The two chords form by their intersections the sides of two isos- 
celee triangles, of which the parallel chords in the circle are the bases. 
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11. The angles in equal segments are equal, and by Bac. x. 29. If 
the chords are equally distant from the center, the lines intersect the 
diameter in the center of the circle. 

12. Construct the figure and the arc BC may be proved equal to the 
arc B'C. 

1 3. The point determined by the lines drawn from the bisections of 
the chords and at right angles to them respectively, will be the center of 
the required circle. 

14. Construct the figures : the proof ofiers no difficulty. 

15. On any radius construct an isosceles right-angled triangle, and 
produce the side which meets the circumference. 

16. Join the extremities of the chords, then £uc. i. 27 ; iii. 28. 

17. Take the center O, and join AP, AO, &c. and apply £uc. i. 20. 

1 8. Draw any straight line intersecting two parallel chords and meet- 
ing the circumference. 

19. Produce the radii to meet the circumference. 

20. Join AD, and the first equality follows directly from Euo. iii. 
20, I. 32. Also by joining AC, the second equality may be proved in a 
similar way. If however the line AD do not fall on the same side of the 
center O as E, it will be found that the difference^ not the sum of the two 
angles, is equal to 2 . AED. See note to Euc. iii. 20, p. ld>5. 

21. Let DKE, DBO (fig. Euc iii. 8) be two lines equally inclined 
to DA, then KE may be proved to be equal to BO, and the segments cut 
off by equal straight lines in the same circle, as well as in equal circles, 
are equtd to one another. 

22. Apply Euc. i. Id, and in. 21. 

23. This is the same as Euc. iii. 34, with the condition, that the line 
must pass through a given point. 

24. Let the segments AHB, AKC be externally described on the 
given lines AB, AC, to contain angles equal to BAC. Then by the con- 
verse to Euc. lit. 32, AB touches the circle AKC, and AC the circle AHB. 

25. Let ABC be a triangle of which the base or longest side is BC, 
and let a segment of a circle be described on BC. Produce BA, CA to 
meet the arc of the segment in D, E, and join BD, CE. If circles be de- 
scribed about the trietngles ABD, ACE, the sides AB, AC shall cut off 
segments similar to the segment described upon the base BC. 

26. This is obvious from the note to Euc. iii. 26, p. 156. 

27. The segment must be described on the opposite side of the pro- 
duced chord. By converse of Euc. ui. 32. 

28. If a circle be described upon the side AC as a diameter, the cir- 
cumference will pass through the points D, £. Then Euc. in. 21. 

29. Let AB, AC be the bounding radii, and D any point in the arc 
BC, and DE, DF, perpendiculars from D on AB, AC. The circle de- 
scribed on AD will always be of the same magnitude, and the angle EAF 
in it, is constant : — whence the arc EDF is constant, and therefore its 
chord EF. 

30. Construct the figure, and let the circle with center O, described 
on AH as a diameter, intersect the given circle in P, Q, join OP, P£, and 
prove EP at right angles to OP. 

31. If the tangent be required to be perpendicular to a given line : 
draw the diameter parallel to this line, and the tangent drawn at the ex- 
tremity of this diameter will be perpendicular to the given line. 

32. The straight line which joins the center and passes through the 
nterseetion of two tangents to a circle, bisects the angle contained by 
the tangents. 
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83. Draw two radii containing an angle equal to the supplement of 
the given an^le ; the tangents drawn at the extremities of these radii will 
contain the given angle. 

34. Since the circle is to touch two parallel lines drawn from two 
given points in a third line, the radius of Uie circle is determined by the 
distance between the two given points. 

35. It is sufficient to suggest that the angle between a chord and a 
tangent is equal to the angle in the alternate segment of the circle. Euc 
m. 32. 

36. Let AB be the given chord of the circle whose center is O. Draw 
DE.touching the circle at any point E and equal to the given line ; join 
DO, and with center O and radius DO describe a circle: produce the 
chord AB to meet the circumference of this circle in F : then F is the 
point required. 

37. Let D be the point required in the diameter BA produced, such 
that tiie tangent DP is half of I>B. Join CP, O being the center. Then 
CPD is a right-angled triangle, having the sum of the base PC and hypo- 
tenuse CD double of the perpendicular PD. 

38. If BE intersect DF in K (fig. Euc. in. 37). Join FB, FE, then 
by means of the triangles, BE is shewn to be bisected in K at right angles. 

39. Let AB, CD be any two diameters of a circle, O the center, and 
let the tangents at their extremities form the quadrilateral figure EFGH. 
Join EO, OF, then EO and OF may be proved to be in the same straight 
line, and similarly HO, OK. 

Note. — This Proposition is equally true if AB, CD be any two chords 
whatever. It then becomes equivalent to the following proposition :«^ 
The diagonals of the circumscribed and inscribed quadrilaterals, intersect 
in the same point, the points of contact of the former being the angles of 
the latter figure. 

40. Let C be the point without the circle from which the tangents 
CA, CB are drawn, and let DE be any diameter, also let AE, BD be 
joined, intersecting in P, then if CP be joined and produced to meet DE 
in G : CG is perpencUcular to DE. Join DA, £B, and produce them to 
meet in F. 

Then the angles DAE, EBD being angles in a semicircle, are right 
an$:le8 ; or DB, £A are drawn perpenScular to the sides of the triangle 
DEF : whence the line drawn from F through P is perpendicular to Uie 
third side DE. 

41. Let the chord AB, of which P is its middle point, be produced 
both ways to C, D, so that AC is equal to BD. From C, D, draw the 
tangents to the circle forming the tangential quadrilateral CKDR, the 
points of contact of the sides, being E, H, F, G. Let O be the center of 
the circle. Join EH, GF, CO, GO. FO, DO. Then EH and GF may 
be proved each parallel to CD, they are llierefbre parallel to one another. 
Whence is proved that both EF and DG bisect AB. 

42. This is obvious from Euc. i. 29, and the note to in. 22. p. 156. 

43. From any point A in the circumference, let any chord AB and 
tangent AC be drawn. Bisect the arc AB in D, and from D draw DE, 
JDC perpendiculars on the chord AB and tangent AC. Join AD, the 
triangles ADE, ADC may be shewn to be equal. 

44. Let A, B, be the given points. Join AB, and upon it describe a 
segment of a circle which shall contain an angle equal to the given angle* 
If the circle cut the given line, there will be two points ; if it onl^ touch 
the line, there will be one ; and if it neither cut nor touch the Ime, the 
problem is impossible. 

l2 
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45. It may be shewn that the point required is determined by a per- 
pendicular drawn from the center of the circle on the given line. 

46. Let two lines AP, BP be drawn from the given points A, B, 
making equal angles with the tangent to the circle at the point of contact 
P, take any other point Q in the convex circumference, and join QAt 
QB : then by Prob. 4, p. 71, and Euc. i. 21. 

47. Let C be the center of the circle, and E the point of contact of 
DF with the circle. Join DC, CB, CF, 

48. Let the tangents at E, F meet in a point R. Produce RE, KF 
to meet the diameter AB produced in S, T. Then RST is a triangle, 
and the quadrilateral RFOE mavbe circumscribed by a circle, and RFO 
may be proved to be one of the diagonals. 

49. Let C be the middle point of the chord of contact : produce AC, 
BC to meet the circumference in B', A', and join AA', BB'. 

60. Let A be the given point, and B the ffiven point in the given line 
CD. At B draw BE at right angles to CD, join AB and bisect it in F, 
and from F draw F£ perpendiciUar to AB and meeting BE in E. E is 
the center of the required circle. 

5 1 . Let O be the center of the given circle. Draw O A perpendicular 
to the given straight line ; at O in OA make the angle AOP equal to the 
given angle, produce PO to meet the circumference again in Q. Then P, 
Q are two joints from which tangents may be drawn fulfilling the re* 
quired condition. 

52. Let C be the center of the given circle, B the given point in the 
circumference, and A the other given point through which tne required 
circle is to be made to pass. Join CB, the center of the circle is a point 
in CB produced. The center itself may be foimd in three ways. 

53. Euc. III. 11 suggests the construction. 

54. Let AB, AC be the two given lines which meet at A, and let D 
be the given point. Bisect the angle B AC by AE, the center of the circle 
is in A£. Through D draw DF perpendicular to AE, and produce DF 
to O, making F6 equal to FD. Then DG is a chord of the circle, and 
the circle which passes through D and touches AB, will also pass through 
Q and touch AC. 

66, As the center is given, the line joining this point and center of 
the given circle, is perpendicular to that diameter, through the extremi- 
ties of which the required circle is to pass. 

56. Let AB be the given line and D the given point in it, through 
which the circle is required to pass, and AC the line which the circle is 
to touch. From D draw DE perpendicular to AB and meetine AC in C. 
Suppose O a point in AD to be the centre of the required circle. Draw 
OE perpendicular to AC, and join OC, then it may be shown that CO 
bisects the angle ACD. 

57. Let the given circle be described. Draw a line through the 
center and intersection of the two lines. Next draw a chord perpendi- 
cular to this line, cutting off a segment containing the given angle. The 
circle described passing through one extremity of the chord and touch- 
ing one of the straight lines, shall also pass tlirough ihe other extremity 
of the chord and touch the other line. 

58. The line drawn through the point of intersection of the two 
circles parallel to the line which joins their centers, may be shewn to be 
double of the line which joins their centers, and greater than any other 
straight line drawn through the same point and terminated by the cir- 
cumierences. The greatest line therefore depends on the distance be- 
tween the centers ol the two circles. 
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59. Apply Euc. iii. 27. i. 6. 

60. Let two unequal cirdes 'cut one another* and let the line ABC 
drawn through B, one of the points of intersection, be the line required, 
such that AB is equal to BC. Join O, O' the centers of the circles, and 
draw OP, OP' pernendiculars on ABC, then PB is equal to BP' ; through 
O' draw O'D parallel to PP' ; then ODO' is a right-angled triangle, and 
a semicircle described on 00' as a diameter will pass &rough the point 
D. Hence the synthesis. If the line ABC be supposed to move round 
the point B and its extremities A, C to be in the extremities of the two 
circles, it is manifest that ABC admits of a maximum. 

61 . Suppose the thing done, then it will appear that the line joining 
the points of intersection of the two circles is bisected at right angles by 
the line joining the centers of the circles. Since the radii are known, 
the centers of the two circles may be determined. 

62. Let the circles intersect in A, B ; and let CAD, EBP be any 
parallels passing through A, B and intercepted by the circles. Join 
CE, AB, DP. Then the figure CEFD may be proved to be a parallelo- 
gram. Whence CAD is equal to EBF. 

63. Complete the circle whose segment is ADB ; AHB being the 
other part. Then since the angle ACB is constant, being in a given 
segment, the sum of the arcs DE and AUB is constant. But AUB is 
given, hence ED is also given and therefore constant. 

64. From A suppose ACD drawn, so that when BD, BC are joined, 
AD and DB shall together be double of AC and CB together. Then 
the angles ACD, ADB are supplementary, and hence the angles BCD, 
BDC are equal, and the triangle BCD is isosceles. Also the angles 
BCD, BDC are given, hence the triangle BDC is given in species. 

Again AD + DB = 2. AC + 2.BC, or CD = AC 4- BC. 

Whence, make the triangle bdc having its angles at d, c equal to that 
in the segment BDA ; and make ca=: cd — eb, and join ab. At A make 
the angle BAD equal to bad^ and AD is the line required. 

66. The line drawn from the point of intersection of the two lines 
to the center of the given circle may be shewn to be constant, and the 
center of the ^ven circle is a fixed point. 

66. This 18 at once obvious from Euc. ui. 36. 

67. This follows directly from Euc. in. 36. 

68. Each of the lines CK, DF may be proved parallel to the common 
chord AB. 

69. By constructing the figure and joining AC and AD, by Euc. 
III. 27, it may be proved that the line BC falls on BD. 

70. By constructing the figure and applying Euc i. 8, 4, the truth 
is manifest. 

71. The bisecting line is a common chord to the two circles ; join the 
other extremities of the chord and the diameter in each circfle, and the 
angles in the two segments may be proved to be equal. 

72. Apply Euc. in. 27 ; i. 32, 6. 

73. Draw a common tangent at C the point of contact of the circles, 
and prove AC and CB to be m the same straight line. 

74. Let A, B, be the centers, and C the point of contact of the two 
circles ; D, £ the points of contact of the circles with the common tangent 
DE, and CF a tangent common to the two circles at C, meeting DF in E. 
Join DC, CE. Then DF, FC, FE may be shewn to be equal, and FC 
to be at right angles to AB. 

76. The line must be drawn to the extremities of the diameters which 
are on. opposite sides of the line joining the centers. 
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76. The sum of the distances of the center of the third drcle from 
the centers of the two giren circles, is equal to the sum of the radii of 
the given circles, which is constant. 

77. Let the circles touch at C either externally or internally, and 
their diameters AC, BC through the point of contact will either coincide 
or be in the same straight line. CD£ any line through C will cut ofi 
similar segments from tiie two circles. For joininff AD, BE, the angles 
in the segments DAC, £BC are proved to be equaL 

The remaining segments are also similar, since they contain angles 
which are supplementary to the angles DAC, £BC. 

78. Let tne line which joins the centers of the two circles be pro- 
duced to meet the circumferences, and let the extremities of this line 
and any other line from the point of contact be joined. From the center 
of the larger circle draw perpendiculars on the sides of the right-angled 
triangle inscribed within it. 

79. In general, the locus of a point in the circumference of a circle 
which rolls within the circumference of another, is a curve called the 
Ht/pocycloid ; but to this there is one exception, in which the radius of 
one of the circles is double that of the other : in this case, the locus is 
a straight line, as may be easily shewn from the figure. 

80. Let A, B be the centers of the circles. Draw AB cutting the 
circumferences in C, D. On AB take CE, DE each equal to the radius 
of the required circle : the two circles described with centers A, B, and 
radii AE, BF, respectively, will cut one another, and the point of inter- 
section will be the center of the required circle. 

81. Apply Euc. III. 31. 

82. Apply Euc. ni. 21. 

83. Cn When the tangent is on the same side of the two circles. 
Join C, Cr their centers, and on CC describe a semicircle. With center 
(y and radius equal to the difference of the radii of the two circles, describe 
another circle cutting the semicircle in D : join DC and produce it to 
meet the circumference of the given circle in B. Through C draw CA 
piurallel to DB and join BA ; this line touches the two circles. 

(2) When the tangent is on the alternate sides. Having joined C, 
(j ; on CO describe a semicircle ; with center C, and radius equal to the 
awn of the radii of the two circles describe another circle cutting the 
semicircle in D, join CD cutting the circum£erence in A, through C 
draw CB parallel to CA and join AB. 

84. The possibility is obvious. The point of bisection of the segment 
intercepted between the convex circumferences will be the center of one 
of the circles : and the center of a second circle will be found to be the 
point of intersection of two circles described from the centers of the 
given circles with their radii increased by the radius of the second circle. 
The line passing through the centers of these two circles will be the locus 
of the centers of all the circles which touch the two given cirdes. 

85. At any points P, R in the circumferences of the circles, whose 
centers are A, B, draw PQ, RS, tangents equal to the given lines, and 
join AQ, BS. These being made the sides of a triangle of which AB 
is the base, the vertex of the triangle is the point required. 

86. In each circle draw a chord of the given length, describe circles 
concentric with the given circles touching these chords, and then draw 
a straight line touchhiff these drcles. 

87. Within one of the circles draw a chord cutting off a segment 
equal to the given segment, and describe a concentric circle touching 
the chord : then draw a straight line touching this latter drole and the 
other given circle. 
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88. The tangent mar intersect the line joining the centers, or the line 
produced. Prove that tne angle in the segment of one circle is equal to 
the angle in the corresponding segment of the other circle. 

89. Join the centers A, B ; at C the point of contact draw a tangent, 
and at A draw AF cutting the tangent in F, and making with CF an 
tingle equal to one*fourth of the given angle. From F draw tangents 
to the circles. 

90. Let be the center of the given circle, and D the given point in 
the given line AB. At D draw any line D£ at right angles to A^, then 
the center of the circle required is in the line a£« Through C draw a 
diameter FG parallel to DE, the circle described passing through the 
points E, F, 6 will be the circle required. 

91. Apply Euc. III. 18. 

92. Let A, B, be the two given points, and C the center of the given 
circle. Join AC, and at C draw the diameter DGE perpendicular to AC, 
and through the points A, B, E describe a circle, and produce AC to 
meet the circumference in F. Bisect AF in G, and AB in H, and draw 
GK, HK, perpendiculars to AF, AB respectively and intersecting in K. 
Then K is the center of the circle which passes through the points A, B, 
and bisects the circumference of the circle whose center is C. 

93. Let D be the given point and EF the given straight line. (fig. 
Euc. III. 32.) Draw DB to make the angle DBF equal to that contained 
in the alternate segment. Draw BA at right angles to EF, and DA at 
right angles to DB and meeting BA in A. Then AB is the diameter of 
the circle. 

94. Let A, B be the given points, and CD the given line. From £ 
the middle of the Ime AB, draw EM perpendicular to AB, meeting CD 
in M, and draw MA. In EM take any point F ; draw FH to make the 
griven angle with CD ; and draw FG equal to FH, and meeting MA 
produced in G. Hirough A draw AP parallel to FG, and CPK parallel 
to FH. Then P is the center, and C the third defining point of the 
circle required : and AP may be proved equal to CP by means of the 
triangles GMF, AMP; and HMF, CMP, Euc. vi. 2. Also CPK the 
diameter makes with CD the angle KCD equal to FHD, that is, to the 
given angle. 

95. Let A, B be the two given points, join AB and bisect AB in C, 
and draw CD perpendicular to AB, then the center of the required circle 
will be in CD. From O the center of the given circle draw CFG parallel 
to CD, and meeting the circle in F and AB produced in G. At F draw 
a chord FF' equal to the given chord. Then the circle which passes 
Uirough the points at B and F, passes also through F". 

96. Let the straight line joining the centers of the two circles be 
produced both ways to meet the circumference of the exterior circle. 

97. Let A be the common center of two circles, and BCDE the chord 
such that BE is double of CD. From A, B draw AF, BG perpendicular 
to BE. Join AC, and produce it to meet BG in G. Then AC may be 
shewn to be equal to CG, and the angle CBG being a right angle, is the 
angle in the semicircle described on CG as its diameter. 

98. The lines joining the common center and the extremities of the 
chords of the circles, may be shewn to contain unequal angles, and the 
angles at the centers of the circles are double the angles at the circum- 
ferences, it follows that the segments containing these unequal angles 
are not similar. 

99. ^ Let AB, AC be the straight lines drawn from A, a point in 
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the outer circle to touch the inner circle in the points D, E, and meet 
the outer circle again at B, C. Join BC, DE. Prove BC double of DE. 
Let'O be the center, and draw the common diameter AOG inter- 
secting BC in F, and join EF. Then the figure DBFE may be proved 
to be a parallelogram. 

100. This appears from Euc. iii. 14. 

101. The given point may be either within or without the circle. 
Draw a chord in the circle equal to the given chord, and describe a 
concentric circle touching the chord, and though the given point draw 
a line touching this latter circle. 

102. The diameter of the inner circle must not be less than one-third 
of the diameter of the exterior circle. 

103. Suppose AD, DB to be the tangents to the circle AEB contain- 
ing the given angle. Draw DC to the center C and join CA, CB. 
Then the triangles ACD, BCD are always equal : DC bisects the given 
angle at D and the angle ACB. The an^es CAB, CBD, being right 
angles, are constant, and the angles ADC, BDC are constant, as cdso the 
angles ACD, BC7D ; also AC, CB the radii of the given circle. Hence 
the locus of D is a circle whose center is C and radius CD. 

104. Let C be the center of the inner circle ; draw any radius CD, 
at D draw a tangent CE equal to CD, join C£, and with center C and 
radius CE describe a circle and produce ED to meet the circle again in F. 

105. Take C the center of the given circle, and draw any radius CD, 
at D draw DE perpendicular to DC and equal to the length of the re- 
quired tangent ; with center C and radius CE describe a circle. 

106. Tliis is manifest from Euc. in. 36. 

107. Let AB, AC be the sides of a triangle ABC. From A draw 
the perpendicular AD on the opposite side, or opposite side produced^ 
The semicircles described on AB, BC both pass through D. Euc. iii. 31. 

108. Let A be the right angle of the triangle ABC, the first propertv 
follows from the preceding Theorem 107. Let DE, DF be drawn to £, 
F the centers of the circles on AB, AC and join £F. Then ED may 
be proved to be perpendicular to the radius DF of the circle on AC at 
the point D. 

109. Let ABC be a triangle, and let the arcs be described on the 
sides externally containing angles, whose sum is equal to two right angles. 
It is obvious that the sum of the angles in the remaining segments is 
equal to four right angles. These arcs may be shewn to mtersect each 
other in one point D. Let a, 6, c be the centers of the .circles on BC, 
AC, AB. Join a6, 6c, ca\ Aft, 6C, Ca; aB, Be, cA ; 5D, cD, aD. Then 
the angle eba may be proved equal to one-half of the angle A&C. 
Similarly, the other two angles of ahc, 

110. It may be remarked, that generally, the mode of proof by which, 
in pure geometry, three lines must, under specified conditions, pass 
through the same point, is that by reductio ad absurdum. This will for 
the most part require the converse theorem to be first proved or taken 
for granted. 

The converse theorem in this instance is, **K two perpendiculars 
drawn from two angles of a triangle upon the opposite sides, intersect 
in a pointy the line drawn from the third angle through this point 
will be perpendicular to the third side." 

The proof will be formally thus : Let EHD be the triangle, AC, 
BD two perpendiculars intersecting in F. If the third perpendicular 
EG do not pass through F, let it tcu^e some other position as EH ; and 
through F draw EFG to meet AD in G. Then it has been proved that 
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£6 is perpendicular to AD : whence the two angles EHG, EGH of the 
triangle EGH are equal to two right angles : — which is absurd. 

111. The circle dcBcribed on AB as a diameter wUl pass through 
E and D. Then Euc. in. 36. 

112. Since all the triangles are on the Bame base and have equal 
vertical angles, these angles are in the same segment of a given circle. 

The lines bisecting the vertical angles may be shewn to pass through 
the extremity of that diameter which bisects the base. 

113. Let AC be the common base of the triangles, ABC the isosceles 
triangle, and ADC any other triangle on the same base AC and be- 
tween the same parallels AC, BD. Describe a circle about ABC, and 
let it cut AD in E and join EC. Then, Euc. i. 17, m. 21. 

114. Let ABC be the given isosceles triangle having the vertical 
angle at C, and let EG be any given line. Required to find a point P 
in rG such that the distance PA shall be double of PC. Divide AC 
in D so that AD is double of DC, produce AC to E and make AE double 
of AC. On DE describe a circle cutting FG in P, then PA is double 
of PC. This is found by shewing that AP« = 4 . PC«. 

115. On any two sides of the triangle, describe segments of circles 
each containing an angle equal to two-thirds of a right angle, the point 
of intersection of the arcs within the triangle will be the point required, 
such that three lines drawn from it to the angles of the triangle shall 
contain equal angles. Euc. in. 22. 

116. Let A be the base of the tower, AB its altitude BC the height 
of the flagstaff, AD a horizontal line drawn from A. If a circle be des- 
cribed passing through the points B, C, and touching the line AD in 
the point E : E will be the point required. Give the analysis. 

117. If the ladder be supposed to be raised in a vertical plane, the 
locus of the middle point may be shewn to be a quadrantal arc of which 
the radius is half the length of the ladder. 

118. The line drawn perpendicular to the diameter from the other 
extremity of the tangent is parallel to the tangent drawn at the extremity 
of the diameter. 

119. Apply Euc. ni. 21. 

120. Let A, B, C, be the centers of the three equal circles, and let 
ihem intersect one another in the point D ; and let the circles whose 
centers are A, B intersect each other again in E ; the circles whose cen- 
ters are B, C in F ; and the circles whose centers are C, A in G. Then 
FG is perpendicular to DE ; DG to FC ; and DF to GE. Since the 
circles are equal, and all pass through the same point D, the centers A, 
B, C are in a circle about D whose radius is the same as the radius of 
the given circles. Join AB, BC, CA ; then these will be perpendicular 
to the chords DE, DF, DG. Again, the figures DAGC, DBFC, are 
equilateral, and hence FG is parallel to AB ; that is, perpendicular to 
DE. Similarly for the other two cases. 

121. Let £ be the center of the circle which touches the two equal 
circles whose centers are A, B. Join AE, BE which pass through the 
points of contact F, G. Whence AE is equal to £B. Also CD the 
common chord bisects AB at right angles, and therefore the perpen- 
dicular from £ on AB coincides with CD. 

122. Let three circles touch each other at the point A, and from A 
let a line A6CD be drawn cutting the circumferences in B, C, D. Let 
O, O', O" be the centers of the circles, join BO, CO', DO", these lines 
are parallel to one another. Euc. i. 6. 28. 

123. Proceed as in Theorem 110, supra. 

L 5 
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124. The three tangents will be found to be perpendicular to the 
sides of the triangle foimed by joining the centers of the three circles. 

126. With center A and any radius less than the radius of either of 
the equal circles, describe the third circle intersecting them in C and D. 
Join BCf CD, and prove BC and CD to be in the same straight line. 

1 26. Let ABC be the triangle required ; BC the given base. BD the 
given difference of the sides, and BAC the given vertical angle. Join 
CD and draw AM perpendicular to CD. Then MAD is half the vertical 
angle and AMD a right angle : the angle BDC is therefore given, and 
hence D is a point in the arc of a given segment on BC. Also since BD 
is given, the point D is given, and therefore the aides BA, AC are given. 
Hence the synthesis. 

127. Let ABC be the required triangle, AD the line bisecting the 
vertical angle and dividing the base BC into the segments BD, DC. 
About the triangle ABC describe a circle and produce AD to meet the 
circumference in £, then the arcs BE, £C are equal. 

128. Analysis. Let ABC be the triangle, and let the circle ABC be 
described about it : draw AF to bisect the vertical angle BAC and meet 
the circle in F, make AV equal to AC, and draw CV to meet the circle 
in T ; join TB and TF, cutting AB in D ; draw the diameter FS cutting 
BC in R, DR cutting AF in £ ; join AS, and draw AK, AH perpen- 
dicular to FS and BC. Then shew that AD is half the sum, and DB 
half the difference of the sides AB, AC. Next, that the ^oint F in which 
AF meets the circumscribing circle is given, also the pomt £ where DE 
meets AF is given. The points A, K, K, E are in a circle, Euc. in. 22. 

Hence, KF.FR = AF.F£, a given rectangle; and the segment KR, 
which is equal to the perpendicular AH, being given, RF its^is given. 
Whence the construction. 

129. On AB the given base describe a circle such that the segment 
A£B shall contain an angle equal to the given vertical angle of the tri- 
angle. Draw the diameter EMD cutting AB in M at riffht angles. At 
D m ED, make the angle EDC equal to half the given diderence of the 
angles at the base, and let DC meet the circumference of the circle in C. 
Join CA, CB ; ABC is the triangle required. For, make CF equal to 
CB, and join FB cutting CD in G. 

130. Let ABC be the triangle, AD the perpendicular on BC. With 
center A, and AC the less side as radius, describe a circle cutting the 
base BC in £, and the longer side AB in G, and BA produced in F, and 
loin A£, EG, FC. Then the angle GFC being half the given angle, 
BAC is given, and the angle BEG equal to Gf%l is also given. Like- 
wise BE the difference of the segments of the base, and BG the difference 
of the sides, are given by the problem. Wherefore the triangle B£G is 
given (with two solutions). Again, the angle EGB being given, the 
angle AGE, and hence its equal AEG is given ; and hence Sie vertex A 
is given, and likewise the line AE equal to AC the shortest side is given. 
Hence the construction. 

131. Let ABC be the triangle, D, E the bisections of the sides AC, 
AB. Join CE, BD intersecting in F. Bisect BD in G and join EG. Then 
EF, one-third of EC is given, and BG one-half of BD is also given. 
Now EG is parallel to AC ; and the angle BAC being given, its equal 
opposite angle BEG is also given. Whence the segment of the circle 
containing the angle BEG is also given. Hence F is a given poiat, and 
F£ a given line, whence £ is in the circumference of the given circle 
about F whose radius is F£. Wherefore E being in two given drdes, it 
is itself their given intersection. 
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132. Of all triangles on the same base and hayinff equal vertical 
angles, that triangle will be ^e greatest whose perpendicular from the 
vertex on the base is a maximum, and the greatest perpendicular is that 
which bisects the base. Whence the triangle is isosceles. 

133. Let AB be the given base and ABC the 'sum of the other two 
sides ; at B draw BD at right angles to AB and equal to the given alti- 
tude, produce BD to £ making DE equal to BD. With center A and 
and radius AC describe the circle CFG, draw FO at right angles to BE 
and find in it the center O of the circle which P&sses through B and E 
and touches the former circle in the point F. The centers A, O being 
joined and the line produced, will pass through F. Join OB. Then 
AOB is the triangle required. 

134. Since the area and bases of the triangle are given, the altitude 
18 given. Hence the problem is— given the base, the vertical angle and 
the altitude, describe the triangle. 

135. Apply Euc. in. 27. 

136. The fixed point may be proved to be the center of the circle. 

137. Let the line which bisects any angle BAD of the quadrilateral, 
meet the circumference in E, join EC, and prove that the angle made by 
producing DC is bisected by EC. 

138. Draw the diagonals of the quadrilateral, and by Euc. in. 21, i. 29« 

139. From the center draw lines to the angles : then Euc. in. 27. 

140. The centers of the four circles are determined by the intersec* 
tions of the lines which bisect the four angles of the eiven quadrilateral. 
Join these four points, and the opposite angles of me quadrilateral so 
formed are respectively equal to two right angles. 

141. Let ABCD be the required trapezium inscribed in the given circle 
(fig. Euc. in. 22.) of which AB is given, also the sum of the remaining 
three sides and the angle ADC. Since the angle ADC is given, the 
opposite angle ABC is xnown, and therefore the point C and the side 
BC. Produce AD and make DE equal to DC and join EC. Since the 
sum of AD, DC, CB is given, and DC is known, therefore the sum of 
AD, DC is given, and likewise AC, and the angle ADC. Also the angle 
DEC being half of the angle ADC is given. Whence the segment of uie 
circle which contains AEC is given, also AE is given, and hence the 
point E, and consequently the point D. Whence the construction. 

142. Let ADBC be the inscribed quadrilateral ; let AC, BD pro- 
duced meet in O, and AB, CD produced meet in P, also let the tangents 
from O, P meet the circles in K, H respectively. Join OP, and about 
the triangle PAC describe a circle cutting PO in G and join AG. Then 
A, B, G, O may be shewn to be points m the circumference of a circle. 
Whence the sum of the squares on OH and PK may be found by Euc. 
III. 36, and shewn to be equal to the square on OP. 

143. This will be manifest from the equality of the two tangents 
drawn to a circle from the same point. 

144. Apply Euc. in. 22. 

145. A circle can be described about the figure AECBF. 

146. Apply Euc. in. 22, 32. 

147. Apply Euc. in. 21, 22, 32. 

148. Apply Euc. in. 20, and the angle BAD will be found to be 
double of the angles CBD and CDB together 

149. Let ABCD be the given quadrilateral figure, and let the angles 
at A, B, C, D be bisected by four lines, so that the lines which bisect the 
angles A and B, B and C, and D, D and A, meet in the points a, 6, c, d^ 
respectively. Prove that the angles at a and c, or st 6 and d^ are to- 
gether equal to two right angles. 
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150. Apply Euc. in. 22. 

151. Join the center of the circle with the other extremity of the line 
perpendicular to the diameter. 

152. Let AB be a chord parallel to the diameter FG of the circle, 
fig. Theo. 1, p. 160, and H any point in the diameter. Let HA and HB 
be joined. Bisect FG in O, draw OL perpendicular to FG cutting AB 
in K, and join HK, HL, OA. Then the square on HA and HF may be 
proved equal to the squares on FH, HG by Theo. 3, p. 114 ; Euc. i. 47; 
Euc. II. 9. 

153. Let A be the giren point (fig. Euc. iii. 36, Cor.) and suppose 
AFC meeting the circle in F, C, to be bisected in F, and let AD be a 
.tangent drawn from A Then 2. AF* = AF. AC = AD*, but AD is 
given, hence also AF is ^ven. To construct. Draw the tangent AD. 
On AD describe a semicircle AGD, bisect it in G ; with center A and 
radius AG, describe a circle cutting the ^ven circle in F. Join AF and 
produce it to meet the circumference agam in C. 

154. Let the chords AB, CD intersect each other in E at right 
angles. Find F the center, and draw the diameters HEFG, AFK and 
join AC, CK, BD. Then b;^ Euc. ii. 4. 5 ; in. 35. 

155. Let E, F be the points in the diameter AB equidistant from the 
center O ; CED any chord; draw OG perpendicular to C£D, and join 
FG, DC. The sum of the squares on DF and FC may be shewn to be 
equal to twice the square on FE and the rectangle contained by AK, £B 
by Euc. I. 47 ; n. 5 ; iii. 35. 

156. Let the chords AB, AC be drawn from the point A, and let a 
chord FG parallel to the tangent at A be drawn intersecting the chords 

AB, AC in D and E, and join BC. Then the opposite angles of the 
quadrilateral BDEC are equal to two right angles, and a circle would 
circumscribe the figure. Hence by Euc. i. 36. 

157. Let the Imes be drawn as directed in the enunciation. Draw 
the diameter AE and iom CE, DE, BE ; then AC*+ AD* and 2 . AB* 
may be each shewn to be equal to the square of the diameter. 

158. Let QOP cut the diameter AB in O. From C the center draw 
CH perpendicular to QP. Then CH is equal to OH, and by Euc. ii. 9, 
tib.e squares on FO, OQ are readily shewn to be equal to twice the square 
onCP. 

159. From P draw PQ perpendicular on AB meeting it in Q. Join 

AC, CD, DB. Then circles would circumscribe the quadrilaterals ACPQ 
and BDPQ, and then by Euc. in. 36. 

160. Describe the figure according to the enunciation ; draw AE the 
diameter of the circle, and let P be the intersection of the diagonals of the 
parallelogram. Draw EB, EP, EC, EF, EG, EH. Since AE is a 
diameter of the circle, the angles at F, G, H, are right angles, and EF, 
EG, EH are perpendiculars from the vertex upon the bases of the tri- 
angles EAB, E AU, EAP. Whence by Euc. ii. 1 3, and Uieorem 3, page 
114, the truth of the propertv may be shewn. 

161. If FA be the given line (fig. Euc. ii. 11), and if FA be produced 
to C ; AC is the part produced which satisfies the required conoitions. 

162. Let AD meet the circle in G, H, and join BG, GC. ThenBGC 
is a right-angled triangle and GD is perpendicular to the hypotenuse, 
and the rectangles may be each shewn to be equal to the square on BG. 
Euc. in. 35 ; u. 5 ; i. 47. Or, if EC be joined, the quadrilateral 
figure ADCE may be circumscribed bv a circle. Euc. in. 31, 22, 36, Cor. 

163. On PC describe a semicircle cutting the given one in E, and 
draw EF perpendicular to AD ; then F is the point required. 
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164. Let AB be the given straight line. Bisect AB in C and on AB 
as a diameter describe a circle ; and at any point D in the circumference, 
draw a tangent D£ equal to a side of the given square ; join DC, EC, 
and with center C and radios CE describe a circle cutting AB produced 
in F. From F draw FG to touch the circle whose center is C in 
the point G. 

165. Let AD, DF be two lines at right angles to each other, O the 
centre of the circle BFQ ; A any point in AD from which tangents AB, 
AC are drawn ; then the chord BC shall always cut FD in the same 
point P, wherever the point A is taken in AD. Join AP ; then BAC is 

n isosceles triangle, 

nd FD . DE + AD* ^ AB" = BP . PC + AP' = BP . PC + AD« + DP«, 

wherefore BP . PC =» FD . DE - DP^ 
The point P, therefore, is independent of the position of the point A ; and 
is consequently the same for all positions of A in the line AD. 

166. The point E will be found to be that point in BC, from which 
two tangents to the circles described on AB and CD as diameters, are 
equal, Euc. in. 36. 

167. If AQ, AT' be produced to meet, these lines with AA' form a 
right-angled triangle, then Euc. i. 47. 
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6, Let AB be the given line. Draw through C the center of the 
given circle the diameter DCE. Bisect AB in F and join FC. Through 
A, B draw AG, BH parallel to FC and meeting the diameter in G, H : 
at G, H draw GK. HL perpendicular toDE and meeting the circumfer- 
ence in the points K, L ; join KL; then KL is equal and parallel to AB. 

6. Trisect the circumference and join the center with the points of 
trisection. 

7. See Euc. iv. 4, 5. 

8. Let a line be drawn from the third angle to the point of interseo« 
tion of the two lines ; and the three distances of this point from the angles 
may be shewn to be equal. 

9. Let the line AD drawn from the vertex A of the equilateral tri- 
angle, cut the base BC, and meet the circumference of the circle in D. 
Let DB, DC be joined : AD is equal to DB and DC. If on DA, DE be 
taken equal to DB, and BE be joined ; BDE may be proved to be an 
equilateral triangle, also the triangle ABE may be proved equal to the 
triangle CBD. 

The other case is when the line does not cut tlie base. 

10. Let a circle be described upon the base of the equilateral triangle, 
and let an equilateral triangle be inscribed in the circle. Draw a diameter 
from one of the vertices of the inscribed triangle, and join the other ex- 
tremity of the diameter with one of the other extremities of the sides of 
the inscribed triangle. The side of the inscribed triangle may then be 
proved to be equal to the perpendicular in the other triangle. 

11. The line joining the points of bisection, is parallel to the base of 
the triangle and therefore cuts off an equilateral triangle from the given 
triangle. By Euc. iii. 21 ; i. 6, the truth of the theorem may be shewn. 

12. Let a diameter be drawn from any angle of an equilateral tri- 
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angle inscribed in a circle to meet the circumference. It may be proved 
that the radius is bisected by the opposite side of the triangle. 

13. Let ABC be an equilateral triangle inscribed in a circle, and let 
AB'C be an isosceles triangle inscribed in the same circle, having the 
tame vertex A. Draw the diameter AD intersecting BC in £, and B'C 
in E', and let B'C fall below BC. Then AB. BE, and AB', B'E', are 
respectively the semi«perimeters of the triangles. Draw B'F perpendi- 
cular to BC, and cut off AH equal to AB, and loin BH. If BF can be 
proved to be greater than B'H, the perimeter of ABC is greater than the 
perimeter of AB'C. Next let B C fall above BC. 

14. The angles C9ntained in the two segments of the circle, may be 
shewn to be equal, then by joining the extremities of the arcs, the two 
remaining sides may be shewn to be parallel. 

15. It may be shewn that four equal and equilateral triangles will 
form an equilateral triangle of the same perimeter as the hexagon, which 
is formed by six equal and equilateral triangles. 

16. Let the figure be constructed. By drawing the diagonala of the 
hexagon, the proof is obvious. 

17. By Euc. I. 47r the perpendicular distance from the center of the 
circle upon the side of the inscribed hexagon may be found. 

18. The alternate sides of the hexagon will fall upon the sides of the 
triangle, and each side will be found to be equal to one-third of the side 
of the equilateral triangle. 

19. A regular duodecagon may be inscribed in a circle by means of 
the equilateral triangle and square, or by means of the hexagon. The 
area of the duodecagon is three times the square on the radius of the circle, 
which is the square on the side of an equilateral triangle inscribed in the 
same circle. Theorem 1, p. 196. 

20. In general, three straight lines when produced will meet and 
form a triangle, except when all three are parallel or two parallel are 
intersected by the third. This Problem includes Euc. iv. 6, and all the 
cases which arise from producing the sides of the triangle. The circles 
described touching a side of a triangle and the other two sides produced, 
are called the escribed circles. 

^1. This is manifest from Euc. iii. 21. 

22. The point required is the center of the circle which circumscribes 
die triangle. See the notes on Euc. iii. 20, p. 155. 

23. K the perpendiculars meet the three sides of the triangle, the 
point is within the triangle, Euc. iv. 4. If the perpendiculars meet the 
base and the two sides produced, the point is the center of the escribed 
circle. 

24. This is manifest from Euc. m. 11, 18. 

25. The base BC is intersected by the perpendicular AD, and the 
side AC is intersected by the perpendicular BE. From Theorem i. p. 
160 ; the arc AF is proved equal to AE, or the arc FE is bisected in A. 
In the same manner the arcs FD, DE, may be shewn to be bisected in BC. 

26. Let ABC be a triangle, and let D, E be the points where the in* 
scribed circle touches the sides AB, AC. Draw BE, CD intersecting 
each other in O. Join AO, and produce it to meet BC in F. Then F is 
the point where the inscribed circle touches the third side BC. If F be 
not the point of contact, let some other point Gr be the point of contact. 
Through D draw DH parallel to AC, and DK parallel to BC. By the 
similar triangles, CG- may be proved equal to CF, or G the point of con- 
tact coincides with F, the point where the line drawn from A thnmgh O 
meets BC. 



OH BOOK IV. S31 

27. In the figure, Eac. it. 5. Let AP bisect the angrle at A, and be 
produced to meet the circumferenoe in G. Join OB, GC and find the 
center H of the circle intcribed in the triangle ABC. The linea GH, GB. 
GC are eqnal to one another. 

28. Let ABC be any triangle inscribed in a circle, and let the per- 
pendLcnlars AD, BE, CF intersect in G. Produce AD to meet the cir- 
cumference in H, and join BH, CH. Then the triangle BHC maj be 
shewn to be equal in all respects to the triangle BGC, and the circle 
which circumscribes one of the triangles will also circumscribe the other. 
Similarly may be shewn by producing BE and CF, &c. 

29. First. Prove that the perpendiculars Aa, B6, Ce pass through 
the same point O, as Theo. 112, p. 171. Secondly. That the triangles 
Acbt Bca, Ca6 are equiangular to ABC. Euc. iii. 21. Thirdly. That the 
angles of the triangle a6e are bisected by the perpendiculars ; and lastly, 
by means of Prob. 4, p. 71, that ab -^ be -^ oa is a. minimum. 

30. The equilateral triangle can be proved to be the least triangle 
which can be circumscribed about a circle. 

31. Through C draw CH parallel to AB and join AH. Then HAC 
the difibrence of the angles at the base is equal to the angle HFC. Euc. 
III. 21. and HFC is bisected by FG. 

82. LetF, G, (figure, Euc.iv. 6,) be the centers of the circumscribed 
and inscribed circles ; join GF, GA, then the angle GAF which is equal to 
the difference of the angles GAD, FAD, may be shewn to be equal to 
half the difference of the angles ABC and ACB. 

33. This Theorem may be stated more generally, as follows : 

Let AB be the base of a triangle, AEB the locus of the vertex ; D the 
bisection of the remaining arc ADB of the circumscribing circle ; then the 
locus of the center of the inscribed circle is another circle whose center is 
D and radius DB. For join CD : then P the center of the inscribed 
circle is in CD. Join AP, PB ; then these lines bisect the angles CAB, 
CBA, and DB, DP, DA may be proved to be equal to one another. 

34. Let ABC be a triangle, having C a right angle, and upon AC, BC, 
let semicircles be described : bisect the hypotenuse in D, ana let fall DE, 
DF perpendiculars on AC, BC respectively, and produce them to meet 
the circumferences of the semicircles in P, Q ; then DP may be proved 
to be equal to DQ. 

35. Let the angle BAC be a right angle, fig. Euc. rv. 4. Join AD. 
Then Euc. ixi. 17, note p. 155. 

36. Suppose the triangle constructed, then it may be shewn that the 
difference between the hypotenuse and the sum of the two sides is equal 
to the diameter of the inscribed circle. 

37. Let P, Q be the middle points of the arcs AB, AC, and let PQ 
be joined, cutting AB, AC in DE ; then AD is equal to AE. Find the 
eenter O and join OP, QO. 

38. With the given radius of the circumscribed circle, describe a 
circle. Draw BC cutting off the segment BAC containing an angle 
equal to the given vertical angle. Bisect BC in D, and draw the diame- 
ter EDF : join FB, and with center F and radius FB describe a circle : 
this will be the locus of the centers of the inscribed circle (see Theorem 
33, supra.) On DE take DG equal to the given radius of the inscribed 
circle, and through G draw GH parallel to BC, and meeting the locus of 
the centers in H. H is the center of the inscribed circle. 

39. This may readily be effected in almost a similar way to the pre- 
ceding Problem. 

40. With the giren radius describe a circle, then by Euc. ni. 34. 
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41. Let ABC be a triangle on the given base BC and haying its Ter- 
tical angle A equal to the given angle. Then since the angle at A is 
Ronstant, A is a point in the arc of a segment of a circle described on BC. 
Let D be the center of the circle inscribed in the triangle ABC. Join 
DA, DB, DC : then the angles at B, C, A, are bisected. Euc. iv. 4. 
Also since the angles of each of the triangles ABC, DBC are eqnal to two 
right angles, it follows that the angle BDC is equal to the angle A and 
half the sum of the angles B and C. But the sum of the angles B and C 
can be found, because A is given. Hence the angle BDC is known, and 
therefore D is the locus of the vertex of a triangle described on title base 
BC and having its vertical angle at D double of the ai^le at A. 

42. Suppose the parallelogram to be rectanjplarand inscribed in the 
given triangle and to be equal in area to half the triangle : it may be 
shewn that the parallelogram is equal to half the altitude of the triangle, 
and that there is a restriction to the magnitude of the angle which two 
a4jacent sides of the parallelogram make with one another. 

43. Let ABC be the given triangle, and A'B'C the other triangle, to 
the sides of which the inscribed triangle is required to be paralld. 
Through any point a in AB draw a6 parallel to A'B' one side of the given 
triangle and tnrough a, b draw ac, be respectively parallel to AC, BC. 
Join Ac and produce it to meet BC in D ; through D draw D£, DF, 
parallel to ea, cb, respectively, and join £F. Then D£F is the triangle 
required. 

44. This point will be found to be the intersection of the diagonals 
of the given parallelogram. 

45. The difference of the two squares is obviously the sum of the four 
triangles at the corners of the exterior square. 

46. (1) Let ABCD be the given square: join AC, at A in AC, 
make the angles CA£, CAF, each equal to one-tmrd of aright angle, and 
join £F. 

(2) Bisect AB any side in P, and draw PQ parallel to AD or BC, 
then at P make the angles as in the former case. 

47. Each of the interior angles of a regular octagon may be shewn to 
be equal to three-fourths of two right angles, and the exterior angles 
made by producins the sides,, are each equu to one fourth of two right 
angles, or one- half of a right angle. 

48. Let the diagonals of the rhombus be drawn ; the center of the 
inscribed circle may be shewn to be the point of their intersection. 

49. Let ABCD be the required square. Join O, O' the centers of the 
circles and draw the diagonal AEC cutting OO' in E. Then £ is the 
middle point of 00' and the angle AEO is half a right angle. 

50. Xet the squares be inscribed in, and circumscribed about a circle, 
and let the diameters be drawn, the relation of the two squares is manifest. 

51. Let one of the diagonals of the square be drawn, then the isos* 
celes right-angled triangle which is half the square, may be proved to be 
greater iJian any other right-angled triangle upon the same njpoteniise. 

52. Take half of the side of the square inscribed in the given circle, 
this will be equal to a side of the required octagon. At the extremities 
on the same side of this line make two angles each equal to three-fourths 
of two right angles, bisect these angles by two straight lines, the point 
at which they meet will be the center of the circle which circumscribes 
the octagon, and either of the bisecting linps is the radius of the circle. 

53. rirst shew the possibility of a circle circumscribing such a figure, 
and then determine the center of the circle. 

54. By constructing the figures and drawing lines from the centez of 
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the circle to the angles of the octagon, the areas of the eight triangles 
may be easily shewn to be equal to eight times the rectangle contained 
by the radius of the circle, and half the side of the inscribed square. 

66, Let AB, AC, AD, be the sides of a square, a regular hexagon and 
an octagon respectively inscribed in the circle whose center is O. Pro* 
duce AC to £ making A£ equal to AB ; from £ draw £F touching the 
circle in F, and prove £F to be equal to AD. 

56. Let the circle required touch the given circle in P, and the given 
line in Q. Let C be the center of the siven circle and C that of the re- 
quired circle. Join CC, C'Q, QP ; and let QP produced meet the f^en 
circle in R, join RC and produce it to meet the given line in Y. Then 
RC V is perpendicular to VQ. Hence the construction. 

57. Let A, B be the centers of the given circles and CD the ^ven 
straight line. On the side of CD opposite to that on which the circles 
are situated, draw a line £F parallel to CD at a distance equal to the 
radius of the smaller circle, rrom A the center of the larger circle de- 
scribe a concentric circle GH with radius equal to the difference of the 
radii of the two circles. Then the center of the circle touching the 
circle GH, the line £F, and passing through the center of the smaller 
circle B, may be shewn to be the center of the circle which touches the 
circles whose centers are A, B, and the line CD. 

58. Let AB, CD be the two lines given in position and £ the center 
of the given circle. Draw two lines FG, HI parallel to AB, CD respec- 
tively and external to them. Describe a circle passing through £ and 
touching FG, HI. Join the centers £, O, and with center O and radius 
equal to the difference of the radii of these circles describe a circle ; this 
ivill be the circle required. 

59. Let the circle ACF having the center G, be the required circle 
touching the given circle whose center is B, in the point A, and cutting 
th.e other given circle in the point C. Join BG, and through A draw a 
line perpendicular to BG ; then this line is a common tangent to the 
circles whose centers are B, G. Join AC, GC. Hence the construction. 

60. Let C be the given point in the given straight line AB, and D 
the center of the given circle. Through C draw a line C£ perpendicular 
to AB ; on the other side of AB, take OE equal to the radius of the given 
circle. Draw £D, and at D make the angle £DF equal to the angle 
DKC, and produce £C to meet DF. This gives the construction for one 
case, when the given line does not cut or touch the other circle. 

61. This is a particular case of the general problem ; To describe a 
circle passing through a given point and touching two straight lines 
given in position. 

Let A be the given point between the two given lines which when 
produced meet in the point B. Bisect the angle at B by BD and through 
A draw AD perpendicular to BD and produce it to meet the two given 
lines in C, E. Take DF equal to DA. and on CB take CG such that the 
rectangle contained by CF, CA is equal to the square on CG. The circle 
described through the points F, A, G, will be the circle required. De- 
duce the particular case when the given lines are at right angles to one 
another, and the given point in the line which bisects the angle at B. If 
the lines are parallel, when is the solution possible ? 

62. Let A, B, be the centers of the given circles, which touch 
externally in £ ; and let C be the given point in that whose center is B. 
Make CD equal to AE and draw AD ; make the angle DAG equal to 
the angle ADG : then G is the center of the circle required, and GC 
its radius. 
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68. If the three points be such as when joined by straight lities a 
tviangle is formed ; the points at which the inscribed circle touches the 
sides of the triangle, are the points at which the three circles touch one 
another. Euc. iv. 4. Different cases arise from the relative position 
of the three points. 

64. Bisect the angle contained by the two lines at the point where 
the bisecting line meets the circumference, draw a tangent to the circle 
and produce the two straight lines to meet it. In this triangle inscribe 
a circle. 

66. From the given angle draw a line through the center of the circle, 
and at the point where the line intersects the circumference, draw a 
tangent to the circle, meeting two sides of the triangle. The circle 
inscribed within this triangle will be the circle required. 

66. Let the diagonal AD cut the arc in P, and let O be the center of 
the inscribed circle. Draw OQ perpendicular to AB. Draw PE a 
tangent at P meeting AB produced in E : then BE is equal to PD. Join 
PQ, PB. Then AB may be proved equal to QE. Hence AQ is equal 
to BE or DP. 

67. Suppose the center of the required circle to be found, let fall 
two perpendiculars from this point upon the radii of the quadrant, 
and join the center of the circle with the center of the quadrant and 
produce the line to meet the arc of the quadrant. If three tangents be 
drawn at the three points thus determined in the two semicircles and 
the arc of the quadrant, they form a right-angled triangle which 
circumscribes the required circle. 

68. Let AB be the base of the given segment, C its middle point. 
Let DCE be the required triangle having the sum of the base DE and 

ferpendicular CF equal to the given line. Produce CF to H making 
H equal to DE. Join HD and produce it, if necessary, to meet AB 
produced in K. Then C£ is double ofDF. Draw DL perpendicular 
toCK. 

69^ From the vertex of the isosceles triangle let fall a perpendicular 
on the base. Then, in each of the triangles so formed, inscribe a circle, 
Euc. IV. 4 ; next inscribe a circle so as to touch the two circles and the 
two equal sides of the triangle. This gives one solution : the problem 
is indeterminate. 

70. If BD be sheMm to subtend an arc of the larger circle equal to 
one- tenth of the whole circumference : — then BD is a side of the decagon 
in the larger circle. And if the triangle ABD can be shewn to be 
inscriptible in the smaller circle, BD wul be the side of tlie inscribed 
pentagon. 

71. It may be shewn that the angles ABF, BFD stand on two arcs, 
one of which is three times as large as the other. 

72. It may be proved that the diagonals bisect the angles of the 
pentagon , and the five-sided figure formed by their intersection, may bo 
shewn to be both equiangular and equilateral. 

73. • The figure ABODE is an irregular pentagon inscribed in a circle ; 
it may be shewn that the &vq angles at the circumference stand upon 
arcs whose sum is equal to the whole circumference of the circle ; Euc. 
ni. 20. 

74. If a side CD (figure, Euc. iv. 11) of a regular pentagon be 
produced to K, the exterior angle ADK of the inscribed quadxilateral 
figure ABCD is equal to the angle ABC, one of the interior angles of the 
pentagon. From this a construction may be made for the method ^ 
folding the ribbon. 
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76. In the figure, Euc. nr. 10, let DC be produced to meet the circum- 
ference in F, and join FB. Then FB is the side of a regular pentagon 
inscribed in the larger circle, I) is the middle of the arc subtended bv 
the adjacent side of the pentagon. Then the difference of FD and BD 
is equal to the radius AB. Next, it may be shewn, that FD is divided 
in the same maimer in C as AB, and by Euc. n. 4, 11, the squares on 
FD and DB are three times the square on AB, and the rectangle of FD 
and DB is equal to the square on AB. 

76. If one of the diagonals be drawn, this line with three sides of the 
pentagon forms a quadruateral figure of which three consecutive sides 
are equal. The problem is reduced to the inscription of a quadrilateral 
in a square. 

77. This may be deduced from. Euc. iv. 11. 

78. The angle at A the center of the circle (fig. Euc. nr. 10.) is one- 
tenth of four right angles, the arc BD is therefore one- tenth of the 
circumference, and the chord BD is the side of a regular decagon 
inscribed in the Isurger circle. Produce DC to meet the circumference 
in F and join BF, then BF is the side of the inscribed pentagon, and AB 
is the side of the inscribed hexagon. Join FA. Then FCA may be 
proved to be an isosceles triangle and FB is a line drawn from the 
vertex meetins the base produced. If a perpendicular be drawn from 
F on BC, tJie difference of the squares on FB, FC may be shewn to be 
equal to the rectangle AB, BC, (Euc. i. 47 ; ii. 5, Cor.) ; or the square 
on AC. 

79. Divide the circle into three equal sectors, and draw tangents to 
the middle points of the arcs, the problem is then reduced to the 
inscription of a circle in a triangle. 

80. Let the inscribed circles whose centers are A, B touch each 
other in Q, and the circle whose center is C, in the points D. E ; join 
A, D ; A, E ; at D, draw DF perpendicular to DA, and EF to EB, 
meeting in F. Let F, G be joined, and FG be proved to touch the two 
cxrd.es m G whose centers are A and B. 

81. The problem is the same as to find how manv equal circles may 
be placed round a circle of the same radius, toucfiing this circle and 
each other. The number is six. 

82. This is obvious from Euc. iv. 7, the side of a square circum- 
scribing a circle being e^ual to the diameter of the circle. 

83. Each of the vertical angles of the triangles so formed, may be 
proved to be equal to the difference between the exterior and interior 
angle of the heptagon. 

84. Every regular polygon can be divided into equal isosceles tri- 
angles by drawing lines from the center of the inscribed or circumscribed 
circle to the angiUar points of the figure, and the number of triangles 
wiU be equal to the number of sides of the polygon. If a perpendicular 
FG be let fall from F (figure, Euc. iv. 14) the center on the base CD of 
FCD, one of these triangles, and If GF be produced to H till FH be 
equal to FG, and HC, UD be joined, an isosceles triangle is formed, 
such that Uie angle at U is half the angle at F. Bisect HC, HD in K, 
X^, and join KL; then the triangle HKL may be placed round the 
vertex H, twice as many times as the triangle CFD round the vertex F. 

85. The sum of the arcs on which stand the 1st, 3rd, 5th, &c» angles, 
18 equal to the sum of the arcs on which stand the 2nd, 4th, 0th, &c. 
angles. 

86. The proof of this property depends on the fact, that an isosceles 
triangle has a greater area than any scalene triangle of the same perimeter. 
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WORKS BY ROBERT POTTS, M.A., 

TfilXITY COLLEQE, CAKBRIDaB. 

« 

^uclid's Elements of Geometry, the First Six Books, 

and the portions of the Eleventh and Twelfth Books read 
at Cambridgey mth Notes^ Questums^ and Oeometrical 
ExerdseSyfrom the Senate House and College Examinatum 
Papers^ with Hints^ dkc. By K. PoTTS, M.A., Trinity 
College^ Cambridge. 

The University Edition ^ the Second^ improved^ &i)0. 

cloth^ 10s, 
The School Edition^ the Fifth. 12mo. chth^ 4^. M. 
Books L—IV. 3^. ; Books I— TIL 2s. 6d. ; Books 
L II. \s. 6d.; Book I. Is. The Enunciation of 
Euclidy 9d. 

A Medal has been awarded to " B. Potts for the ezceUence of 
his works on Geometry" by the Jurors of the International 

Exhibition, 1862.— ^ury Atoarda, p 313. 

" Mr. Potts' Euclid is in use at Oxford and Cambridge, and in the 
Principal Grammar Schools. It is supplied at reduced cost for 
National Education from the Depositories of the National Society, 
Westminster, and of the Congregational Board of Education, Homer* 
ton College. It may be added, that the Council of Education at 
Calcutta were pleased to order, in the year 1853, the introduction of 
these Editions of Euclid's Elements into the Schools and Colleges 
under their control in Bengal." 

Critical Remarks on the Editions of Enclid. 

** In my opinion Mr. Potts has made a valuable addition to Geometrical literature 
by his Editions of £aolid*s Elements."— AT. WheweU, D.D,, Matter 0/ IVinUy ColUge, 
Cambridge. (1848.) 

'* Mr. Potts has done great senrioe by his published works in promoting the study of 
Geometrical Science."— !&. Fhilpott, D.D., Matter of St, Catharifufe College, (1848.) 

** Mr. Potts' Editions of JEtuituPe Oeometry are characterised by a due appreciation 
of the spirit and exactness of the Greek Geometry, and an acquaintance witii its his- 
tory, as well as by a knowledge of the modem extensions of the Science. The 
Elements are given in such a form as to preserve entirely the spirit of the ancient 
reasoning, and having been extensively used in Colleges and Public Schools, cannot 
fail to have the effect of keeping up the study of Geometry in its original purity."—' 
James Challis^ M,A.. Flumian Frofeuor of Aetronomy ana Experimental Philosophy 
in the University of Cktmbridge, (1848.) 

** Mr. Potts' edition of Euclid Is very generally used in both our Universities and in 
onr Public Schools ; the notes which are appended to it shew great research, and are 
admirably calculated to introduce a student to a thorough knowledge of Geometrical 
principles and methods.">~&0or^0 Peacock, J).J)., Lowndean Frofessor cf Mathematics 
and Dean of Ely, (1848.) 

" By the publication of these works, Mr. Potts has done very great service to the 
cause of Geometrical Science ; I have adopted Mr. Potts' work as the text-book for my 
own Lectures in Geometry, and I believe that it is recommended by all the Mathematical 
Tutors and Professors in this University."— J2o6«r< Walker ^ M,A.f ^-S.^, Header in Ex- 
perimental Philosophy in the UhiversUy. and MtUhematical Tutor of Wadham College^ 
Oxford. (1848.) 

'* When the greater Portion of this Part of the Course was printed, and had for some 
time been in use in the Academy, a new Edition of Euclid's Elements, by Mr. Robert 
Potts, M.A., of Trinity College, Cambridge, which is likely to supersede most others, to 
the extent, at least, of the Six Books, was published. From the manner of arrang* 
ing the Demonstrations, this edition has the advantages of the svmbolical form, and it 
is at the same time free from the manifold objections to which that form is open. The 



duodecimo edition of this Work, comprising only the first Six Boolui of Euclid, with 

Deductions from them, having been introduced at this Institution as a text book, now 

renders any other Treatise on Plane Geometry unnecessary in our course of Mathema* 

the Use of the Royal Military Academy, 

Cambridge, late Secretary of the Royal 
nl %/r:i£*n»». A»mA»^,. rtr^^u^^i /loJv % 
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TRINITY COLLEGE, CAMBRIDGE. 



Critical Remarks on the Editions of Euclid. 

<* Mr. Potts, by the pabUcatioii of his Edition of JEuelidf with its most valnable notes 
and problems, and the solutions and commentaries, has recalled the attention of Eng- 
lishmen to the subject :— first in his own and the Sister Universities, then in the publie 
schools, and finally, in most Scholastic Establishments in the Country .—His Euclid is 
one of our own text books in the Royal Military Academy, and we find its arrangements 
and additions exceedingly conducive to the acquisition of a thorough understanding of 
the subject by the Gentlemen Cadets." — T. 8, Davie; Profnaor qj Mathtmatict in the 
Si^eU Military Aeademy^ Woolwich. (1848.) 

** The Edition of the Elements of £uclid which Mr. Potts has published, is confes- 
sedly the best which has yet appeared.*'— ./oAn Phillipe fligman, M.A., F,E.S,, UUt 
FOhw and Tutor of TYitUty College, CamMdge. (1848.) 

* "I am well acquainted with Mr. Potts' Editions of Euclid, and I have the greatest 
pleasure in certifying that I consider them superior to any I have ever seen, and so 
much so, that I have inyariably recommended tnem to Students in Geometry."— Pteter 
Mason, M.A., Head Master of the Perse Grammar School. ( 1648. ) 

."Mr. Potts has lately published an edition' of Euclid's El^nents of Geometry, which 
he has illustrated with a collection of Examples. I consider that he has performed liis 
task with great care and Judgment, and that the work seems to bid fair to possess a 
larger share of popular favour than any edition of Euclid yet published."— JL BusUm^ 
B,D., Fellow and Tutor of Emmanuel College. (1848.) 

'*Igladly embrace thtsopportunity of expressing the very high opinion I entertain 
of the merits of Mr. Potts* edition of the Elements of Euclid.^'— J: F,Birkett, M^., 
Fellow and Tutor qf Jesus College. (1848.) 

" I consider Mr. Potts' edition of Euclid to be a most valuable addition to our Cam* 
bridge Mathematical literature, and especially to the department of Geometry ; and 
look to it as a great help toward^ keeping up, and indeed reviving, the true spirit and 
feeling for Geometry, which of late years had been too much neglected among us."— 
TF. Williamson, B.D., Fellow and Tutor of Clare College. (1848.) 

"I believe there is a general opinion in this University that the Principles of 
Euclid and Elementary Geometry cannot possibly be presented to the mind of a com* 
mencing student in a better form, nor be accompanied by a more Judicious selection of 
problems, with hints for their solution, than occurs in the pages of Mr. Potts' publica- 
tions. By combining symmetry of arrangement with simplicity of language, and by 
restoring the Syllogism to its plain and simple form, so as to make an introduction to 
Geometry serve at the same time as an exercise in logic ^an advantage which has be«i 
quite lost sight of in many of the abbreviated editions with which this University had 
previously been deluged), I consider that Mr. Potts has done good service to the caus« 
of education." --J. Fower, M.A., Felhw of Clare CoUege, and Vnwersity lAbrarianm 
(1848.) 

** Mr. Potts has maintained the text of Simson, and secured flie very spirit of Euclid's 
Geometry, by means which are simply mechanical. It consists in printing the syllogism, 
in a separate paragraph, and the members of it in separate subdivisions, each, for the 
most part, occupying a single line. The divisions of a proposition are therefore seen at 
once without requiring an instant's thought. Were this the only advantage of Mr. 
Potts' Edition, the great convenience which it aflbrds in tuition womd give it a claim to 
become the Geometrical text-book of England. This, howevw, is not its only merit." — 
FhUosophieal Magazine, January, 1848. 

** The plan of this work is excellent."— £!^se/a<or. 

** If we may judge from the solutions we have sketched of a few of them [the Geo- 
metrical Exercises], we should be led to consider them admirably adapted to improve 
the taste as well as the skill of the Student. As a series of judicioae exercises, indeed, 
we do not think there exists one at all comparable to it in our language— viewed either 
in reference to the student or teacher."— JfecAanicf* MagazinCy No. 1175. 

" The * Hints' are not to be understood as propositions worked out at length,ini the 
manner of Bland's Problems, or like those worthless things called * Keys,* as generally 

* forged and filed,* — mere books for the dull and the lazy. In some cases references 
only are made to the Propositions on which a solution depends ; in others, we have a 
step or two of the process indicated ; in one ease the analysis is briefly given to find the 
construction or demonstration ; in another case the reverse of this. Occasionally, 
though seldom, the entire process is given as a model ; but most commonly. Just so 
much is suggested as will enable a student of average ability to complete tne whole 
solution — in short. Just so much (and no more) assistance is afforded as would, and 
must be, afforded by a tutor to his pupil. Mr. Potts appears to us to have hit the 

* golden mean' of Geometrical tutorship."— lf<«cAfl«ic«* Magazine, No. 1270. 

'*We can most conscientiously recommend it [The School Edition] to our own 
younger readers, as the beat edition of the best book on Geometry with which we are 
acquainted."— if««Aant4»' Magazine, No. 1227. 
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LIBEB CANTABBIGIENSIS. 
pART L An Account of the Aids, the encourage" 

mentSj and rewards offered to Students^ in the Univer" 
sity of Cambridge; to which is prefixed a Collection of 
Maxims^ Aphorisms^ <fec. Designed /or the Use of Learners. 
By ROBBBT Potts, M.A., trinity College. leap. 8w., 
pp. 570, bds. 4s. 6d. 

" It 'was not a bad idea to pteflx to the manj eneouraflrements ailbrded to students 
in the XJnivenity of Cambridge, a selection of maxims drawn from the writings of 
men who have shown tiiat leaiioing is to be Judged by its fruits in social and individual 
Ufe. — The lAierary Churehman. 

" A work like this was much wanted." — Clerical Journal. 

** The book altogether is one of merit and value.*'— (?«ar<f«an. 

** The several parts of this book are most interesting and instrootlTe.'*— iSltliMMtflbMal 
l%me8. 

" No doubt many will thank Mr. Potts for the very valuable information he ha* 
afforded in this laborious compilation."~-CHt«o. 

JPART IL An Account of the Changes made by 

recent Legislation in the Colleges^ and the University 
of Cambridge^ with an Appendix^ containing the Examino' 
tion Papers for the Open Minor Scholarships in 1861-1862. 
Fcap. 8w., pp. 462, bds. As. 6d. 

*' We regard Liber Cantabrigiensis, Part II., as an invaluable addition to an in- 
valuable work." — English Jottrnal of Eduention. 

^*Mr. Potts has very meritoriously presented, in a manageable compass, not only the 
present code of the University and its Professorships, Scholarships, and Prizes, but also 
a full abstract of the Statutes of all the Colleges, with particulars of their Fellowships, 
Scholarships, and Exhibitions. It is a permanent Companion to the Calendar, the 
importance of which latter wlU henceforth depend chiefly on the Class lists and other 
lists of names.'*— The Meader. 



^ke Long Bow of the Past: the Rifle for the 
Future; addressed to the rising Generation of the 
British Empire. By H, Britannicus^ a friend of the Rifle 
Movement. Second Edition^ 8w. pp. 36, Qd. 



/[ View of the Evidences of Christianity^ and the 

Horce Paulina; by William Paley, D.D., formerly Pellow and 
Tutor of Christ's College, Cambridge. A new Edition, with Notes, an 
Analysis, and a selection of Questions from the Senate-House and 
College Examination Papers; designed for the use of Students. By 
Robert Potts, M.A., Trinity College. 8vo. pp. 668, price 10». 6rf. in cloth 

«* The theological student will find this an invaluable volume. In addition to the 
text there are copious notes, indicative of laborious and useful research ; an analysis of 
great ability and correctness ; and a selection from the Senate-House and College Exa- 
mination Papers, by which great help is given as to what to study and how to study 
it. There is nothing wanting to make this book perfect."— CTiwrcA and State Gazette. 
"Mr. Potts' is the moat complete and useful edition yet published."— Jff/«c<MJ Review, 
"We feel that this ought to be henceforth the standard edition of the 'Evidences 
and *HorBB.*"— SiWtVrt/ Rcvieuo. 

" Without this volume the library of any Christian Man is incomplete,"— C%iircA of 
England Quarterly Hwiew. 

T ^«.-.- 111. /^_ T_„a-_ 
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^ketches of Character^ and Other Pieces in Verse. 

By ANNA H. POTTS, pp. 216. Fcap. 8vo. cloth. Price 45. 

'* Mrs. Potts' Tolnme de^enren to be recommended to persons of taste, and would 
inrove a most aooeptable Christmas offering, either to the youthfti], or to those more 
•dvanced in years."— Cbur^ Journal. 

"The neat little yolame of Mrs. Potts, is ML of tender feeling, which attracts and 
unites mind to mind, and heart to heart. Her poetry reminds us of the touching pieces 
of Mrs. liemans; and her ** Sketches of Character'* of tlie best portraits of Gowper. 
No one can read these sketches without having the finest sympathies aroused, and good- 
resolutions strengthened."— Xi/srory QazeUe, 

** She chiefly aims at dereloplng the proper flphere of her sex, by pointing oat the 
duties of women under the yarious circumstances in which they are placed; showing 
the importance of patience and forbearance, truthfUtaiees and constancy, and a reliance 
upon the practical influence of religion. These topics are urged in rarioos forms witb 
clearness and simplicity."— Bmf/fy'f MUoellany, 

**This little volume is a Collection of Poetical Eff^mlA»?« on subjects of universal 
interest. Many of them are remarkable for their arraoeful simplicity, and the absence 
of pretension, while some exhibit no inconsiderable degree of humour. The fair Au- 
thoress passes *from ^ve to gay, from lively to severe,' with a refreshing ease, 
and in many passages displays much feeling on suhjects of domestic interest." — JBduca- 
Uonal Timea* 

*' There arc many pleasing poems in this unpretending volume."— CfttircA and StaU 
Gazette, 

"The Sketches of Character contained in this agreeable volume may be ^numerated 
under the heads. * Husbands,' 'Wives,' and * Maidens,' which are written In an easy, 
simple style, delineative and didactic, with some passages of satire ; and to these may 
alPO be added the shorter Pieces, called 'The Sisters,' and *The Proud.' T&e 
* Other p.eces in Verse,' are numerous and of varied kinds, playful and grave,^ de- 
scriptive or commemorative, sentimental or imaginative, Ihe metrical structure various, 
but always easy and flowing, with a careful and accurate choice of rhymes. A deep 
and fervent tone of religious feeling pervades all the Pieces in wbich sacred thoughts 
are appropriate, and the moral sentiments are chaste, loving and cheerfUl, adorned 
with poetical imagery and pleasing conceptions, which are all the more effective 
for their simplicity.— ZeM2« Intelligencer, 

** The accomplished authoress evidently aims at something higher than mere poetry, 
which, when properly understood and written, is only a means to an end ; and that 
end is the elevation of man, as a religious, moral, kdA intellectual being."— (?^a«^oto 
JSxaminer, 

"In the * Sketches of Character' tliete is a word of advice to each of the 
three classes. Husbands, Wives, and Maidens. To each class a separate poem 
of considerable length is devoted, and we can assure our readers, whether they are 
husbdnds, wives, or fair maidens, tiiat each and all of them will find a lesson here 
from which they may derive pure and profitable instruction, inculcated in a playftti 
and vet earnest style. We can truly say that there is not in the volume one verse 
which the writer will ever regret to have writtoi ux the reader to have perused."— 
Olasffoto Reformer' » Gazette, 

pimple Poems for National and Sunday-Schools. 

By ANNA H. POTTS. 18mo. sewed. 2«. per dozen. 

" Mrs. Potts possessed the happy secret of adapting her style to suit the compreheup 
sion of childhood, without becoming trivial or common-place, and we trust her work 
may meet with the success it so well deserves."— Lac^y's Newspaper. 

Sold at the National Society's Depository, Westminster. 

pimple Po^mes a .V usage des Ecoles Nationalefi du 

Dimanche, traduits de T Anglais de Mrs. ANNA H. POTTS, par 
le Chevalier de Chatelain. Fcp. 8vo. prix 1«. 6rf. 

RoLANDi, No. 20, Bemers Street, Londres. 



